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Abstract

We consider the following matrix Schrodinger operator

k=1

Au = div(QVu) — Vu = (div(QVuj) - Z vjkuk)
1<j<m

acting on vector valued functions u : R — C™, where () is a symmetric real
matrix-valued function which is supposed to be bounded and satisfy the ellipticity
condition, and V' is a measurable unbounded matrix-valued function.

We construct a realization A, of A in the spaces LP(R?, C™), 1 < p < o0,
that generates a contractive strongly continuous semigroup. First, by using form
methods, we obtain generation of holomorphic semigroups when the potential V'
is symmetric. In the general case, we use some other techniques of functional
analysis and operator theory to get a m-dissipative realization. But in this case
the semigroup is not, in general, analytic.

We characterize the domain of the operator A, in LP(R? C™) by using firstly
a non commutative version of the Dore-Venni theorem, see [50], and then a
perturbation theorem due to Okazawa, see [52), 53].

We discuss some properties of the semigroup such as analyticity, compactness
and positivity. We establish ultracontractivity and deduce that the semigroup is
given by an integral kernel. Here, the kernel is actually a matrix whose entries
satisfy Gaussian upper estimates.

Further estimates of the kernel entries are given for potentials with a diagonal
of polynomial growth. Suitable estimates lead to the asymptotic behavior of the
eigenvalues of the matrix Schrodinger operator when the potential is symmetric.

vii






Introduction

Second-order elliptic differential operators with unbounded coefficients appear
naturally as infinitesimal generators of diffusion processes; the associated parabolic
equation is then the Kolmogorov equation for that process. While the scalar
theory of such equations is by now well developed (see [54] and [44] for bounded
and unbounded coefficients respectively, and the references therein), the literature
on systems of parabolic equations with unbounded coefficients is still sparse.

Elliptic and parabolic systems with unbounded coefficients is then a new
and fertile branch of Partial Differential Equations. The question arising is to
extend the results of the theory of scalar elliptic equations to the vectorial ones.
In particular, to associate a semigroup in LP-spaces to a vector-valued elliptic
operator with unbounded coefficients and to investigate further qualitative and
quantitative properties.

Beside their own interests, such systems appear naturally in the study of
backward-forward stochastic differential systems, in the study of Nash equilibria
to stochastic differential games, in the analysis of the weighted O-problem in C¢,
in the time-dependent Born-Openheimer theory and also in the study of Navier—
Stokes equations. We refer the reader to [2], Section 6], [31}, 16, 11}, 36, [35] B30, 27]
for further details.

Recently, it starts to appear some works in this direction, see for instance [2],
[3], [19] and [34]. In the framework of semigroup theory, to our knowledge, one
of the first articles dealing with systems of parabolic equations with unbounded
coefficients is [34]. Here the diffusion coefficients were assumed to be strictly
elliptic, bounded, the drift F' and the potential V' can grow as |z|log(1 + |z|) and
log(1 + |z|) coupling respectively. It should be noted that for V= 0 and a drift
term growing as |F(z)| < |z|* one can not expect generation of a Cy-semigroup
on LP with respect to Lebesgue measure, even in the scalar case, see [57]. Due to
the interaction between drift and potential terms, there are additional assumptions
on the potential which in absence of a drift term are somehow restrictive. Indeed,
for symmetric potentials, the assumptions made in [34] imply the boundedness of
the potential term.

Subsequently, there were some other publications [2}, [3l, 19] where the coeffi-
cients of the differential operators are assumed to be locally Holder continuous,
and unbounded diffusion coefficients can be considered. The strategy in these
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2 INTRODUCTION

references is quite different from that in [34]. Namely, in [2}, 3l 19] solutions
to the parabolic equation are at first constructed in the space of bounded and
continuous functions. Afterwards the semigroup is extrapolated to the LP-scale.
Consequently, even though this approach more general coefficients are allowed,
one obtains no information about the domain of the generator of the semigroup —
a crucial information for applications. Moreover this approach cannot be applied
for operators having only measurable singular or non smooth coefficients.

