université

PARIS

el UNIVERSITE SORBONNE UNIVERSITA’ DEGLI
gAY PARIS CITE STUDI DI
> j«\'? Université Paris Diderot SALERNO

:DIDEROT

INSTITUT DE RECHERCHE EN INFORMATIQUE FONDAMENTALE

DIPARTIMENTO DI MATEMATICA

Corso di dottorato in Matematica
XIV Ciclo - Nuova serie

BI-NATIONALLY SUPERVISED PH.D. THESIS IN MATHEMATICS

MV-ALGEBRAS, GROTHENDIECK TOPOSES AND APPLICATIONS

ANNA CARLA Russo (MATRICOLA 8881000073)

ADVISORS:
ANTONIO DI NOLA (UNIVERSITA DEGLI STUDI DI SALERNO)
MAI GEHRKE (UNIVERSITE PARIS DIDEROT)

CO-ADVISOR:
OLIviIA CARAMELLO (UNIVERSITE PARIS DIDEROT)

ACCADEMIC YEAR 2015/2016



Acknowledgements

My gratitude goes to Prof. Antonio Di Nola, Dr. Olivia Caramello and Prof.
Mai Gehrke. I have met the first when I was just a high school student. It
was following one of his seminars that I've understood that mathematics goes
beyond what I had studied until then and there was a whole world ready for
me to discover, a world I wanted to explore. I’ve met Olivia few years later,
in the very beginning of my path as PhD Student and I have to thank her for
proposing me this fruitful research direction. I have met Prof. Gehrke at the
end of my path. The time spent with her has been enough to witness and
being touched by her strength, courage and passion. Each of them taught
me a lot, on mathematics, on word, on life.

I have to thank all the people I met in the several trips I made in the
last years, as well as my colleagues of University of Salerno and of University
of Paris Diderot. Together we studied and we worked, we shared fun and
laughter. There no room here for a complete list but a thank to the big
family that I found in the various years at Aila summer school cannot fail to
be done.

Grazie all’associazione Papa Charlie e all’associazione di Sant’Egidio, le
quali mi hanno permesso di ridonare agli altri un po’ di tutto quello che ho
ricevuto.

Grazie ai miei amici di sempre, a chi é entrato nella mia vita da poco e a
chi spero ci restera a lungo.

Grazie infine alla mia famiglia, che ha sopportato la lontananza sempre

con un sorriso anche nei momenti piu difficili.



Contents

Résumé en frangais
Introduction

1 Topos-theoretic background
1.1 Grothendieck toposes . . . . . . . .. ... ... L.
1.2 Geometric logic and categorical semantics . . . . . . .. ...
1.2.1 The internal language of a topos . . . . . . . . . .. ..
1.3 Classifying toposes . . . . . . . . . ... ...
1.4 Toposes as ‘bridges’ . . . . . . . . ...
1.5 Theories of presheaf type . . . . . . . .. ... ... ... ...

2 The geometric theory of MV-algebras
2.1 Preliminary results . . . . . . ... ..o
2.2 Perfect MV-algebras . . . . ... ... ... L.
2.3 Local MV-algebras . . . . . ... ... ... ... ...,
2.4 Simple MV-algebras . . . . .. ... ... L.

3 Generalization of Mundici’s equivalence
3.1 Lattice-ordered abelian groups . . . . . . . ... ... ... ..
3.2 Equivalencein Set . . .. .. ... ... ... ...
3.3 From models of L, to models of MV . . . . ... ... ....
3.4 From models of MV to models of L, . . ... .. ... ....

15

29
29
32
42
43
46
50

59
60
65
74
76



ii

Contents

3.5 The Morita-equivalence between L, and MV . . . . . . .. .. 96
3.6 Sheaf-theoretic Mundici’s equivalence . . . . . . . . ... ... 101
3.7 Applications of bridge technique . . . . . . .. ... ... ... 103
3.7.1 Correspondence between geometric extensions . . . . . 103
3.7.2  Finitely presented /-groups with strong unit . . . . . . 106
3.7.3 Geometric compactness and completeness for L, . . . . 114
Generalization of Di Nola-Lettieri’s equivalence 117
4.1 Equivalencein Set . . . ... ... ... 118
4.2 From models of L to models of P . . . . . ... ... .. ... 119
4.3 From models of P to modelsof L. . . . . ... ... ... ... 123
4.4 The Morita-equivalence between Pand L. . . . . . . . . .. .. 123
4.5 Interpretability between Land P . . . . . . .. ... ... 127
4.5.1 The bi-interpretability between the theory of ¢-groups
and that of their positive cones . . . . . . ... . ... 127
4.5.2 Di Nola-Lettieri’s equivalence for monoids . . . . . . . 136
4.5.3 Partial levels of bi-intepretation . . . . . .. ... ... 137
4.6 The classifying topos for perfect MV-algebras . . . . .. . .. 143
4.7  Weak subdirect products of perfect MV-algebras and a com-
parison with boolean algebras . . . . . . ... ... ... ... 151
4.8 Transferring results for ¢-groups with strong unit . . . . . . . 155
4.9 A related Morita-equivalence . . . . . . . . ... ... ... .. 157
Morita-equivalences for theories of local MV-algebras 161
5.1 The algebraic theory of a Komori variety . . . . ... ... .. 162
5.1.1 The theory Loci, . . ... .. .. ... ... ... ... 166
5.1.2  Constructive definition of the radical . . . . . . .. .. 168
5.2  Where local MV-algebras meet varieties. . . . . . . . ... .. 172

5.2.1 The theory Locl, . . ... ... ... ... ..., 179



Contents 1ii

5.2.2 Rigidity of the Grothendieck topology associated with

Loct . o o 181
5.2.3 Representation results for finitely presented MV-algebras

in a proper subvariety . . .. ... ... ... L. 188

5.2.4 Local MV-algebras in varieties generated by simple

MV-algebras . . . . . .. .. ... ... ... 196

5.3 The geometric theory of local MV-algebras of finite rank . . . 196
5.4 The geometric theory of finite chains . . . . . . . . . ... .. 198
5.5 A new class of Morita-equivalences . . . . ... ... .. ... 202
5.5.1 Non-triviality of the Morita-equivalences . . . . . . . . 207
5.5.2  When is Loc?-mod(Set) algebraic? . . . .. ... ... 207

Bibliography 214



v

Contents




Résumé en francais

Cette thése est une contribution au programme de recherche ‘topos comme
ponts’ introduit dans [12], qui vise a développer le potentiel unifiant de la
notion de topos de Grothendieck comme un moyen pour relier entre elles
différentes théories mathématiques via des invariants topos-théoriques. La
méthodologie générale, qui y est précisée, est ici appliquée pour étudier des
équivalences catégoriques déja connues d’intérét particulier dans le domaine
des logiques multi-valuées et aussi pour en produire de nouvelles. Le contenu

original de la thése est inclus dans [21], [20] et [22].

Topos de Grothendieck

La notion de topos a été introduite par A. Grothendieck au début des années
1960 dans sa reformulation de la théorie des faisceaux pour la géométrie al-
gébrique. Il étudia les faisceaux non seulement sur des espaces topologiques,
mais également sur des sites, c’est-a-dire des catégories dotées d'une topologie
soi-disant de Grothendieck. Il définit les topos (de Grothendieck) comme des
catégories équivalentes a une catégorie de faisceaux sur un site. Puisque de
nombreuses propriétés classiques des espaces topologiques peuvent étre na-
turellement formulées en termes des propriétés des catégories des faisceaux
associées, les topos de Grothendieck peuvent étre considérés comme des ‘es-
paces généralisés’.

Plus tard, W. Lawvere et M. Tierney observérent que les topos peuvent

étre également considérés comme des ‘univers mathématiques généralisés’ ol
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la plupart des constructions familiéres, qu’on effectue habituellement avec
les ensembles, peuvent étre reproduites, comme les produits, les coproduits,
et cetera. En fait, les topos de Grothendieck sont assez riches en termes
de structure catégorique pour y considerer, a leur intérieur, des modéles de
toute sorte de théorie du premier ordre.

A la fin des années soixante-dix, 1’école de Montréal de logique caté-
gorique, qui comprend notamment M. Makkai, G. Reyes et A. Joyal, intro-
duisit le concept de topos classifiant d'une théorie géométrique (c’est-a-dire
une théorie sur une signature du premier ordre dont les axiomes sont des
séquents formés par des formules construites a partir de formules atomi-
ques en utilisant uniquement des conjonctions finitaires, disjonctions infini-
taires et quantifications existentielles). Ils ajoutérent de cette maniére un
troisiéme point de vue sur les topos. En fait, ils prouvérent que toute théorie
géométrique T a, & équivalence catégorique prés, un unique topos classifiant
Er, qui est un topos de Grothendieck contenant un modéle universel Ut de
T, ot universel signifie que tous les autres modeles de T dans tous les autres
topos de Grothendieck &£ sont, & isomorphisme prés, I'image par (I'image in-
verse de) un unique morphisme de topos de £ a Er. Réciproquement, tous les
topos de Grothendieck peuvent étre considérés comme les topos classifiant
d’une théorie géométrique. Il est possible que deux théories mathématiques
distinctes aient, a équivalence catégorique pres, le méme topos classifiant ;
dans ce cas, les théories sont dites Morita-équivalentes. Pourtant, les topos
de Grothendieck peuvent non seulement étre considérés comme des espaces
généralisés ou des univers généralisés, mais aussi comme des théories, con-
sidérées a équivalence de Morita prés.

Cette troisiéme incarnation de la notion de topos est devenue la base de la
méthodologie ‘topos comme ponts’ introduite par O. Caramello dans [12] et
développée dans les derniéres années. L’existence de différentes représenta-
tions du méme topos de Grothendieck, donné par exemple par différents sites

de définition ou par des théories Morita-équivalentes, permet de transférer
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des informations et des résultats d’une représentation a ’autre en utilisant
des invariants topos-théoriques sur ce topos comme des ‘machines’ traduc-

trices.

_--T77 5’]1' 25']1'/ T~

La puissance de cette technique réside dans le fait qu’un invariant topos-
théorique donné peut se manifester de maniére complétement différente en
termes de différents sites de définition du méme topos. On peut alors établir
au moyen de ces caractérisations des relations logiques ou des équivalences
entre des propriétés ou des constructions complétement différentes en rapport
a divers sites. Un exemple remarquable de ’application de cette technique
est 'interprétation topos-théorique de la construction de Fraissé, en théorie
des modéles, établie dans [18].

La théorie des topos a déja été appliquée avec succeés dans le cadre des
logiques multi-valuées pour établir des représentations en termes de faisceaux
de classes notables de MV-algébres, par exemple dans les travaux de E. J.
Dubuc et Y. Poveda ([30]) et de J. L. Castiglione, M. Menni et W. J. Botero
([23]). D’autres représentations en termes des faisceaux ont été établies par
A. Filipoiu et G. Georgescu ([32]), et par A. R. Ferraioli et A. Lettieri ([31]).

L’innovation de cette thése est d’utiliser des méthodes topos-théoriques
afin d’obtenir, d’'une part des nouveaux résultats de nature a la fois logique
et algébrique, et d’autre part des apergus conceptuels sur des sujets cen-
traux dans le domaine des MV-algébres, qui ne sont pas visibles avec des
méthodes classiques. Nous obtenons ces nouveaux résultats en étudiant les
topos classifiants de remarquables théories de MV-algébres et en appliquant
la technique des ponts a des équivalences de Morita entre ces théories et des

théories appropriées des groupes abéliens réticulés.



4 Résumé

Logiques multi-valuées et MV-algébres

Motivé par le fait que la logique classique ne peut pas décrire des situations
qui admettent plus de deux résultats, J. Lukasiewicz introduisit en 1920 une
logique & trois valeurs en ajoutant aux traditionnelles valeurs de vérité 0 et
1, interprétées comme “absolu faux” et “absolu vrai” un troisiéme degré de
vérité entre eux. Plus tard, il présenta de nouvelles généralisations avec n
valeurs de vérité (ou méme un nombre dénombrable ou continu).

La classe des MV-algébres a été introduite en 1958 par C. C. Chung
(cf. |24] et [25]) afin de fournir une sémantique algébriques pour la logique
propositionnelle multi-valuée de Lukasiewicz. Comme cette logique est une
généralisation de la logique classique, les MV-algébres sont une généralisation
des algebres de Boole (ceux-ci peuvent étre caractérisées comme les MV-
algebres idempotentes).

Apreés leur introduction dans le contexte de la logique algébrique, les
MV-algebres devinrent des objets d’intérét indépendant et de nombreuses
applications dans différents domaines des mathématiques ont été trouvés.
Les plus remarquables sont en analyse fonctionnelle (cf. [39]), en la théorie
des groupes abéliens réticulés (cf. [39] et [28]) et en la théorie de la probabilité
généralisée (cf. Chapitres 1 et 10 de [41] pour un apergu général).

Dans la littérature plusieurs équivalences entre des catégories de MV-
algebres et des catégories de groupes abéliens réticulés (¢-groupes) peuvent

étre trouvées. Nous rappelons les plus importantes :

e Ucquivalence de Mundici (cf. [39]) entre la catégorie totale des MV-

algébres et la catégorie des ¢-groupes avec unité forte ;

e Ucquivalence de Di Nola et Lettieri (cf. [28]) entre la catégorie des MV-
algébres parfaites (c’est-a-dire MV-algebres générées par leur radical)

et la catégorie totale des ¢-groupes.

Nous observons que ces équivalences catégoriques peuvent étre considérées
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comme des équivalences entre des catégories de modeles sur les ensembles
de certaines théories géométriques et nous montrons que ces théories sont
Morita-équivalentes, autrement dit, il y a une équivalence catégorique entre
leurs catégories de modeéles & l'intérieur de tout topos de Grothendieck &,
naturellement dans £.

De cette facon, nous obtenons :

e une équivalence de Morita entre la théorie MV des MV-algebres et la

théorie L, des f-groupes avec unité forte (cf. Chapitre 3) ;

e une équivalence de Morita entre la théorie P des MV-algebres parfaites

et la théorie L des f-groupes (cf. Chapitre 4).

Nous montrons ensuite que ’équivalence de Morita résultante de I’équivalence
de Di Nola-Lettieri est seulement une parmi toute une classe des équivalences
de Morita, que nous établissons entre des théories des MV-algebres locales
dans des variétés propres des MV-algebres et des extensions appropriées de

la théorie des ¢-groupes (cf. Chapitre 5).

Conséquences de I’équivalence de Morita entre MV et L,

Une conséquence immédiate de I’équivalence de Morita résultante de 1’équivalence
de Mundici est le fait que le théorie (infinitaire) des ¢-groupes avec unité forte
est de type préfaisceau. Ceci provient du transfert de la propriété invariante
d’étre un topos de préfaisceaux a travers I’équivalence de Morita. Rappelons
qu'une théorie est de type préfaisceau si son topos classifiant est équivalent
a un topos de préfaisceaux. Toute théorie algébrique finie, et plus générale-
ment, toute théorie cartésienne, est de type préfaisceau ; ainsi, cette propriété
est transférée a partir de la théorie des MV-algébres a IL,,. On s’intéresse aux
théories de type préfaisceau car elles bénéficient de propriétés remarquables,
dont certaines sont rappelées dans la Section 1.5, qui ne sont pas satisfaites

pour toute théorie géométrique.
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Des modifications de l'invariant considéré au niveau du topos classifiant
donne lieu a d’autres résultats. Par exemple, par le Théoréme de Dual-
ité de [11] (qui établit une bijection entre les sous-topos du topos classifiant
d’une théorie géométrique donnée et les quotients de cette théorie), 'invariant
donné par la propriété d’étre un sous-topos induit une bijection entre les quo-
tients de la théorie MIV et ceux de la théorie L,,. Il est intéressant de souligner
que ce résultat ne peut étre déduit de I’équivalence de Mundici. Rappelons
qu’un quotient d’une théorie est une extension sur la méme signature obtenue
en ajoutant des nouveaux axiomes. A partir d’'un quotient de MV, on obtient
le quotient correspondant de L, en traduisant chaque axiom dans le language
des ¢-groupes avec unité forte en utilisant l'interprétation de la théorie MV
a la théorie IL, établie dans la Section 3.3. Cependant, comme nous avons
prouvé dans la méme section, il n’y a pas d’interprétation dans la direction
contraire qui rendrait trivial la bijection entre les quotients. Si on considére
maintenant la propriété invariante des objets des topos d’étre irréductibles,
on obtient une caractérisation logique des /-groupes finiment présentables
avec unité forte. Ils sont les /-groupes avec unité forte correspondant aux
MV-algébres finiment présentées par ’équivalence de Mundici. Plus précisé-
ment, nous montrons que ces groupes peuvent étre caractérisés comme les
(-groupes pointés finiment présentés G avec élément distinctif v qui est une
unité forte pour G, ou, équivalentement, comme les (-groupes présentés par
une formule qui est irréductible par rapport a la théorie des (-groupes avec
unité forte. Ce dernier résultat est utilisé dans la Section 3.7.2 pour décrire
un méthode pour obtenir une axiomatisation d’un quotient de MV qui cor-

respond & un quotient donné de la théorie L,. Enfin, nous établissons une
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forme de compacité et de complétude pour L,, obtenue & partir des pro-
priétés invariantes du topos classifiant de MV (donc de L) d’avoir un objet
terminal compact et d’avoir assez de points.

Enfin, comme cas particulier de cette équivalence de Morita, nous obtenons
une version en termes de faisceaux de ’équivalence de Mundici valable pour

tout espace topologique X, naturellement dans X.

Conséquences de I’équivalence de Morita entre P et L et de I’étude

du topos classifiant de P

Comme dans le cas de I’équivalence de Mundici, I’équivalence de Morita ré-
sultante de 1’équivalence de Di Nola-Lettieri implique une théorie algébrique,
c’est-a-dire la théorie I des (-groupes. Ainsi, la propriété d’étre de type
préfaisceau est transférée a la théorie cohérente P des MV-algébres par-
faites. Alors que les deux théories ne sont pas bi-interprétables, d’autres
applications de la technique des ponts conduit & trois niveaux différents de
bi-interprétabilité entre des classes particuliéres de formules : formules irré-

ductibles, énoncés géométriques et imaginaires.

/,—“"(9]1» Zg[L Tt~

Les formules irréductibles pour la théorie P sont celles qui présentent
les MV-algebres parfaites finiment présentables, c’est-a-dire les algébres qui
correspondent aux ¢-groupes finiment présentés par 1’équivalence de Di Nola-
Lettieri. Elles constituent I'analogue pour la théorie P des formules cartési-
ennes dans la théorie des MV-algébres. En fait, méme si la catégorie IP-
mod(Set) n’est pas une variété, elle est générée par ses objets finiment
présentables puisque la théorie P est de type préfaisceau classifiée par le

topos [f.p.P-mod(Set), Set]. Nous établissons aussi une bi-interprétabilité
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entre la théorie des groupes abéliens réticulés et une théorie cartésienne M
axiomatisant les cAtnes positifs de ces groupes, que nous utilisons dans la
Section 4.5.2 pour obtenir une reformulation plus simple de 1’'équivalence de
Di Nola-Lettieri et dans la Section 4.5.3 pour décrire les bi-interprétations
partielles entre L et P. Cette bi-interprétation entre M et I donne en parti-
culier une autre description du groupe de Grothendieck associé a un modéle
M de M comme un sous-ensemble, au lieu d’un quotient comme dans la
définition classique, du produit M x M.

Ensuite, on étudie en détail le topos classifiant de la théorie des MV-
algébres parfaites. Ce topos est représenté comme un sous-topos du topos
classifiant de la théorie algébrique axiomatisant la variété générée par la
MV-algebre de Chang. Cette étude met en lumiére la relation entre ces deux
théories, en conduisant notamment a un théoréme de représentation pour
les algébres finiment générées (resp. finiment présentées) dans la variété
de Chang comme produits finis des MV-algébres parfaites finiment générées
(resp. finiment présentées). Il est intéressant de noter que ce résultat, con-
trairement & la plupart des théoréemes de représentation disponibles dans
la littérature, est entiérement constructif. Parmi les autres apercus, on
mentionne une caractérisation des MV-algébres parfaites correspondant aux
groupes abéliens réticulés finiment présentés par 1’équivalence de Di Nola-
Lettieri comme les objets finiment présentés de la variété de Chang qui sont
des MV-algébres parfaites, et la propriété que la théorie axiomatisant la var-
iété de Chang prouve tous les séquents cartésiens (en particulier, toutes les
identitées algébriques) qui sont valables dans tous les MV-algebres parfaites.

On revisite ensuite le théoréme de représentation obtenu par l'analyse
du topos classifiant de IP du point de vue des produits sous-directes des MV-
algébres parfaites, pour en obtenir une preuve concréte. Nous montrons aussi
que toute MV-algébre dans la variété de Chang est un produit sous-direct
faible des MV-algebres parfaites. Ces résultats ont des liens étroits avec la lit-

térature existante sur les produits booléens faibles des MV-algébres. De plus,



Résumé 9

dans le domaine des MV-algebres dans la variété de Chang, nous généralisons
la caractérisation de Lindenbaum-Tarski des algébres booléennes qui sont iso-
morphes a ensembles des parties comme algébres booléennes atomiques com-
plétes, en obtenant une caractérisation intrinseque des MV-algeébres dans
la variété de Chang qui sont des produits arbitraires des MV-algébres par-
faites. Ces résultats montrent que la variété de Chang constitue un cadre
MV-algébrique particuliérement naturel qui étend la variété des algebres
booléennes.

Enfin, nous transférons les théorémes de représentation mentionnés ci-
dessus pour les MV-algébres dans la variété de Chang en termes des MV-
algébres parfaites dans le contexte des f-groupes avec unité forte et, en
généralisant des résultats dans [2], nous montrons que la théorie des MV-
algébres pointés et parfaites est Morita-équivalente a la théorie des groupes

abéliens réticulés avec unité forte (donc a celle des MV-algebres).