In this thesis we propose to study a particular vector-valued elliptic operator
which is the vector—valued (matrix) Schrodinger operator, for which we adopt the
following definition

(0.0.1) Au = div(QVu) — Vu,
acting on vector-valued functions u = (uy, ..., u,) : R? — C™, where
o div(QVu) := (div(QVuy),...,div(QVuy,)) will be denoted simply by
Agqu;

o (Vu)(z) = V(x)u(z) to be understood as a matrix vector product;
e ) : R? — R is a measurable bounded matrix map satisfying, for every
r € RY Q(z) is symmetric and there exists 7; > 0 such that

(Q(2)E, &) = m€l, z, & € R

o V :R? — R™ ™ is a measurable matrix-valued function such that
(V(2)§,6) 20, zeR ¢eR™

The above algebraic conditions on () and V' guarantee the dissipativity of the
operator A.

The theory of strongly continuous (or Cy-) semigroups, see Appendix A,
allows to solve the parabolic system d,u = Au, once the operator A admits some
realization that generates a strongly continuous semigroup in some function space.

The Schrodinger system i0;u = Au can be solved in L*(R% C™) when the
operator A is dissipative and self-adjoint, which can be the case only for symmetric
potentials.

In the scalar case, Schrodinger operator has the form
Asu = div(QVu) —vu = Agu — vu,

acting on smooth functions u : R? — C, where @ called diffusion matriz, is a
symmetric matrix of size d and v a measurable function called potential. The scalar
Schrodinger operators with real potential are widely studied in literature. The
most studied Schrédinger operator in literature is the one of the form A —V', where
V is an unbounded positive potential (potential of sign changing is also considered
in literature), see [17, Chapter 4], |64} (60, [66] and related references. Moreover,
Schrodinger operators with magnetic field are also considered in literature, see
[6), [7), 8, 32]. In quantum physics, the associated Schrédinger equation id,u = Agu
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models the movement of a non-relativistic particle under the action of the electric
field E = —Vov. The term Ag refers to the kinetic energy (—Agu,u) of the
particle and v to its potential energy (vu,u).

The matrix Schrodinger operator, in non-relativistic mechanical quantum,

appears as the Hamiltonian for a system of interacting adsorbate and substrate
atoms. The entries of the potential matrix V' represent the interparticle electrical
interactions; namely, electron—electron repulsions, electron-nuclear attractions
and nuclear—nuclear repulsions. For more details we refer to [68, [69], 65] and the
references therein.
For adiabatic systems, an approximation called Born-Oppenheimer Approzimation
applies. Due to this approximation, the Hamiltonian (matrix Schrédinger operator)
can be substituted by a diagonal operator with diagonal matrix potential. The
non adiabatic, sometimes called also diabatic systems, is the case where such an
approximation does not apply. Thereby, the necessity of the study of the matrix
Schrodinger operator, taking in consideration all diagonal and off-diagonal entries
of the potential matrix, see for instance [68].

Schrodinger equations with complex valued potential can be also transformed
into a system of coupled real Schrodinger equations. For more details we refer to
Section [3.5] We thus get another field where matrix Schrodinger operators can
play a crucial role. Historically, Schrodinger operators with complex potentials
were not an attracting topic as much as for real potentials. However, nowadays,
these operators start to get attention. The particularity of such operators is that
they are not self-adjoint, and thus spectral theory and techniques of self-adjoint
operators are not applicable. Actually, one may not have a real spectrum; this
is the case for some purely imaginary potentials, as in Example 2.16, Most of
the bibliography about complex Schrodinger operators deal with spectral theory.
However, in [32] the authors characterize the domain of a class of complex
Schrodinger operators and give necessary conditions for the compactness of their
resolvent which yields the discreteness of the spectrum. They have considered
C>—potentials, which appears as a very strong regularity requirement. A series
of papers dealing with spectral theory of complex Schrodinger operators appear
recently by David Krejecirik and his co-authors, see [40}, 25} [33]. We also refer
to [13), [22], 26] and references therein for more literature on complex Schrédinger
operators.

In this thesis we want to use the semigroup approach in order to study
qualitative behavior of solutions of a system of evolution equations involving a
matrix Schrodinger operator of type (0.0.1). More precisely, we would like to
construct realizations, in Lebesgue spaces LP(RY,C™) for 1 < p < oo, of the
differential operator A that generate consistent strongly continuous semigroups.

Since matrix Schrodinger operator is classified as an elliptic operator, we
thought about applying form methods, which is an easiest way to get generation
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of semigroups and requires minimal regularity conditions on the coefficients of
the operator. In the case where the potential matrix V' is symmetric, the form
methods apply and one obtains a dissipative self adjoint realization in L?(R? C™)
of A which generates a strongly continuous semigroup. This semigroup can be
extended to an analytic semigroup on Sy, (the right half plan of C). However, we
discovered, via a counter example, that we cannot associate a continuous form to
the matrix Schrodinger operator with some unbounded antisymmetric potentials.
Later on, we proved that the semigroup (constructed otherwise) associated to such
operators is not analytic. We then became convinced that form methods work
only for symmetric potentials and we though otherwise for nonsymmetric ones.
We then decide to dedicate the first chapter of this thesis to study symmetric
Schrodinger operators.

In Chapter |1}, we consider a symmetric Schrodinger operator and associate it
to a sesquilinear form assuming that () is only bounded (no more regularity is
required) and the entries v;j, i,j € {1,...,m}, of V are locally integrable. In the
first section we introduce the sesquilinear form

/Rd Z Vf] ng(l’)>(cd dx + / <V(x)f(x)7 g<$>>(cm dzr.

R4

defined on the domain

D(@) =Af = (fu-oe fn) € H'REC™) s [ (V(@)f(a) S(@)en d < o).
Note that if f and g are two elements of D(a), then z — (V(z)f(x),g(zx)) is
integrable over RY. This can seen by rewriting (V(z)f(z), g(z)) as

(V12(2) f (), VI/2(x)g(2))

and applying the Cauchy-Schwartz inequality. Such an argumentation is not valid
when V' is antisymmetric.

Therefore, we check that a is an accretive, densely defined, closed and contin-
uous sesquilinear form and conclude that it is associated to a closed self adjoint
operator —A. Then A generates a strongly continuous semigroup {7°(t) : ¢ > 0} in
L?*(R4,C™). Of course no concrete information about the domain of A is obtained.
Afterwards we extrapolate this semigroup to the LP-scale. For that end, and since
the semigroup {7'(¢t) : ¢ > 0} is symmetric, it is enough for {7'(¢) : ¢ > 0} to be
L*>-contractive, that is

1T flloo < fllos Y € L*(RE,C™) N L¥(RY,C™),
which allows to extended every operator T'(t) to a bounded linear operator in
L®(RY C™), and by duality in L'(R¢,C™). Then, by using the Riesz-Thorin
interpolation theorem, the semigroup is extended to all spaces LP(R?,C™), 1 < p <
00. As a consequence of the Stein interpolation theorem, see [17, Section 1.1.6],
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the extrapolation {T,(t) : t > 0} is actually a holomorphic (analytic) semigroup
for 1 < p < oo.

It remains only to establish the L*°-contractivity property to get a consistent
semigroup in all LP-spaces associated to the realization A, of A in LP(RY,C™).
The L*°-contractivity property is equivalent to the invariance of the restriction
to L*(R?, C™) of the L°°—unit ball under the semigroup {7'(¢) : t > 0}. Denoting
B, this restriction. One has

B :={f€ LQ(RdaCm> I flloe < 13-

B, is a closed convex subset of L2(R¢, C™). Tt thus suffices to identify the (unique)
projection over B, and apply the generalized Beurling-Deny criterion of invariance
of convex subsets by the semigroups. For general Beurling-Deny criteria, we refer
to the book by E. M. Ouhabaz [54, Chapter 2] and for the L*-contractivity
criterion for vector valued functions we refer to [55] of the same author.

The conditions of the Beurling-Deny criterion of the L°°-contractivity for
semigroups are recalled in this manuscript in Theorem [B.§|

In the above construction everything is similar to the scalar Schrodinger
operator, see [17), Section 4.2]. The difference starts to appear when talking about
(componentwise) positivity of the semigroup. In the scalar case, Schrodinger
operators with nonnegative locally integrable potential are always generators of
positive semigroups. However, the matrix Schrodinger semigroup {7(t) : ¢t > 0}
is positive if, and only if, the off-diagonal entries of the potential matrix V are
nonpositive, i.e. v;; <0, for all ¢ # j.

An investigation on compactness of the semigroup {7'(¢) : t > 0} is also done.
More precisely, we show that a sufficient condition is that the lowest eigenvalue of
V' blows up at infinity, i.e.

(V(2)€,6) = p(a)lef*,  V(z,€) e R xR™,

where 4 is a nonnegative locally bounded function which goes to co when |z|
tends to co. We end Chapter [I| by an example where the compactness condition
is not satisfied and the semigroup {7'(¢) : t > 0} is not compact even if all entries
of the potential matrix blow up at infinity.