Equivalences de Morita pour MV-algéres locales dans les variétés

propres des MV-algébres

Compte-tenu du fait que la classe des MV-algébres parfaites est I'intersection
de la classe des MV-algebres locales avec une variété propre des MV-algébres
spécifique, c’est-a-dire la variété de Chang, il est naturel de se demander ce
qui se passe si on remplace cette variété avec une variété des MV-algébres
arbitraire. Nous montrons que ‘globalement’, c’est-a-dire en considérant
I'intersection avec toute la variété des MV-algebres, la théorie des MV-
algébres locales n’est pas de type préfaisceau, alors que si on se limite a
une sous-variété propre V', la théorie des MV-algebres locales, indiquée par
le symbole Locy, est de type préfaisceau. En outre, nous montrons que ces
théories sont Morita-équivalentes aux théories appropriées qui étendent la
théorie des (-groupes. Plus précisément, si V' = V({S;}icr, {55 }jes) (pour

des sous-ensembles finis 7, J C N), on a une théorie G(; 5y qui est Morita-
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équivalente a la théorie Locy et qui est écrite sur la signature obtenue a partir
de celle des ¢-groupes en ajoutant un symbole de constante et des prédicats
propositionnels correspondant aux éléments de I et J. Les catégories de
modeéles sur les ensembles de ces théories ne sont en général pas algébriques
comme dans le cas des MV-algébres parfaites ; cependant, dans la Section
5.5.2, nous caractérisons les variétés V' tale que on a algébricité précisément
comme celles qui peuvent étre générées par une seule chaine. Toute les équiv-
alences de Morita contenues dans cette nouvelle classe ne sont pas triviales,
c’est-a-dire elles ne surgisent pas & partir des bi-interprétations, comme nous

le démontrons dans la Section 5.5.1.

-7 8LOCV ZSG(I,J) T

Locy G,

Des méthodes topos-théoriques sont utilisées ici pour obtenir des résul-
tats a la fois logiques et algébriques. Plus précisément, nous présentons deux
axiomatisations (non-constructivement) équivalentes pour la théorie des MV-
algeébres locales dans une sous-variété propre arbitraire V' et nous étudions
les topologies de Grothendieck qui leur sont associées comme quotients de
la théorie algébrique Ty axiomatisant V. La sous-canonicité de la topologie
de Grothendieck associée a la premiére axiomatisation assure que le carte-
sianisation de la théorie des MV-algebres locales en V' est la théorie Ty .
Il est intéressant de noter que ce résultat ne provient pas d’'un théoréme
de représentation des algebres dans V' comme produits sous-directs ou sec-
tions globales des faisceaux des modéles de la théorie des MV-algébres locales
dans V', ce qui le qui rendrait trivial. Pour vérifier la provabilité d’un séquent
cartésien dans la théorie Ty, on est donc réduit a la vérifier dans la théorie
des MV-algébres locales dans V. En I'utilisant, nous prouvons facilement que

le radical de toute MV-algebre en V' est défini par une équation, que on utilise
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pour présenter la deuxiéme axiomatisation. Cette dernier axiomatisation a
comme remarquable propriété que la topologie de Grothendieck associée est
rigide. Cela on permet de conclure que la théorie des MV-algébres locales en
V est de type préfaisceau. L’équivalence des deux axiomatisations et 1’égalité
des topologies de Grothendieck associées qui en résulte, produit en partic-
ulier une représentation de chaque MV-algébre finiment présentée dans V'
comme un produit fini des MV-algebres locales. Ceci généralise le résultat
de représentation obtenu pour les MV-algébres finiment présentées dans la
variété de Chang comme produits finis des MV-algébres parfaites. La théorie
des MV-algébres simples (dans le sens des algébres universels) est stricte-
ment liée & la théorie des MV-algebres locales ; en effet, une MV-algébre
A est locale si et seulement si le quotient A4/Rad(A) est une MV-algébre
simple. Cette théorie partage de nombreuses propriétés avec la théorie des
MV-algébres locales : globalement elle n’est pas de type préfaisceau, mais
elle I’est si on limite a une sous-variété propre arbitraire. D’autre part, alors
que la théorie des MV-algebres simples de rang fini est de type préfaisceau
(car elle coincide avec la théorie géométrique des chaines finies), la théorie
des MV-algébres locales de rang fini ne 'est pas, comme nous le prouvons

dans la Section 5.2.3.

XKk

En résumé, dans cette thése nous utilisons des techniques topos-théoriques
afin d’étudier des équivalences de Morita obtenues ‘en soulevant’ des équiva-
lences catégoriques qui sont déja connues dans la littérature des MV-algébres
et d’en établir des nouvelles. Cela montre que, comme il a déja été argu-
menté dans [12], la théorie des topos est un outil puissant pour découvrir des
nouvelles équivalences en Mathématiques et pour examiner celles qui sont
connues.

Les principaux thémes abordés dans cette thése sont les suivantes :

e théories de type préfaisceau ;
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équivalences de Morita et bi-interprétations ;

MV-algébres et groupes abéliens réticulés ;

résultats de représentation pour classes de MV-algébres ;
e cartesianisations pour quotients de MV.

Une attention particuliére est posée sur le caractére constructif des résultats

; nous indiquons avec le symbole * les points ot 'axiome du choix est utilisé.

Structure de la thése

La these est organisée en cinq chapitres.

Chapitre 1. Dans ce chapitre, nous rappelons les notions les plus im-
portantes et les résultats sur la théorie des topos. Nous nous concentrons
principalement sur la technique des ‘topos comme ponts’ et sur les notions
de topos classifiant et de théorie de type préfaisceau.

Chapitre 2. Dans ce chapitre, nous introduisons les classes de MV-
algébres qui sont étudiées dans la thése, c’est-a-dire les MV-algébres parfaites,
locales et simples. De plus, nous établissons quelques résultats préliminaires
sur les quotients respectifs de MV. Par exemple, nous montrons que la
théorie des MV-algebres locales et la théorie des MV-algebres simples ne
sont pas de type préfaisceau. De plus,nous introduisons deux axiomatisations
équivalentes pour la théorie des MV-algébres parfaites et nous montrons que
le radical de tout MV-algeébre dans la variété de Chang est définissable par
une équation. Ce résultat est nécessaire pour définir le radical d’un modéle de
la théorie des MV-algébres parfaits dans un topos de Grothendieck arbitraire
puisque la définition classique du radical n’est pas constructif. Nous dérivons
aussi le fait que le radical ne peut pas étre défini par une formule géométrique

dans toute la classe des MV-algébres comme une conséquence du fait que
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la classe des MV-algébres semi-simple ne peut pas étre axiomatisée d'une
maniére géomeétrique.

Chapitre 3. Dans ce chapitre, nous montrons que la théorie des MV-
algébres est Morita-équivalente a (mais pas bi-interprétables avec) celui des
groupes abéliens réticulés avec unité forte. Cela généralise I’équivalence bien
connue établie par Mundici entre les catégories de modéles sur les ensembles
des deux théories, et permet de transférer des propriétés et des résultats a
travers elles en utilisant les méthodes de la théorie des topos. Nous discu-
tons plusieurs applications, y compris une version en termes de faisceaux de
I’équivalence de Mundici et une correspondance biunivoque entre les exten-
sions géométriques des deux théories.

Chapitre 4. Nous établissons, en généralisant I’équivalence catégorique
de Di Nola-Lettieri, une équivalence de Morita entre la théorie des groupes
abéliens réticulés et celui des MV-algébres parfaites. De plus, aprés avoir
observé que les deux théories ne sont pas bi-interprétables dans le sens clas-
sique du terme, nous identifions, en tenant compte des invariants topos-
théoriques appropriées sur leurs topos classifiant communs, trois niveaux
de bi-interprétabilité pour des catégories particuliéres des formules : for-
mules irréductibles, énoncés géométriques et imaginaires. Enfin, en étudiant
le topos classifiant de la théorie des MV-algébres parfaites, nous obtenons
des résultats différents sur sa syntaxe et sa sémantique et aussi en rela-
tion avec la théorie cartésienne de la variété générée par la MV-algebre de
Chang. Ces résultats incluent une représentation concréte pour les modéles
finement générées de cette derniére théorie comme produits finis de MV-
algébres parfaites. Nous mentionnons également une équivalence de Morita
entre la théorie des groupes abéliens réticulés et celui des monoids cancella-
tives abéliens réticulés avec élément minimal.

Chapitre 5. Dans ce chapitre, nous étudions les quotients de la théorie
géométrique des MV-algebres locales, en particulier ceux qui axiomatisent

la classe des MV-algébres locales dans une sous-variété propre. Nous mon-
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trons que chacun de ces quotients est une théorie de type préfaisceau qui est
Morita-équivalente & une extension de la théorie des groupes abéliens rétic-
ulés. L’équivalence de Di Nola-Lettieri est obtenue & partir de 1’équivalence
de Morita pour le quotient axiomatisant les MV-algébres locales dans la
variété de Chang, c’est-a-dire les MV-algébres parfaites. Nous établissons
au passage un certain nombre de résultats d’intérét indépendant, y compris
un traitement constructif du radical pour les MV-algébres locales dans une
variété propre des MV-algebres fixée et un théoréme de représentation des
algébres finiment présentables dans une telle variété comme produits finis des

MV-algebres locales.



Introduction

This thesis is a contribution to the research program ‘toposes as bridges’
introduced in [12]|, which aims at developing the unifying potential of the
notion of Grothendieck topos as a means for relating different mathemati-
cal theories to each other through topos-theoretic invariants. The general
methodology outlined therein is applied here to study already existing cate-
gorical equivalences of particular interest arising in the field of many-valued
logics and also to produce new ones. The original content of the disseration

is contained in [21], [20] and [22].

Grothendieck toposes

The notion of topos was introduced by A. Grothendieck in the early 1960s
in his reformulation of sheaf theory for algebraic geometry. He considered
sheaves not only on topological spaces but on sites, i.e., categories endowed
with a so-called Grothendieck topology. He defined (Grothendieck) toposes
as categories which are equivalent to a category of sheaves on a site. Since
many classical properties of topological spaces can be naturally formulated
as properties of the associated categories of sheaves, Grothendieck toposes
can be regarded as ‘generalized spaces’.

Later, W. Lawvere and M. Tierney realized that toposes can also be
considered as ‘generalized mathematical universes’ where one can reproduce
most of the familiar constructions that one is used to perform among sets,

like products, coproducts, and so on. In fact, Grothendieck toposes are

15
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rich enough in terms of categorical structure to make it possible to consider
models of any kind of first-order theory inside them.

At the end of the seventies, the Montréal school of categorical logic, no-
tably including M. Makkai, G. Reyes and A. Joyal, introduced the concept
of classifying topos of a geometric theory (i.e., a theory over a first-order
signature whose axioms are sequents that involve formulas built from atomic
ones by only using finitary conjunctions, infinitary disjunctions and existen-
tial quantifications). They added in this way a third viewpoint on toposes
to the already mentioned ones. Indeed, they proved that every geometric
theory T has a unique, up to categorical equivalence, classifying topos &,
that is a Grothendieck topos containing a universal model Ut of T, universal
in the sense that any other model of T in any other Grothendieck topos £
is, up to isomorphism, the image of this model under (the inverse image of)
a unique morphism of toposes from £ to Er. Vice versa, every Grothendieck
topos can be regarded as the classifying topos of a geometric theory. It is
possible that two distinct mathematical theories have the same, up to cate-
gorical equivalence, classifying topos; in this case we say that the theories are
Morita-equivalent. Thus, Grothendieck toposes can not only be regarded as
generalized spaces or generalized universes, but also as theories, considered
up to Morita-equivalence.

This third incarnation of the notion of topos became the basis of the
methodology ‘toposes as bridges’ introduced by O. Caramello in [12| and
developed throughout the last years. The existence of different representa-
tions of the same Grothendieck topos, given for instance by different sites
of definition or by Morita-equivalent theories, allows to transfer information
and results from one representation to the other by using topos-theoretic
invariants on that topos as translating ‘machines’.