The question arising now is that if we can associate a semigroup in LP—spaces
to the operator A in the nonsymmetric case. This is the topic of Chapter 2] In
this chapter, we first construct a realization of A in L*(R¢,C™) by following the
same strategy as in [37], where the author constructed a m-accretive realization in
L?*(R4,C) of a scalar Schrédinger operator with complex potential. In [37], Kato
considered complex potentials v with nonnegative real part such that v € L§ (R?),
where the exponent s = 2d(d —2)'ifd >3, s>1ifd=2andp=1ifd=1.
In our construction, see Section [2.3] we consider locally bounded potentials, i.e.
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vij € L2(RY), for each i,j € {1,...,m}. Of course, weaker condition as the
one of [37] can be considered. Nevertheless, we are concerned with more than
generation of semigroup in L*(R4, C™). Since we aim to extrapolate the semigroup
to all LP—spaces, we need to have the space of test functions as a core for A in
L?*(R4,C™), which requires local elliptic regularity for A. So, this is why one
needs locally bounded coefficients.

Considering the operator A as the realization of A in L?(R¢, C™) with domain
D(A) = {u € H'(R*,C™) : Au € L*(R% C™)},

we prove that (A, D(A)) is m-dissipative. Hence, it generates a contractive strongly
continuous semigroup {T'(t) : t > 0} in L*(R% C™). This can be obtained by
considering an auxiliary operator L which is the realization of A acting from the
Sobolev space H*(R?, C™) into its dual H~1(R¢, C™), endowed with the (maximal)
domain
D(L) = {u € H' (R C™) : Au € H *(R*,C™)}.

We show that —L is a maximal monotone operator, which implies that —A is
m-accretive. The main ingredient of the proof is the following Kato type inequality,
established for the operator Ag acting on vector valued functions:

1 & m
Aglul = 1{u¢0}m > uilqu;,  ue Hp, (RYLCM).
j=1

Subsequently, we prove that the space of test functions is a core for A and
consequently the semigroup {7'(t) : ¢ > 0} is given by the Trotter-Kato product
(Chernoff) formula

T(t) = lim [e%AQe_%V]n,

n—oo

where {e!*@} is the semigroup generated by the operator Ag and {e~V'} the
multiplication semigroup generated by the dissipative multiplication operator
—V. Since both {e**@} and {e*V} are contractive semigroups in LP-spaces,
1 < p < 0, it follows that T'(t) is LP-contractive, for every 1 < p < oo. Then we
extrapolate the semigroup {7'(¢) : t > 0} to all LP—spaces, 1 < p < oc.
After constructing the semigroups {7,(¢) : t > 0}, p € (1, 00), we then look for
the domain of the generators A,. Similarly to the case p = 2, we show that the
space of test functions C2°(R?, C™) is a core for A, and consequently, the domain
of A, coincides with the maximal domain

Dpmax(A) = {u € LP(RL,C™) N W2EP(RE,C™) - Au € LP(R%, C™)}.

loc

Note that the construction of realizations and semigroups made in this chapter
is compatible with the one of Chapter [1| for symmetric potential. Moreover, in
Chapter [2| we obtain further information about the domain of the operators A,.
We establish a semigroup in L'(R¢,R™) which is consistent with the semigroups
{T,(t) : t > 0} and its generator is an L'-realization of A.
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We end this chapter by establishing some properties of the semigroups {7, (¢) :
t > 0}. We again obtain the same result for positivity of {T'(¢) : ¢ > 0} as in
Chapter . Namely, {T'(t) : t > 0} is positive if, and only if, v;; < 0, for all
i #j € {l,...,m}. We first apply the so-called positive minimum principle
to get the necessary condition and show that is actually sufficient by using the
Trotter-Kato product formula. For the analyticity, we first give an example where
the semigroup {7'(¢) : t > 0} is not analytic and then give a sufficient condition
to obtain analyticity, which is

Re (V(2)¢,€) = C'[Im (V(2)€,8)],

for all x € R? and £ € C™ and some C > 0. This condition means that the
numerical range of V(z), then its spectrum, is included in a sector of angle
0 = arctan(1/C) < m/2, uniformly with respect to z. Such condition is never
satisfied for antisymmetric matrix potentials, since their spectrum lie on the
imaginary axis.

Now, after obtaining a semigroup {7,(t) : t > 0} associated to the realization
A, of A with maximal domain, we ask if the domain Dp, max(.A) may coincide with
the so-called natural domain of A,, 1 < p < oo, which is W*P(R¢,C™) N D(V},).
Obviously, the natural domain is a subset of the maximal one. On the other hand,
it contains the space of test functions, which is a core for A,. The last statement
means that A, is the closure of the realization of A defined over C>°(R4, C™).
Therefore, if A is closed on the natural domain W?2?(R? C™) N D(V,), then it
follows that the domains coincide.

Chapter [3|is devoted to investigate the closure of A, on the natural domain.
As a consequence we get the so-called mazimal inequality

[ullzp + Vully < CllJull, + [Aqu = Vully)

for some positive constant C, where || - ||z, denotes the norm of W2?(R¢, C™).
The above inequality implies the equivalence between the graph norm of A, and
the norm [|[ - ||| : w = JJull2p + [[Vullp.

Our strategy is to apply a noncommutative version of the Dore-Venni theorem
proved by Monniaux and Priiss in [50]. To that purpose we consider in LP(R? C™)
for p € (1, 00), the operators D, defined as Dyu = Agu — u for u € W2P(R¢,C™)
and V), as the multiplication operator by V. We assume that V' (z) is an injective
matrix for all z € R? likewise, the operator V}, becomes injective. We can also
make a rescaling for V), in order to avoid the requirement of injectivity. Here
we impose injectivity since we are going to deal with imaginary powers and
general functional calculus for the operators D, and V,. So it is just a technical
requirement.

In addition to the hypotheses on @ and V considered in Chapter [2, we assume
that V' has locally bounded first-order derivatives, i.e. V & Wll’oo(Rd,]Rm) and

oc
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satisfy
sup |0,V (z)(V(z)) | < o0 or
zERY
sup |(V(2))0,V (@)] < oo,
zERY
for all j € {1,...,m} and some a € [0,1). The above condition allows Lipschitz

potentials (by taking v = 0). For particular potentials of the form V(x) = v(x)Vp,
with v a locally bounded nonnegative real function and V a constant accretive
matrix, the condition becomes

V| < Mv?, M >0, acl0,1/2).

Such a condition is satisfied for v(z) = |z|" with r € [1,2). However, for scalar
Schrodinger operators, the maximal inequality hold for all polynomial radial
potentials, see [60] and [52]. We thus think to get maximal inequality for
potentials that have a same diagonal entry which can be a radial polynomial
function, or more generally, nonnegative functions v such that log(v) is Lipschitz
continuous. For this purpose we apply Okazawa’s perturbation theorem, see

Theorem [A.20

A compactness condition is also established for potential satisfying the maximal
inequality. Such condition coincides with the one of Chapter [I] for symmetric
potentials.

Last, we showed how scalar Schrodinger operators with complex potentials
can be seen as a particular matrix Schrodinger operator and showed that the
compactness of the resolvent and then discreteness of the spectrum of the scalar
Schrodinger operators with complex potential is obtained whence either real or
imaginary part of the potential blow up at infinity.

The last chapter of this thesis is concerned with regularity properties of the
matrix Schrédiner semigroup {7°(t) : ¢ > 0}. We first state ultracontractivity prop-
erty of {T'(t) : t > 0}. We prove that, for every ¢t > 0, T'(t) maps L'(R¢ C™) into
L>®(R? C™) continuously, with continuity norm of order =42, As a consequence,
the semigroup {7'(¢) : t > 0} is then given by a matrix integral kernel

Tt)f(z) = /Rd K(t,z,y)f(y)dy, t>0z¢€RY

For every t > 0, K(t,-,-) is a bounded matrix valued function. This is obtained by
adapting the Dunford—Pettis theorem, which holds basically for scalar functions,
see [4], to vector-valued functions. Afterward, we follow the classical method of
establishing ultracontractivity of the twisted semigroup and we get upper Gaussian
estimate for all entries of the matrix kernel:
[z —y
4t

| 2

|k’”(t,l’,y)| < Ct_% exp{—T }? t> Oa T,y € Rda
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for some C' >0 and 7 € Rand all 4,5 € {1,...,m}.

Noting that, for each i € {1,...,m}, k;; coincides with the kernel associated
to the scalar Schrodinger operator Ag — vj;, and one knows several bounds for

ki; from the literature about kernel estimates of scalar Schrodinger operators, cf.
[45), (48, 149], 56, [61] and [17, Section 4.5].