The power of this technique lies in the fact that a given topos-theoretic
invariant can manifest itself in completely different ways in terms of differ-

ent sites of definition for the same topos. One can then establish by means
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of these site characterizations logical relationships or equivalences between
completely different-looking properties or constructions pertaining to differ-
ent sites. A remarkable example of the application of this technique is the
topos-theoretic interpretation of Fraissé’s construction in Model theory es-
tablished in [18].

Topos theory has already been successfully applied in the context of many-
valued logics for establishing sheaf representations for notable classes of MV-
algebras, for instance in the work of E. J. Dubuc and Y. Poveda ([30]) and
J. L. Castiglione, M. Menni and W. J. Botero (|23]). Further sheaf represen-
tations were established by A. Filipoiu and G. Georgescu ([32]), and A. R.
Ferraioli and A. Lettieri ([31]).

The innovation of this thesis is that we use topos-theoretic methods in
order to obtain new results and conceptual insights, of both logical and al-
gebraic nature, on central topics in the field of MV-algebras, which are not
visible with classical methods. We obtain these new results by investigating
the classifying toposes of notable theories of MV-algebras and by applying the
bridge technique to Morita-equivalences between such theories and suitable

theories of lattice-ordered abelian groups.

Many-valued logics and MV-algebras

Motivated by the fact that classical logic cannot describe situations that
admit more than two outcomes, in 1920 J. Lukasiewicz introduced a three-
valued logic by adding to the traditional truth values 0 and 1, interpreted as
“absolute false” and “absolute true”, a third degree of truth between them.

Later, he presented further generalizations with n truth values (or even a
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countable or a continuous number of them).

The class of MV-algebras was introduced in 1958 by C. C. Chung (cf.
[24] and [25]) in order to provide an algebraic semantics for Lukasiewicz
multi-valued propositional logic. As this logic is a generalization of classical
logic, MV-algebras are a generalization of boolean algebras (these can be
characterized as the idempotent MV-algebras).

After their introduction in the context of algebraic logic, MV-algebras
became objects of independent interest and many applications in different
areas of Mathematics were found. The most notable ones are in functional
analysis (cf. [39]), in the theory of lattice-ordered abelian groups (cf. [39]
and [28]) and in the field of generalized probability theory (cf. Chapters 1
and 10 of [41] for a general overview).

Several equivalences between categories of MV-algebras and categories
of lattice-ordered abelian groups (¢-groups, for short) can be found in the

literature, the most important ones being the following:

e Mundici’s equivalence (cf. [39]) between the whole category of MV-

algebras and the category of /-groups with strong unit;

e Di Nola-Lettieri’s equivalence (cf. [28]) between the category of perfect
MV-algebras (i.e., MV-algebras generated by their radical) and the

whole category of /-groups.

We observe that these categorical equivalences can be seen as equivalences
between categories of set-based models of certain geometric theories and we
prove that these theories are Morita-equivalent, i.e., there is a categorical
equivalence between their categories of models inside any Grothendieck topos
&, naturally in &£.

In this way we obtain:

e a Morita-equivelence between the theory MV of MV-algebras and the
theory L, of ¢-groups with strong unit (cf. Chapter 3);
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e a Morita-equivalence between the theory IP of perfect MV-algebras and
the theory IL of ¢-groups (cf. Chapter 4).

We then show that the Morita-equivalence arising from Di Nola-Lettieri’s
equivalence is just one of a whole class of Morita-equivalences that we estab-
lish between theories of local MV-algebras in proper varieties of MV-algebras

and appropriate extensions of the theory of /-groups (cf. Chapter 5).

Consequences of the Morita-equivalence between MV and L,

An immediate consequence of the Morita-equivalence arising from Mundici’s
equivalence is the fact that the (infinitary) theory of /-groups with strong unit
is of presheaf type. This arises from the process of transferring the invariant
property of being a presheaf topos across the Morita-equivalence. Recall that
a theory is of presheaf type if its classifying topos is equivalent to a topos
of presheaves. Every finitary algebraic theory, and more generally, every
cartesian theory, is of presheaf type; thus, this property is transferred from
the theory of MV-algebras to IL,. We are interested in theories of presheaf
type since they enjoy many remarkable properties, some of them recalled in

Section 1.5, that do not hold for any geometric theory.

- Evv EgLu Tl

Changing the invariant considered at the level of the classifying topos
gives rise to further results. For instance, the invariant given by the property
to be a subtopos induces, by the Duality Theorem of [11]| (which establishes a
bijection between the subtoposes of the classifying topos of a given geometric
theory and the quotients of this theory), a bijection between the quotients
of the theory MV and those of the theory LL,. It is worth to stress that this
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result cannot be deduced from Mundici’s equivalence. Recall that a quotient
of a theory is an extension over the same signature obtained by adding new
axioms. Starting from a quotient of MV, we get the corresponding quotient
of L, by translating every axiom in the language of /-groups with strong
unit by using the interpretation from the theory MV to the theory L, es-
tablished in Section 3.3. However, as proved in the same section, there is no
interpretation in the converse direction that would make trivial the bijection
between the quotients. If we consider now the invariant property of objects
of toposes to be irreducible we get a logical characterization of the finitely
presentable /-groups with strong unit. They are the ¢-groups with strong
unit corresponding to the finitely presented MV-algebras under Mundici’s
equivalence. Specifically, we show that such groups can be characterized as
the finitely presented pointed ¢-groups G with a distinguishing element v
which is a strong unit for G, or, equivalently, as the ¢-groups presented by
a formula which is irreducible with respect to the theory of /-groups with
strong unit. This last result is used in Section 3.7.2 to describe a method for
obtaining an axiomatization of the quotient of MV corresponding to a given
quotient of the theory IL,. Lastly, we establish a form of compactness and
completeness for IL,, obtained from the invariant properties of the classifying
topos of MV (whence of L) to have a compact terminal object and to have
enough points.

Finally, as a particular instance of this Morita-equivalence, we obtain
a sheaf-theoretic version of Mundici’s equivalence valid for any topological

space X, naturally in X.

Consequences of the Morita-equivalence between P and L and of

the study of the classifying topos of P

As in the case of Mundici’s equivalence, the Morita-equivalence arising from

Di Nola-Lettieri’s equivalence involves an algebraic theory, namely the theory



Introduction 21

IL of ¢-groups. Thus, the property to be of presheaf type is transferred to
the coherent theory P of perfect MV-algebras. Whilst the two theories are
not classically bi-interpretable, further applications of the bridge technique
lead to three different levels of bi-interpretability between particular classes

of formulas: irreducible formulas, geometric sentences and imaginaries.

G &

Irreducible formulas for the theory P are the ones that present the finitely
presentable perfect MV-algebras, that is the algebras which correspond to the
finitely presented ¢-groups via Di Nola-Lettieri’s equivalence. They consti-
tute the analogue for the theory P of cartesian formulas in the theory of
MV-algebras. Indeed, even though the category P-mod(Set) is not a va-
riety, it is generated by its finitely presentable objects since the theory P
is of presheaf type classified by the topos [f.p.P-mod(Set), Set]. We also
establish a bi-interpretability between the theory of lattice-ordered abelian
groups and a cartesian theory M axiomatizing the positive cones of these
groups, which we use in Section 4.5.2 to obtain a simpler reformulation of
Di Nola-Lettieri’s equivalence and in Section 4.5.3 to describe the partial bi-
interpretations between IL and PP. This bi-interpretation between M and L
provides in particular an alternative description of the Grothendieck group
associated with a model M of M as a subset, rather than a quotient as in
the classical definition, of the product M x M.

Next, we study in detail the classifying topos of the theory of perfect
MV-algebras, representing it as a subtopos of the classifying topos of the
algebraic theory axiomatizing the variety generated by Chang’s MV-algebra.
This investigation sheds light on the relationship between these two theo-

ries, notably leading to a representation theorem for finitely generated (resp.
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finitely presented) algebras in Chang’s variety as finite products of finitely
generated (resp. finitely presented) perfect MV-algebras. It is worth to note
that this result, unlike most of the representation theorems available in the
literature, is fully constructive. Among the other insights, we mention a
characterization of the perfect MV-algebras which correspond to finitely pre-
sented lattice-ordered abelian groups via Di Nola-Lettieri’s equivalence as the
finitely presented objects of Chang’s variety which are perfect MV-algebras,
and the property that the theory axiomatizing Chang’s variety proves all the
cartesian sequents (in particular, all the algebraic identities) which are valid

in all perfect MV-algebras.

We then revisit the representation theorem obtained through the analysis
of the classifying topos of P from the point of view of subdirect products of
perfect MV-algebras, obtaining a concrete proof of it. We also show that
every MV-algebra in Chang’s variety is a weak subdirect product of per-
fect MV-algebras. These results have close ties with the existing literature
on weak boolean products of MV-algebras. Moreover, we generalize to the
setting of MV-algebras in Chang’s variety the Lindenbaum-Tarski character-
ization of boolean algebras which are isomorphic to powersets as the com-
plete atomic boolean algebras, obtaining an intrinsic characterization of the
MV-algebras in Chang’s variety which are arbitrary products of perfect MV-
algebras. These results show that Chang’s variety constitutes a particularly

natural MV-algebraic setting extending the variety of boolean algebras.

Finally, we transfer the above-mentioned representation theorems for the
MV-algebras in Chang’s variety in terms of perfect MV-algebras into the con-
text of f-groups with strong unit and, generalizing results in 2|, we show that
a theory of pointed perfect MV-algebras is Morita-equivalent to the theory
of lattice-ordered abelian groups with a distinguished strong unit (whence to

that of MV-algebras).
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Morita-equivalences for local MV-algebras in proper varieties of
MV-algebras

In light of the fact that the class of perfect MV-algebras is the intersection of
the class of local MV-algebras with a specific proper variety of MV-algebras,
namely Chang’s variety, it is natural to wonder what happens if we replace
this variety with an arbitrary variety of MV-algebras. We prove that ‘glob-
ally’, i.e., considering the intersection with the whole variety of MV-algebras,
the theory of local MV-algebras is not of presheaf type, while if we restrict to
any proper subvariety V', the theory of local MV-algebras, indicated with the
symbol Locy, is of presheaf type. Furthermore, we show that these theories
are Morita-equivalent to suitable theories expanding the theory of ¢-groups.
More specifically, if V' = V({Si}icr, {59}jes) (for finite subsets I, J C N)
we have a theory Gz ;) which is Morita-equivalent to the theory Locy and
which is written over the signature obtained from that of /-groups by adding
a constant symbol and propositional predicates corresponding to the ele-
ments of I and J. The categories of set-based models of these theories are
not in general algebraic as in the case of perfect MV-algebras; however, in
Section 5.5.2 we characterize the varieties V' for which we have algebraicity
as precisely those which can be generated by a single chain. All the Morita-
equivalences contained in this new class are non-trivial, i.e., they do not arise

from bi-interpretations, as we prove in Section 5.5.1.

- ELocy 25@(1,]) T

Locy G,

Topos-theoretic methods are used here to obtain both logical and alge-
braic results. Specifically, we present two (non-constructively) equivalent

axiomatizations for the theory of local MV-algebras in an arbitrary proper
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subvariety V', and we study the Grothendieck topologies associated with them
as quotients of the algebraic theory Ty axiomatizing V. The subcanonicity
of the Grothendieck topology associated with the first axiomatization en-
sures that the cartesianization of the theory of local MV-algebras in V' is the
theory Ty . It is worth to note that this result does not arise from a represen-
tation theorem of the algebras in V' as subdirect products or global sections
of sheaves of models of the theory of local MV-algebras in V', something
that would make this trivial. To verify the provability of a cartesian sequent
in the theory Ty, we are thus reduced to checking it in the theory of local
MV-algebras in V. Using this, we easily prove that the radical of every MV-
algebra in V is defined by an equation, which we use to present the second
axiomatization. This latter axiomatization has the notable property that the
associated Grothendieck topology is rigid. This allows us to conclude that
the theory of local MV-algebras in V' is of presheaf type. The equivalence
of the two axiomatizations and the consequent equality of the associated
Grothendieck topologies yields in particular a representation result of every
finitely presented MV-algebra in V' as a finite product of local MV-algebras.
This generalizes the representation result obtained for the finitely presented
MV-algebras in Chang’s variety as finite products of perfect MV-algebras.
Strictly related to the theory of local MV-algebras is the theory of simple
(in the sense of universal algebra) MV-algebras; indeed, an MV-algebra A
is local if and only if the quotient A/Rad(A) is a simple MV-algebra. This
theory shares many properties with the theory of local MV-algebras: glob-
ally it is not of presheaf type but it has this property if we restrict to an
arbitrary proper subvariety. On the other hand, while the theory of simple
MV-algebras of finite rank is of presheaf type (as it coincides with the geo-
metric theory of finite chains), the theory of local MV-algebras of finite rank

is not, as we prove in Section 5.2.3.
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Summarizing, in this thesis we use topos-theoretic techniques to study
Morita-equivalences obtained by ‘lifting’ categorical equivalences which are
already known in the literature of MV-algebras and also to establish new
ones. This shows that, as it was already argued in [12], topos theory is
indeed a powerful tool for discovering new equivalences in Mathematics, as
well as for investigating known ones.

The main themes addressed in this thesis are the following:

theories of presheaf type;

Morita-equivalences and bi-interpretations;

MV-algebras and lattice-ordered abelian groups;

representation results for classes of MV-algebras;

cartesianizations for quotients of MV.

A particular attention is posed on the constructiveness of the results; we

indicate with the symbol * the points where we use the axiom of choice.

Structure of the thesis

The thesis is organized in five chapters.

Chapter 1. In this chapter we recall the most important notions and
results on topos theory. We mostly focus on the technique of ‘toposes as
bridge’ that we apply throughout the thesis and on notions of classifying
topos and of theory of presheaf type.

Chapter 2. In this chapter we introduce the classes of MV-algebras
that are studied in the thesis, namely perfect, local and simple MV-algebras.
Morever, we establish some preliminary results on the respective quotients
of MV. For instance, we prove that the theory of local MV-algebras and the
theory of simple MV-algebras are not of presheaf type. Further, we introduce
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two equivalent axiomatizations for the theory of perfect MV-algebras and we
show that the radical of every MV-algebra in Chang’s variety is definable
by an equation. This result is necessary for defining the radical of a model
of the theory of perfect MV-algebras in an arbitrary Grothendieck topos as
the classical definition of the radical is not constructive. We also derive the
fact that the radical cannot be defined by a geometric formula in the whole
class of MV-algebras as a consequence of the fact that the class of semisimple
MV-algebras cannot be axiomatized in a geometric way.

Chapter 3. In this chapter we show that the theory of MV-algebras
is Morita-equivalent to (but not bi-interpretable with) to that of lattice-
ordered abelian groups with strong unit. This generalizes the well-known
equivalence between the categories of set-based models of the two theories
established by Mundici, and allows to transfer properties and results across
them by using the methods of topos theory. We discuss several applications,
including a sheaf theoretic version of Mundici’s equivalence and a bijective
correspondence between the geometric theory extensions of the two theories.

Chapter 4. We establish, generalizing Di Nola and Lettieri’s categori-
cal equivalence, a Morita-equivalence between the theory of lattice-ordered
abelian groups and that of perfect MV-algebras. Further, after observing that
the two theories are not bi-interpretable in the classical sense, we identify, by
considering appropriate topos-theoretic invariants on their common classify-
ing topos, three levels of bi-interpretability holding for particular classes of
formulas: irreducible formulas, geometric sentences and imaginaries. Lastly,
by investigating the classifying topos of the theory of perfect MV-algebras,
we obtain various results on its syntax and semantics also in relation to the
cartesian theory of the variety generated by Chang’s MV-algebra, includ-
ing a concrete representation for the finitely generated models of the latter
theory as finite products of perfect MV-algebras. Among the results estab-
lished on the way, we mention a Morita-equivalence between the theory of

lattice-ordered abelian groups and that of cancellative lattice-ordered abelian
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monoids with bottom element.

Chapter 5. In this chapter we study quotients of the geometric theory
of local MV-algebras, in particular those which axiomatize the class of local
MV-algebras in a proper subvariety. We show that each of these quotients
is a theory of presheaf type which is Morita-equivalent to an expansion of
the theory of lattice-ordered abelian groups. Di Nola-Lettieri’s equivalence
is recovered from the Morita-equivalence for the quotient axiomatizing the
local MV-algebras in Chang’s variety, that is the perfect MV-algebras. We
establish along the way a number of results of independent interest, includ-
ing a constructive treatment of the radical for local MV-algebras in a fixed
proper variety of MV-algebras and a representation theorem of the finitely

presentable algebras in such a variety as finite products of local MV-algebras.
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Chapter 1
Topos-theoretic background

In this section we recall the most important notions and results on topos
theory. For a succinct introduction to this subject we refer the reader to

[19]; classical references are [38] and [35].

1.1 Grothendieck toposes

The notion of Grothendieck topology on a category was introduced by A.
Grothendieck as a categorical generalization of the classical concept of topol-
ogy on a set. Here the attention is focused on open sets and on covering
families of open sets, i.e., families of open subsets of a given open set U
whose union coincides with U. In this generalization the objects of a cate-
gory take the place of the open sets and covering families become families of
arrows with the same codomain which have to satisfy appropriate properties.

The formal definition is the following.

Definition 1.1.1. Given a small category C, a sieve on an object ¢ of C is
a set S of arrows with codomain ¢ such that f o g € S whenever f € S and
g is composable with f. A Grothendiek topology on C is a function J which
assigns to each object ¢ € C a collection J(c) of sieves on ¢ in such a way

that

29
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(i) (maximality axiom) the maximal sieve {f | cod(f) = ¢} is in J(c), for

every ¢ € C;

(i) (stability axiom) if S € J(c), then h*(S) € J(d) for any morphism
h : d — ¢, where with the symbol h*(S) we mean the sieve whose

morphisms are the pullbaks along h of the morphisms in S

(iii) (transitivity axiom) if S € J(c) and R is a sieve on ¢ such that h*(R) €
J(d) forall h:d — cin S, then R € J(c).

The sieves S € J(c) are called the J-covering sieves.
A site is a pair (C, J) consisting of a small category C and a Grothendieck

topology J on C.

Definition 1.1.2. (a) A presheaf on a category C is a functor P : CP —
Set.

(b) A sheaf on (C,J) is a presheaf P : C°® — Set on C such that, for every J-
covering sieve S € J(c) and every family {z; € P(dom(f)) | f € S} such
that P(g)(zs) = xfo4 for any f € S and any arrow g in C composable
with f, there exists a unique element x € P(c) such that z; = P(f)(x)
for all f € S.

(¢) The category Sh(C,J) of sheaves on the site (C,J) has as objects the
sheaves on (C,J) and as arrows the natural transformations between

them, regarded as functors C°? — Set.

(d) A Grothendieck topos is a category that is of the form Sh(C,.J), up to

categorical equivalence.

Definition 1.1.3. Let (C,J) be a site and I be a set of objects of C. If for
any arrow f :a — bin C such that b € I then a € I, we say that I is an
ideal. If further for any J-covering sieve S on an object ¢ of C such that

dom(f) € I for all f € S then ¢ € I, we say that I is a J-ideal.
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The J-ideals on C correspond bijectively to the subterminal objects of the
topos Sh(C, J).

Given a site (C,J), a sieve S on an object ¢ of C is said to be J-closed
if for every arrow f with codomain ¢, f*(S) € J(dom(f)) implies f € S. If
the representable functor Home(—,c) is a J-sheaf then the J-closed sieves
on c¢ are in natural bijection with the subobjects of Home(—, ¢) in the topos
Sh(C, J).

Definition 1.1.4 (pp. 542 Section C2.1 [35]). A sieve R on an object U of
C is called effective-epimorphic if it forms a colimit cone under the diagram
consisting of the domains of all morphisms in R and all the morphisms over
U. A Grothendieck topology is said to be subcanonical if all its covering

sieves are effective-epimorphic, i.e., every representable functor is a .J-sheaf.
Definition 1.1.5. Let (C, J) be a site.

(a) We say that an object ¢ € C is J-irreducible if the only J-covering sieve

on ¢ is the maximal sieve.

(b) We say that J is rigid if for every object ¢ of C, the set of arrows from

J-irreducible objects of C generates a J-covering sieve.

As it follows from the definition, a Grothendieck topos can have more
sites of definition. With the Comparison Lemma we can find new sites of

definition starting from a given one.

Definition 1.1.6. Let (C, J) be a site and D be a full subcategory of C. This
category D is called J-dense if for every object of ¢ the sieve generated by

the family of arrows to ¢ from objects in D is a J-covering.

Lemma 1.1.7 (Comparison Lemma, Theorem C2.2.3 [35]). Given C and
D as above, the toposes Sh(C,J) and Sh(D, Jjp) are categorical equivalent,
where Jip is the Grothendieck topology on D induced by J and defined by:
S € Jip(d) if and only if S € J(d), where S is the sieve in C generated by

the arrows in S.
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We are interested in looking at Grothendieck toposes as classifying toposes
for geometric theories. In this case the suitable class of morphisms among

toposes is the class of the geometric morphisms.

Definition 1.1.8. A geometric morphism f : F — £ of toposes is a pair of
adjoint functors f, : F — & and f* : £ — F such that the lef adjoint f*,

called the inverse image functor, preserves finite limits.

Given £ and F two Grothendieck toposes, we indicate with the symbol

Geom(E&, F) the category of geometric morphisms between them.

1.2 Geometric logic and categorical semantics

Let X be a first-order signature consisting of a set of sorts, a set of function
symbols and a set of relation symbols. A contezt is a finite list £ =z ..., z,
of distinct variables and it is said to be suitable for a formula ¢ over X if all
the free variables of ¢ occur in it. A formula-in context is an expression of

the form ¢(Z), where ¢ is a formula over ¥ and 7 is a suitable context for it.

Definition 1.2.1. (a) The set of atomic formulas over ¥ is the smallest
set closed under relations R(tq,... . t,) and equalities (¢ = s), where

ty,...,ty, t, s are Y-terms and R is a Y-relation symbol.

(b) The set of Horn formulas over ¥ is the smallest set containing the set of

atomic formulas and closed under truth and finitary conjunctions.

(¢) The set of regular formulas over ¥ is the smallest set containing the
set of atomic formulas and closed under truth, finitary conjunctions and

existential quantifications.

(d) The set of coherent formulas over ¥ is the smallest set containing the set

of regular formulas and closed under false and finitary disjunctions.



1.2 Geometric logic and categorical semantics 33

(e) The set of first-order formulas over ¥ is the smallest set containing the set
of coherent formulas and closed under implications, negations, existential

and universal quantifications.