Furthermore, in the symmetric case, one can dominate the off-diagonal entries
of the kernel matrix by the diagonal ones as follows

|kij(tax7y) + kz]<t7yax>| S 2\/ k”(t,m,y) \/ k:jj(tvl'?y)

for all i # j € {1,...,m}, every t > 0 and almost every z,y € R%.

We then focus on the so-called diagonal estimates, which means estimates of
kii(t,z,x) for all z € RY and i € {1,...,m}. The importance of such estimates is
that for symmetric potentials, they permit to deduce the behavior of the trace of
the matrix Schrodinger semigroup, in the case of compactness. Actually, in the
symmetric case, we prove that the trace of T'(¢) is given by

tr(T(t)) = / S kaltza)de, >0,
Re =
We recall that, under the compactness condition, the eigenvalues of T'(t) are e=*»t,
n € N, where {\, : n € N} is the discrete spectrum of —A, (—A, is accretive and
has nonnegative eigenvalues) and the trace of T'() is the sum of e=*»!, which may
be finite or infinite. In the case of finite trace, T'(t) is called a Hilbert-Schmidt
operator.

Estimates of Sikora’s type, see [61], [49], yields the behavior near 0 of the trace
of T'(t). From which we deduce, by using a Karamata’s theorem, the asymptotic
distribution of the eigenvalues of the Schrodinger operator A = A,. This is done
in the particular case when diagonal entries v;;, ¢ € {1,...,m}, of the potential
V' have the same behavior when |z| goes to infinity. This ends the main matter of
this thesis.

This thesis contains also some appendices where we summarized briefly some
mathematical background used when dealing with matrix Schrodinger operators.

In Appendix [A] we recall some results and terminology on operators and
semigroup theory. Appendix [B] deals with the topic of sesquilinear forms and
associated operators and semigroups. In Appendix [C|] we introduce the theory of
functional calculus for sectorial operators as it is presented in [29]. This appendix
helps in elaborating many results of Chapter [3] Finally, in Appendix [D] we give
some basic results on the operator multiplication by a matrix—valued function in
LP—spaces.






CHAPTER 1

Symmetric matrix Schrodinger operators

The easiest way to get generation of semigroup in LP-spaces is the form
methods; which consists in associating a sesquilinear form to the operator in
question in the Hilbert space L?. Establishing some suitable properties of the
sesquilinear form allows to associate an analytic semigroup, in L?, to the operator
and by extrapolation techniques one could extend the semigroup to LP-spaces,
1<p<oo.

As we get always an analytic semigroup from form methods, we can apply
such a method only for sectorial (quasi-sectorial) operators with numerical range
in a sector of angle less than 7/2. In particular, for symmetric operators.
However, matrix Schrodinger operators, unless the matrix potential is symmetric,
is not in general symmetric operators. Moreover, it may happen that a matrix
Schrodinger operator generates a strongly continuous semigroup which is NOT
analytic as we will see in Example [2.16, This is the reason why in this chapter we
limit ourself to matrix Schrodinger operators with symmetric potential.

In this chapter we consider the matrix Schrodinger operator
A=div(QV:) =V =A7Ag -V,

where V' = (v;;)1<i j<m 1S a symmetric semi-definite positive matrix-valued function
and ) a bounded symmetric matrix satisfying the ellipticity condition ((1.1.1]).
Similarly to the scalar case, see [17, Section 1.8], under the weakest condition on
V, v € L} (R?) for all 4,5 € {1,...,m}, we associate a symmetric sesquilinear
form to —A and prove that A admits a dissipative self-adjoint realization in
L?(R?,C™) that generates a contractive strongly continuous semigroup. Using the
"'Beurling-Deny’ criterion of L*-contractivity in its vectorial version, one deduces
that this semigroup can be extrapolated to the spaces LP(RY,C™), 1 < p < oc.

We also investigate on positivity and compactness of this semigroup.

This chapter is structured as follow: In Section [1.1] we study the associated
form to A and show that A has a self-adjoint realization A that generates an
analytic strongly continuous semigroup {T'(t) : t > 0} in L?(R¢,C™). In Section
1.2, we apply a 'Beurling-Deny’ criterion type, see [55, Theorem 2], to establish
L*>-contractivity of the semigroup {T'(t) : ¢ > 0} and thus extrapolate it to
LP(R4,C™). Section is devoted to characterize positivity, study compactness
of the semigroup and analyze the spectrum of A.

11
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The contents of this chapter are taken from the paper [46].