(f) The set of geometric formulas over 3 is the smallest set containing the

set of coherent formulas and closed under infinitary disjunctions.

A sequent over a signature Y is an expression of the form ¢ Fz 1,
where ¢ and v are formulas over ¥ and ¥ is a context suitable for both
of them. In first-order logic a sequent ¢ Fz 1 expresses the same idea of
(V1) ... (Vx,) (¢ — ). A sequent (¢ Fz 1) is Horn (resp. regular, coherent,
first-order, geometric) if both ¢ and ¢ are Horn (resp. regular, coherent,

first-order, geometric) formulas.

Definition 1.2.2. A theory over a signature X is a set T of sequents over X

whose elements are called the (non-logical) axioms of T.

e A theory T is algebraic if its signature X has a single sort and no relation
symbols (apart from equality) and its axioms are all of the form T Fz ¢,

where ¢ is an atomic formula (s = ¢) and 7 is its canonical context.

e A theory T is Horn (resp. regular, coherent, geometric) if all the se-

quents in T are Horn (resp. regular, coherent, geometric).

e A regular theory T is cartesian if its axioms can be well-ordered in such
a way that each axiom is cartesian relative to the sub-theory consisting
of all the axioms preceding it in the ordering, in the sense that all the
existential quantifications which appear in the given axiom are provably

unique relative to that sub-theory.

o A propositional theory is a theory over a propositional signature which
has no sorts, whence any function symbols, and the only relation sym-
bols are atomic propositions. Propositional theories are used for de-

scribe subsets of a given structure with particular properties.
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Example 1.2.3. (a) The theory of poset is a Horn theory. It has one sort

A, one relation symbol <— A x A and no function symbols. The axioms

are:

o TH,z<u
o <yNy<azhk,,r=uy;

o v <yNy<zh,,.x <z

By adding function symbols and appropriate axioms we can axiomatize

ordered algebraic structures.

The theory of torsion abelian groups is an example of a theory that is
geometric but not first-order. Indeed, we need of an infinitary disjunction

to express the property of the groups to have torsion,

Tk, \/ (nz =0) .
1<n
In the opposite direction, the theory of metric space offers an example of
a theory which is infinitary first-order but not geometric. The signature
consists of one sort A and a family of relation symbols R, — A x A
indexed by positive real numbers €. The interpretation of the predicate
R.(x,y) is “the distance between z and y is strictly less than £”. Among

the axioms we have the following one
/\ R.(z,y) Foyx=1y
0<e

that requires an infinitary conjunction.

For examples of propositional theories let us consider a A-semilattice L.
For each a € L we have a 0-ary predicate R, that has the meanig “a € R”,
with R a subset of L. With these symbols we can describe the theory of

filters of L. The axioms of this theory are the following sequents:
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e T F Ry, where 1 is the top element of L;

e R, Ry, for every a < b in L;

o R, N\ Ryt Rypp, for every a,b € L.
This is a cartesian theory. If L is a lattice, with the same signature we
can also write the theory of prime filters of L. Further, if L is a complete

lattice we can axiomatize the theory of complete prime filters of L. These

theories are respectively coherent and geometric.

These three examples of propositional theories are standard in the sense
that any cartesian (resp. coherent, geometric) propositional theory is
Morita-equivalent! to the theory of filters (resp. prime filters, completely
prime filters) of a A-semilattice (resp. lattice, complete lattice) (cf. Re-

mark D1.4.14 [35]).

To each of the fragments of first-order logic introduced above, we can

naturally associate a deduction system.

Definition 1.2.4. e The structural rules consist of the identity axiom

(¢ Fz9),
the substitution rule

(¢ Fzv)
(¢[5/7] g ¥[5/7])

where ¢ is any string of variables including all the variables occurring

in the string of terms s, and the cut rule

(¢ Fz ) (¥ 1z x)
(¢ Fzx) '

e The equality rules consist of the axioms

!The notion of Morita-equivalent theories will be introduced in Section 1.4.
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—

(Thez=1x) (F=yA9¢)F20[y/7]),

where 7 and ¢ are contexts of the same length and type and 7 is a

context containing 7, i/ and the free variables of ¢.

The rules for finite conjunction are the axioms

(pFzT) (9AY)Fz o) ((@AY)Fzp),
and the rule

(¢ Fz1) (6 FzX)
(pFzv Antp)

The rules for finite disjunction are the axioms

(LFz¢) (oFz(oVY)) (WFz(oVy)),

and the rule

(¢Fzv) (xFzv)
(evY)Fax)

The rules for infinitary conjunction (resp. disjunction) are the infini-

tary analogues of the rules for finite conjunction (resp. disjunction).

The rules for implication consist of the double rule

NP Fzx
Ytz (6= X)

The rules for existential quantification consist of the double rule

Qb l_f,y 77Z)
()¢ -z )

provided that y is not free in 1.
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e The rules for universal quantification consist of the double rule

e The distributive axiom is

(@AW VX)) e ((9AY)VI(PAX))) -

e The Frobenius axiom is

(6N By)Y) Fo By) (o A1),

where y is a variable not in the context Z.

Definition 1.2.5. We can distinguish fragments of first-order logic by adding

to the structural and equality rules the ones specified as follows.
o Algebraic logic: no additional rules.
e Horn logic: finite conjunction.

e Regular logic: finite conjunction, existential quantification and Frobe-

nius axiom.

e (Coherent logic: finite conjunction, finite disjunction, existential quan-

tification, distributive axiom and Frobenius axiom.

o Geometric logic: finite conjunction, infinitary disjunction, existential

quantification, infinitary distributive axiom, Frobenius axiom.

We say that a sequent ¢ is provable in an algebraic (Horn, regular, coherent,
geometric) theory T if there exists a derivation of ¢ relative to T in the

appropriate fragment of first-order logic.
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Definition 1.2.6. A quotient of a geometric theory T over a signature X is
a geometric theory T’ over ¥ such that every geometric sequent over 3 which

is provable in T is provable in T’.

One can define the notion of models of a geometric theory T in a Grothen-
dieck topos & generalizing the definition of tarskian models of a first-order

theory in Set.

Definition 1.2.7. Let £ be a topos and 3 be a (possibly multi-sorted) first-
order signature. A Y-structure M in & is specified by the following data:

(i) a function assigning to each sort A of X3, an object M A of £. This func-
tion is extended to finite strings of sorts by defining M (A;,...,A,) =
MA;x---xMA, (and setting M([]), where [] denotes the empty string,
equal to the terminal object 1 of £);

(ii) a function assigning to each function symbol f : A;... A, — B in ¥
an arrow Mf: M(Ay,...,A,) - MB in &;

(iii) a function assigning to each relation symbol R — A;... A, in ¥ a
subobject MR »— M(A;,...,A,) in E.

The Y-structures in € are the objects of a category >-str(£) whose arrows
are the Y-structure homomorphisms. Such homomorphisms h : M — N are
specified by a collection of arrows hy : MA — NA in £, indexed by the sorts
of ¥ and satisfying the following two conditions:

(i) For each function symbol f : A;--- A, — B in 3, the diagram
Mf
M(Ay,...,A) —— MB

hp



1.2 Geometric logic and categorical semantics 39

commutes;

(ii) For each relation symbol R — A;--- A, in X, there is a commutative

diagram in C of the form

MR —— M(Ay,..., A,)

hAIX‘HXhA

n

NR*>N(A1,...,AN>

Let £ and F be toposes. Any functor T : £ — F which preserves finite
products and monomorphisms induces a functor ¥-str(7) : X-str(€) — -
str(F) in the obvious way.

Until now we have interpreted function and relation symbols in a >-

structure. Terms and formulas can be interpreted as well.

Definition 1.2.8. Let M be a X-structure in £. If {Z . t} is a term-in-
context over ¥ (with & = xy,..., 2, 2; : A;(i =1,...,n) and ¢ : B) then its

interpretation in M, indicated with the symbol [Z . t], is an arrow
[Z .ty : M(Ay,...,A,) > MB
in £ defined recursively by the following clauses.

(a) If ¢t is a variable, it is necessarily z; for some unique i < n, and then

[Z . t]ar = 7, the i-th product projection.

(b) If tis f(t1,...,tm) (where t; : C;), then [Z . t]5s is the composite

M(A,, ... ,An)([[f' flar, - [ tm]]M)M(C’l, O MI B
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Definition 1.2.9. Let M be a X-structure in M. Any formula ¢(Z) over X is
interpretable as a subobject [Z . ¢]ar — M(A4, ..., A,). This interpretation

is defined recursively on the structure of the formula.

o If¢(Z)is R(ty,...,ty), where R is arelation symbol (of type By, ..., By,),
then [ . ¢]u is the pullback

[7 . 6]u MR

M(Ay,. .., Ay) (ERAINE R M(B,...,B,)

o If (%) is (s = t), where s and t are terms of sort B, then [Z . @] is

the equalizer of [Z . s]ar, [Z . t]ar - M(Ay,..., An) = MB.
o If ¢(¥) is T, then [Z . @] is the top element of Subg(M (A4, ..., An)).

o If ¢(Z) is (¢ A x)(Z), then [Z . ¢ is the pullback

[Z. 0]y —— [T Y]u

[Z. x]p — M(Ay,..., An)
o If ¢(Z) is L, then [ . ¢] is the bottom element of Subg(M (A, ...,

Ay)).

o If ¢(Z) is (¢ V x)(Z), then [& . ¢]a is the union of the subobjects
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o If ¢(%) is ((y)v)(Z), where y is of sort B, then [Z . ¢] is the image

of the composite

[Z,y . W]y —— M(Ay, ..., Ay, B) = M(A4,..., A

where 7 is the product projection on the first n factors.

o If ¢(%) is (\ ¢;)(¥) then [Z . ¢]u is the union of the subobjects [Z .
iel
Gillar-
Definition 1.2.10. Let M be a Y-structure in a topos £.

(a) If 0 = (¢ Fz ) is a first-order sequent over X, we say that o is satisfied
in M (and write M = o) if [ . ¢]p < [¢ . ¢]m in the lattice
Subg(M(Ay, ..., A,)) of subobjects of M(Ay,...,A,)in E.

(b) If T is a geometric theory over ¥, we say that M is a model of T (and
write M = T) if all the axioms of T are satisfied in M.

(¢) We write T-mod(€) for the full subcategory of ¥-str(€) whose objects

are the models of T.

Lemma 1.2.11 (Lemma D1.2.13 [35]). Let T : € — F be a cartesian (resp.
reqular, coherent, Heyting, geometric) functor between toposes; let M be a
Y-structure in € and let o be a sequent over . If M |= o in € then X-

str(T)(M) |= o in F. Then converse implication holds if T is conservative.

Sometime it is possible to determine models of a theory T in a topos £
by regarding at the models of this theory in a more familiar topos. The

following theorem gives examples of this operation.

Theorem 1.2.12 (Corollary D1.2.14 [35]). Let T be a geometric theory over
a signature 3. Then for every small category C, a S-structure M in [C, Set]
is a T-model if and only if each ev.(M), ¢ € C, is a model of T in Set,
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where ev. denotes the functor ‘evalute at ¢’. Indeed we have an isomorphism
T-mod([C, Set]) =~ [C, T-mod(Set)].

For any topological space X, a 3-structure M in Sh(X) is a T-model if
and only if x*(M), x € X, is a T-model in Set, where x* : Sh(X) — Set
is the stalk functor associated with x (i.e., the inverse image functor along x

regarded as a continuous map 1 — X ).

1.2.1 The internal language of a topos

A Grothendieck topos has all small limits and colimits, as well as exponentials
and a subobject classifier. It can thus be considered as a mathematical
universe in which one can perform all the usual set-theoretic constructions.
More specifically, one can attach to any topos £ a canonical signature g,
called its internal language, having a sort "A™ for each object A of &£, a
function symbol " f7: TA;7...T A, — "B for each arrow f : A; X --- X
A, — Bin £ and a relation symbol "R — "A;7...T A, for each subobject
R — Ay x--- x A, in €. There is a tautological Y¢-structure Sg in £
obtained by interpreting each "A™" as A, each "f ' as f and each "R as
R. For any object A;,..., A, of £ and any first-order formula ¢(Z) over
Y, where 7 = (xll_Al_\, . ,Q:ZA"—I), the expression {¥ € A; x --- x A4, | ¢}
can be given a meaning, namely the interpretation of the formula ¢(Z) in
the Ye-structure Sg. Since the logic of a topos is in general intuitionistic,
any formal proof involving first-order sequents over the signature ¥¢ will be
valid in the structure Sg provided that the law of excluded middle or any
other non-constructive principles are not employed in it. This allows to prove
results concerning objects and arrows in the topos by arguing constructively
in a set-theoretic fashion. We shall exploit this fact at various points.

An example of reformulations of basic properties of sets in the internal

language of a topos is provided by the following proposition.
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Proposition 1.2.13 (Lemma D1.3.11 [35]). Let € be a topos. The following

statements hold

(i) f:A— Ais the identity arrow if and only if (T . " f(x) = z) holds

m Sg.

(1)) f:A— C in the composite of g : A — B and h: B — C if and only
if (T ke "f(z) ="h ("¢ (x))) holds in Se.

(i) f: A — B is monic if and only if ("f(z) =" f7(2') by x = ) holds

m Sg.

() f: A— B is an epimorphism if and only if (T bk, (32)("f(x) = y))
holds in Sg.

(v) A is a terminal object if and only if the sequents (T F (3x)T) and
(T koo (x=2")) hold in Se.

1.3 Classifying toposes

Definition 1.3.1. Let T be a geometric theory over a signature 3. A classi-
fying topos of T is a Grothendieck topos Er such that for any Grothendieck

topos £ we have an equivalence of categories
Geom(€&,&r) ~ T-mod(€)

natural in £, i.e., for any geometric morphism f : £ — F we have a commu-

tative square

Geom(F,&r) = T-mod(F)

—o f T-mod(f*)

Geom(&, &) ——— T-mod(€)
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In other words, there is a model Ut of T in &, called the universal model of T,
characterized by the universal property that any model M in a Grothendieck
topos € can be obtained, up to isomorphism, as a pullback f*(Ur) of the
model Ur along the inverse image f* of a unique (up to isomorphism) geo-

metric morphism from & to &r.

Clearly, a classifying topos of a given geometric theory T is unique up to
categorical equivalence.
Classifying toposes for geometric theories can be canonically built by the

construction of syntactic sites.

Definition 1.3.2. Let T be a geometric theory over a signature ¥ and ¢(Z)
and () be two formulas in T, where & and 7 are context of the same type
and length. We say that these formulas are a-equivalent if ¥ () is obtained
from ¢(Z) by an acceptable renaming, i.e., every free occurrence of z; is
replaced by y; in ¢ and each z; is free for y; in ¢. We write {Z . ¢} for the
a-equivalence class of the formula ¢(Z). The geometric syntactic category
Cr of T has as objects the geometric formulas-in-context {Z . ¢} and as
arrows between {7 . ¢} and {y . ¢} the T-provable equivalence classes [0]
of geometric formulas 0(Z, i), where & and ¥ are disjoint contexts, which are

T-provably functional from {& . ¢} to {y . 1}, i.e., such that the sequents
- (OFzg (0 AD))
- (ONO[Z/Y] Fagz (F=1))
- (¢ Fz (39)9)

are provable in T.

We shall say that two geometric formulas-in-context {Z . ¢} and {¢ . ¥},
where ¥ and ¥ are disjoint, are T-equivalent if they are isomorphic objects in
the syntactic category Cr, that is, if there exists a geometric formula 6(Z, ¥/)

which is T-provably functional from {Z . ¢} to {# . ¥/} and which moreover



1.3 Classifying toposes 45

satisfies the property that the sequent (6 A 0]z’ /7] b
in T.

7 &= 1') is provable

R
z,x!,

We can equip the geometric category Cr with its canonical coverage, con-
sisting of all sieves generated by small covering families, i.e., families of the
form {[Z;,7 . 0;] | i € I}, where [0;] are arrows from {Z; . ¢;} to {7 . ¥} in
Cr and the sequent v 5 \/,.,(37;0;) is provable in T. We denote by Jr this
topology.

The topos Sh(Cr, Jr) satisfies the universal property of the classifying
topos for T. By this it follows that every geometric theory has a classifying

topos. The following theorem states that also the converse is true.

Theorem 1.3.3 (Makkai-Reyes-Joyal, 1970s). Every geometric theory has a
classifying topos; conversely, every Grothendieck topos is the classifying topos

of a geometric theory, albeit not canonically.

Proof. Given a geometric theory, the Grothendieck topos Sh(Cr, Jr) is the
classifying topos of T.
Vice versa, given a Grothendieck topos Sh(C, J), by Diaconescu’s Theo-

rem we have
Geom(&,Sh(C, J)) ~ Flat,(C, &)

naturally in £&. We construct a theory TS whose models in any Grothendieck
topos &£ are precisely the J-continuous flat functors from C to £. Hence we

have the thesis. O]

We can construct the syntactic sites (and the resulting classifying toposes)
also for smaller fragments of first-order logic by choosing appropriate families
of formulas for objects and arrows. More precisely, let T be a regular (resp.
cartesian, coherent) theory; the synctactic category C3¥ (resp. C¥t, C&h)
has as objects regular (resp. cartesian, coherent) formulas-in-context and has
as arrows equivalence classes of T-provably functional regular (resp. coher-

ent) formulas. The syntatic topology is the trivial one both for regular and
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cartesian theories, while for coherent theories we require that the covering
families are finite.

The following theorem shows that the invariant notion of subtopos admits
a natural logical counterpart. Recall that a subtopos of a topos & is the
domain of a geometric inclusion F — £ (i.e., of a geometric morphism F — &

whose direct image functor is full and faithful).

Theorem 1.3.4 (Duality Theorem, Theorem 3.6 [11]). Let T be a geomet-
ric theory over a signature Y. Then the assignment sending a quotient of T
to its classifying topos defines a bijection between the quotients of T (consid-
ered up to the equivalence which identifies two quotients precisely when they
prove the same geometric sequents over their signature)and the subtoposes of

the classifying topos Er of T.

This theorem associates to every quotient of T a certain Grothendieck
topology J over the syntactic category Cr which includes the topology Jr
and which is defined by the additional axioms of the quotient. Thus, the
classifying topos of the quotient is the subtopos of Sh(Cr, Jr) whose objects
are the sheaves with respect to the topology J. Conversely, each subtopos of
Er is of the form Sh(Cr, J), where J is a Grothendieck topology containing
Jr. The quotient of T classified by this topos has as axioms all the sequents
of the form 1 k5 (3%)0, where [f] is a morphism [6] : {Z . ¢} — {y. ¥} in Cr

generating a J-covering sieve.

1.4 Toposes as ‘bridges’

The ‘bridge technique’ was introduced by Olivia Caramello in her Ph.D.
thesis and deeply developed in her works. For an introduction to this topic
see [19].

This technique is based on the possibility of representing Grothendieck

toposes by means of different sites of definition. These different sites can be



1.4 Toposes as ‘bridges’ 47

considered as different worlds (e.g. theories, categories, etc.) that are linked
by the common Grothendieck topos. This topos can thus act as a bridge
for transferring information from one world to the other. For instance, let
us suppose that (C,J) and (D, K) are two sites of definition of the same
Grothendieck topos £ and let Z be a topos-theoretic invariant, i.e., a property
or a construction on toposes that is stable under categorical equivalences. If

we can find equivalences of the type

the topos € satisfies Z ‘if and only if’ the site (C, J) satisfies P,

the topos & satisfies Z ‘if and only if” the site (D, K) satisfies Qp k)

where P ;) and Qp k) are properties of the sites (C, J) and (D, K), then we
immediately obtain the logic equivalence between P ;) and Qp k). These
properties can be very different in spite of the fact that they are manifesta-
tions of the same topos-theoretic invariant Z. For example, as shown in [10],
the property of a topos to be De Morgan specializes, on a presheaf topos, to
the property of the underlying category to satisfy the right Ore condition and
on the topos of sheaves on a topological space to the property of the space to
be extremely disconnected. In [13] Caramello provided a general method for
obtaining bijective site characterizations for ‘geometric’ invariants of toposes.
Indeed, that paper gives a metatheorem furnishing sufficient conditions for a
topos-theoretic invariant to have bijective site characterizations holding for

large classes of sites.

We can construct bridges even if the relation between toposes is not an
equivalence but the property that we are considering is stable under this
relation. The advantages of working with equivalences is that every property
written in categorical language is automatically invariant with respect to

categorical equivalences.
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7z

-~ Sh(C,J) ~ Sh(D, K) “~-.

Pc,1 Qp,K)

The existence of different sites of definition for the same topos translates,
at the logical level, into the existence of different geometric theories classified

by the same topos.

Definition 1.4.1. Two geometric theories T and T’ are said to be Morita-
equivalent if they have equivalent classifying toposes, equivalently, if they
have equivalent categories of models in every Grothendieck topos &, natu-
rally in £, that is for each Grothendieck topos £ there is an equivalence of

categories
Te : T-mod(€) — T'-mod(E)

such that for any geometric morphism f : F — &£ the following diagram

commutes (up to isomorphism):

T-mod(€) i T'-mod(&)
I I
T-mod(F) P T'-mod(F)

Morita-equivalences can be seen as the ‘decks’ of our bridges, whose

‘arches’ are given by site characterizations.

Remark 1.4.2. (a) Let us suppose that T and S are two geometric the-

ories whose categories of models in the category Set are categorically
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(c)

equivalent. If this categorical equivalence is established by only using
constructive logic and geometric constructions (i.e., finite limits and ar-
bitrary colimits), then the semantic equivalence can be lifted to a Morita-
equivalence between the theories T and S. Indeed, a Grothendieck topos
can be seen as a generalized universe of sets where we can work only with
constructive principles. Further, the request that the constructions are

geometric assure that the naturality condition is satisfied.

Two cartesian theories are Morita-equivalent if and only if they have
equivalent categories of models in Set. Indeed, categorical equivalences
between categories of set-based models always restrict to categorical
equivalences between the categories of finitely presentable models. The
dual of these categories, with the trivial topology, are sites of definition
for the classifying toposes of cartesian theories. More generally, this is

true for any pair of theories of presheaf type (cf. Section 1.5).

Different sites of definition of a given Grothendieck topos can be inter-

preted as Morita-equivalent theories.

Trivial examples of Morita-equivalent theories are given by bi-interpretable

theories.

Definition 1.4.3. Let T and S be geometric (cartesian, regular, coherent)

theories. An interpretation (resp. a bi-interpretation) of T in S is a geometric

(cartesian, regular, coherent) functor (resp. an equivalence) I : Cr — Cs

between their geometric (cartesian, regular, coherent) syntactic categories.