1.1. Generation of semigroup in L>
Throughout this chapter we assume the following hypotheses:

1.1.1. Hypotheses.

(a) Let Q : R? — R4 be a symmetric matrix-valued function. Assume that
there exist positive constants n; and 7y such that

(1.1.1) mlé? < (Q@)E,€) < ml¢f?, xR
(b) Let V : R? — R™ ™ be a matrix-valued operator such that Vij = Vj; €
Ll (R?) for all 4,5 € {1,...,m} and

loc

(1.1.2) (V(2)€,€) >0, xcRY ¢cR™

We introduce, for € R?, the inner—product (-,-)o() given, for y,z € R, by

(Y, 2)o@) = (Q(x)y, z) and its associated norm |z|gw) = /(Q(x)z, ) for each

2z € R4,

1.1.2. The L?*-sesquilinear form. Let us define the sesquilinear form
(L13) (o) = [ Z DY £(@), Vilada + [ (Vi) @), gl

for f,g € D(a). Here D(a) denotes the domain of a and is defined by
(1.1.4)

D(@) = {f = (fur.... fu) € H'(R%,C™) / (V(@) (), f(2))dx < +o0}.

R4
We endow D(a) with the norm

1/2
110 = (1 Bescny + [ (V0150 S0

m 1/2
- (HfH%%Rd,Cm) 31V s + [ d<v<x>f<x>,f<x>>dx> .
j=1

We now give some properties of a.

Proposition 1.1. Assume Hypotheses are satisfied. Then,

(i) a is densely defined, i.e. D(a) is dense in L*(R%, C™).
(i1) a is accretive.
(i1i) a is continuous, i.e. exists M > 0 such that

la(f, 9| < M| fllallglla; — f, 9 € D(a).
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(iv) a is closed, i.e. (D(a),||.||la) is a complete space.

PROOF. (i) It is easy to see that C>°(R%,C™) C D(a). Indeed, C>°*(R?, C™) C
HY(R4,C™) and, for f € C>(R?, C™)
< [ V@@l

/<V( ))dz
Rd
1% d
S/Rdl (@)||f (z)*dz

<WIE [ V@ds <
supp(f)

Hence, D(a) is dense in L?(R?, C™).
(ii) Accretivity: For f € D(a) one has

Re a(/ /RdZ\@W D @)+ [ e (Vi) ), ) = 0.

(iii) Continuity: Let f,g € D(a). By application of Cauchy—Schwartz and Young
inequalities one gets

a0 < w3 [ PRI @l [V, V) (o) e
<<m§juvzunv%M4—(/\v e ([ Ve ra)
< (Z ||ij||§) (Z ||ng||§>

) (/RdW(x)f(I)’ f(x»dx) : (Ad<v(x)g(x),g(x)>dx> v
< (1+m)[1fllallglla:

(iv) Closedness: Let (fn)nen C D(a) be a Cauchy sequence in (D(a), || - ||). Then

[fr = fill i1 (ra,cmy + /RdW(SU)(fn(x) — fi(x)), (fu(x) = fix))dz — 0.

n,l—00
This yields
{fn — fi— 0 in HYR%CM)
Joa VY2 (fo = fi)? — 0
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Hence, (fn)nen and (V2 f,),en are Cauchy sequences respectively in H'(R?, C™)
and L*(R?, C™). Therefore

{fn — f in H'(RY,C™)
VI2f, — g in L*R4C™)
The pointwise convergence of subsequences implies that

VI2f=geL*R,C™).
Then f € D(a) and

n—oo

CL(fn - f) = an - fH?ﬂ(Rd,(CM) + /Rd ‘Vl/Q(x)<fn — f)(x)|2dl‘ — 0,

which ends the proof. 0

Now, let A defined in (0.0.1)), i.e.
(1.1.5) A=div(QV-) -V = Ag — V.
Thanks to Proposition [I.1] and applying Theorem [B.6| we obtain

Corollary 1.2. A admits a realization A in L*(RY,C™) that generates a bounded
strongly continuous and analytic semigroup {T'(t) : t > 0}. Moreover, A is
self-adjoint and —A is the linear operator associated to the form a.

Remark 1.3. The form method does not apply for non symmetric potentials. In
fact, semigroups associated to continuous sesquilinear forms are always analytic
semigroups. However, matrix Schrodinger semigroups are not always analytic, as
Example [2.16 shows, where it has been proved that the semigroup associated to
matrix Schrodinger operator with matrix potential

0 —=x
<x O)’ r € R,

is not analytic. Otherwise, we show by a direct computation that the continuity
property of the associated form fails when we take, instead of a symmetric potential,
the same antisymmetric potential

V(x):(g _Ox) z €R.