We say that T is interpretable (resp. bi-interpretable) in S if there exists an

interpretation (resp. a bi-interpretation) of T in S.

If two theories are bi-interpretable then by definition their syntactic cat-

egories are equivalent whence they are classified by the same topos, in other

words, they are Morita-equivalent. Of course, the most interesting examples

of Morita-equivalences are the ones that do not arise from bi-interpretations.
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We recall that for any geometric theory T and geometric category C, we

have a categorical equivalence
Hom,c,, (Cr, C) ~ T-mod(C)?

natural in C, one half of which sends any model M of T in C to the geometric
functor Fy; : Ct — C assigning to any object {Z . ¢} of the syntactic category
Cr its interpretation [Z . ¢y in C. Under this equivalence, an interpretation
I of a theory T in a theory S corresponds to a model of T in the category Cs.
Thus, for any geometric category C, an interpretation I of T in S induces a

functor

5% : T-mod(C) — S-mod(C)
defined by the following commutative diagram:

Homy,,(Cr,C) =~ T-mod(C)
—ol ¢
Hom.,,,,(Cs,C) ~ S-mod(C)

Analogous results hold for cartesian, regular and coherent theories.

1.5 Theories of presheaf type

By definition, a theory of presheaf type is a geometric theory whose classifying
topos is (equivalent to) a topos of presheaves.

This class contains all the finitary algebraic (and, more generally, all the
cartesian) theories as well as many other interesting, even infinitary, theories,

such as the theory of lattice-ordered abelian groups with a distinguished

2The category Hom o, (Cr, C) is the category of geometric functors from Cr to C.
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strong unit considered in [21]| or the theory of algebraic extensions of a base
field considered in [17].

In this section we recall some fundamental results on this class of geo-
metric theories. For a comprehensive investigation, containing various kinds

of characterization theorems, we refer the reader to [17].

Definition 1.5.1. (|33]) Let T be a geometric theory. A model M of T
in Set is finitely presentable if the representable functor Hom(M,—) : T-

mod(Set) — Set preserves filtered colimits.

As shown in [16], the classifying topos of a theory of presheaf type T
can be canonically represented as the functor category [f.p.T-mod(Set), Set],
where f.p.T-mod(Set) is the full subcategory of T-mod(Set) of finitely pre-
sentable T-models. From this representation it follows that two theories of
presheaf type are Morita-equivalent if and only if the categories of set-based
models are equivalent since categorical equivalences always restrict to equiv-

alence between the full subcategories of finitely presentable objects.

Definition 1.5.2. ([11]) Let T be a geometric theory over a one-sorted sig-
nature ¥ and ¢(7) = ¢(xy,...,2,) be a geometric formula over ¥. We
say that a T-model M in Set is finitely presented by ¢(Z) (or that ¢(¥)
presents M) if there exists a string of elements (ay,...,a,) € M", called
generators of M, such that for any T-model N in Set and any string of el-
ements (by,...,b,) € [Z . ¢]n, there exists a unique arrow f : M — N in
T-mod(Set) such that f(a;) =b; fori=1,... n.

This definition can be clearly generalized to multi-sorted theories.

The two above-mentioned notions of finitely presentability of a model
coincide for cartesian theories (cf. pp. 882-883 [35]). More generally, as

shown in [14], they coincide for all theories of presheaf type.

Definition 1.5.3. Let T be a geometric theory over a signature > and

{Z . ¢} a geometric formula-in-context over ¥.. Then {Z . ¢} is said to
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be T-irreducible if for any family {[¢;] | ¢ € I} of classes of T-provably
functional geometric formulas [0;(7;, ¥)] from {z; . ¢;} to {Z . ¢} such that
¢ Fz \{(EI:EZ)QZ is provable in T, there exist i € I and a class [¢'(Z, Z;)] of
']I‘-proxlz;bly functional geometric formulas from {Z . ¢} to {z; . ¢;} such that

¢z (37;)(0 A 6;) is provable in T.

We indicate with the symbol C¥* the full subcategory of C on T-irreducible
formulas. Notice that a formula {Z . ¢} is T-irreducible if and only if it is
Jp-irreducible as an object of the syntactic category Cr of T (in the sense of

Definition 1.1.5).

Theorem 1.5.4 (cf. Theorem 3.13 [14]). Let T be a geometric theory. Then
T is of presheaf type if and only if the syntactic topology Jr on Cr is rigid.

Theorem 1.5.5 (Corollary 3.15 [14]). Let T be a geometric theory over a
signature 3. Then T is classified by a presheaf topos if and only if there
exists a collection F of T-irreducible formulas-in-context over > such that
for every geometric formula {§ . 1V} over 3 there exist objects {Z; . ¢;} in

F, as i varies in I, and classes of T-provably functional geometric formulas

0:(Z;,9)] from {Z; . ¢} to {y .Y} such that ¢ 5 \/ (3%,)0; is provable in T.

iel
Theorem 1.5.6 (Theorem 4.3 [14]). Let T be a theory of presheaf type over

a signature . Then

(i) Any finitely presentable T-model in Set is presented by a T-irreducible

geometric formula {Z . ¢} over ¥;

(i1) Conversely, any T-irreducible geometric formula {Z . ¢} over ¥ presents

a T-model.

In particular, the category f.p.T-mod(Set) is equivalent to the full subcat-
egory CE" of the geometric syntactic category Cr of T on the T-irreducible

formulas.
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We know by Duality Theorem that, given a geometric theory T, each
quotient S of T is associated with a Grothendieck topology J£ defined on Cr
such that the topos of sheaves on the site (Cr, J2) is the classifying topos of
S. If T is a theory of presheaf type we have a semantical representation of its
classifying topos, hence we have a semantical description of the Grothendieck
topology associated with any quotient of T. In details, let o be an axiom of

S which we can express in the following normal form

AFAVIETAL
iel
where [6;] : {7; . i} — {& . ¢} is an arrow in Cr for each i € I and
{¥ . ¢}, {y; . ¥;} are T-irreducible formulas, hence they present T-models
M, and My,. The interpretation of each arrow [¢;] in My, is the graph
of a map [4; . ¥i]um, — [¥ . ¢Jum, - By definition of My, these maps
induce homomorphisms s; : My — My,. Let us call S, the sieve in f.p.T-
mod(Set)? generated by these homomorphisms {s;};c;. The Grothendieck
topology associated with S is hence the topology generated by the sieves S,,
for each axiom o of S, i.e., the closure of the sieves S, under pushouts and

finite multicompositions. We refer to pp. 68 [11] for this construction.

Among the notable properties of theories of presheaf type we mention a

strong form of definability.

Theorem 1.5.7 (Definabilty Theorem, Corollary 3.2 [15]). Let T be a
theory of presheaf type over a one-sorted signature and suppose that we are
given, for every finitely presentable Set-model M of T, a subset Ry of M"
i such a way that every T-model homomorphism h : M — M maps Ry
into Ry. Then there ezists a geometric formula-in-context {Z . ¢} such that

Ry = [Z . ¢]ar for each finitely presentable T-model M.

This theorem generalized to multi-sorted theories.
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Remark 1.5.8. (a) The proof of the Definability Theorem in [15] also shows
that, for any two geometric formulas {7 . ¢} and {Z . ¥} over the
signature of T, every assignment M — fy : [Z . @]y — [¢ - Y] (for
finitely presentable T-models M) which is natural in M is definable by
a T-provably functional formula 0(Z, ) from {Z . ¢} to {Z . ¢¥}.

(b) If the property R of tuples & of elements of set-based T-models as in
the statement of the theorem is also preserved by filtered colimits of T-
models then we have Ry = [Z . ¢] s for each set-based T-model M, that
is R is definable by the formula {Z . ¢}.

(¢) If T is coherent and the property R is not only preserved but also reflected
by arbitrary T-model homomorphisms then the formula {Z¥ . ¢} in the
statement of the theorem can be taken to be coherent and T-boolean (in
the sense that there exists a coherent formula {Z . ¢} in the same context
such that the sequents (¢ -1 Fz L) and (T Fz ¢ V 1) are provable in
T). Indeed, the theorem can be applied both to the property R and to
the negation of it yielding two geometric formulas {Z¥ . ¢} and {Z . ¢}
such that (¢ - ¢ Fz L) and (T Fz ¢ V ¢) are provable in T. Hence,
since every geometric formula is provably equivalent to a disjunction of
coherent formulas and T is coherent, we can suppose ¢ and ¥ to be

coherent without loss of generality (cf. [14]).

In the sequel we list some results about theories of presheaf type and

finitely presentable objects.

Proposition 1.5.9. Let T be a theory of presheaf type. The category T-
mod(Set) is the ind-completion of the category f.p.T-mod(Set).

Recall that the inductive completion, or ind-completion, of a category C
is the closure of that category under filtered colimits obtained by formally

adding them.



1.5 Theories of presheaf type 55

Theorem 1.5.10 (Theorem 7.9 [17]). Let T be a theory of presheaf type and
T be a sub-theory (i.e., a theory of which T is a quotient) of T such that
every set-based model of T' admits a representation as a structure of global
sections of a model of T. Then every finitely presentable model of T s finitely

presented as a model of T’.

This theorem shows the importance of sheaf representation as a way to

understand if a theory is of presheaf type or not.

Theorem 1.5.11 (Theorem 6.26 [15]). Let T’ be a quotient of a theory of
presheaf type T corresponding to a Grothendieck topology J on the category
f-p.T-mod(Set) under the Duality Theorem. Suppose that T’ is itself of
presheaf type. Then every finitely presentable T'-model is finitely presentable
also as a T-model if and only if the topology J is rigid.

The following theorem provides a method for constructing theories of
presheaf type whose category of finitely presented models is equivalent to a

given small category of structures.

Theorem 1.5.12 (Theorem 6.29 [17]). Let T be a theory of presheaf type
and A be a full subcategory of f.p.T-mod(Set). Then the A-completion T’ of
T (i.e., the set of all geometric sequents over the signature of T which are
valid in all models in A) is of presheaf type classified by the topos [A, Set];

in particular, every finitely presentable T'-model is a retract of a model in A.

Under appropriate conditions, it is possible to give an axiomatization for

the theories as in Theorem 1.5.12:

Theorem 1.5.13 (cf. Theorem 6.32 [17]). Let T be a theory of presheaf type
over a signature 3 with one sort and K a full subcategory of the category of
finitely generated and finitely presented (with respect to the same generators)
T-models. Then the following sequents, added to the axioms of T, yield an
azxiomatization of the theory Ty classified by the topos [K,Set] (where we
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denote by P the set of geometric formulas over ¥ which presents a T-model

in IC):

(1) The sequent

(i) For any formulas ¢(Z) and (y) in P, where & = (x1,...,2,) and
¥=(Y1,---,Ym), the sequent

(O(Z) AY() Fag

ie{l,....,n},je{1,....m}

where the disjunction is taken over all the formulas x(Z) in P and all

the sequences of terms t1(2),...,t,(2) and s1(2),...,5m(2) and such

that, denoting by 5 the set of generators of the model Myz,y finitely

presented by the formula x(2), tl(g),...,tn(g) € [7 . dlm.,, and

— —

Sl(f)a S ,Sn(f) € [[f : w]]M{zX};
(111) For any formulas ¢(Z) and Y(y) in P, where & = (z1,...,2,) and
7= (Y1,---,Ym), and any terms t1(y), $1(¢) . 