Indeed, let ¢ € C2°(RY) be such that xpa1) < ¢ < xp). Consider, for n > 1,

p(z/n)
VTP

p(z/n)

fn(ﬂU) = Wem

e1 and gn(z) =
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where {e1, e5} is the canonical basis of R?, and take, for simplicity, @Q = I, the
identity matrix in R?. Since V = —V* then (V(z), &) = 0, for all £ € R% Thus,
2

p(z/n) 11 (/n)| do

T+ — Ve
(1+zP):  ny/I1+ 2]

alh) = alg) = [

and
||

|a(frs gn)| = /]Rd m(ﬂ(l’/n)dw

If the continuity property of the form were satisfied, then there will exist C' > 0
such that

la(fa gn)l < Cllfallallgnlla = CUlfallZ2(gape) + alfa))-

By the Lebesgue dominated convergence theorem one can let n tends to co and
obtains

/ =] d:c<C(/ de—i—/ ! d:c)<oo
R4 1 -+ |$‘2 - R4 (1 —+ ‘I‘|2)3 R4 1 + |./L"2 ’

However, the integral of the left-hand side is infinite.

1.2. Extension to LP

In this section we will show that A has a LP-realization which generates a
holomorphic semigroup in LP(R¢,C™), 1 < p < oo. In order to do so we prove that,
for every ¢ > 0, the restriction T'(¢)|z2nr of T'(¢) to L*(R%, C™)N L> (R, C™) can
be extended to a bounded operator T),(¢) in LP(R?,C™), 2 < p < oo. Then, we
show that {7,(t) : t > 0} is strongly continuous. Moreover, since {T'(¢) : t > 0}
is self-adjoint, the semigroups {7,(t) : ¢ > 0}, for 1 < p < 2 is the adjoint of
{T,y(t) : t > 0}, where i + 1% = 1 and so p’ > 2. For this aim it suffices that
{T'(t) : t > 0} satisfies the L*°-contractivity property:

(1.2.1) 1) flloe < I1flloe,  Vf € LXRE,C™) N LZ(RY,C™).

A characterization of (1.2.1)) via the associated form is given in [55], see Theorem
[B.8 According to this characterization, (1.2.1)) holds true when the following are
satisfied:

{1 €D = 1A Ifhsign(s) € Dl
a((LA |fl)sign(f)) <a(f),  Vf € D(a),

where sign(f) := %X{#O} for f € L*(R4,C™).

We start by the following lemma where we establish (i).
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Lemma 1.4. a) Assume f € H'(RY,C™). Then, |f| € HY(R?) and
> i1 iV
(1.2.2) VIfl= %X{#o}-

b) Let f € D(a). Then (1A |f|)sign(f) € D(a). In particular,

1+ sign(1—|f]) f;
(123 V(A IDsigntr); = R L 9

1 ,
n %(ij - %V\mxwe}

for every j € {1,...,m}.
m 3
PROOF. a) Let f € H'(RY,C™). Define, for e > 0, f. = (Z |fil* + 82> —e.
j=1
One has

2

(Z |fj|2 +62> + e
j=1

Hence, by dominated convergence theorem f. — |f| in L?(R?). On the other
e—
hand, f. € H. (R?) and

Y LV > LV
Vi = = Y
(Smpp+e) 0V

Again, the dominated convergence theorem yields |f| € H'(R?) and (1.2.2)).
b) Let f € D(a), i.e. f € H'(R? C™) and VY/2f € L*(R? C™). One has

[ v@aaisiontn, @ alsiontar < [ () s, s

< [ V@), f@)de < .

It remains now to show that (1 A |f])sign(f) € H'(R?,C™). Set

Pf = (1A|f])sign(f) = (LA \f|>|§|><{f¢0},

and
el i
|fl+e 2 |fl+e

Pef = (AA[f])
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for e > 0. Since |P.f| < (LA |f]) < |f| and P.f - Pf a.e., It follows, be
E—
dominated convergence theorem, that F.f - Pfin L*(R4,C™).
E—

On the other hand, P.f € H} (R¢, R™) and

:1+|f\—|1—|f\|( Vi, f )
2 e (i +er V!
(V1f] + sign(1 — |7V

)

3

B i
=< (ij i va)
(1 + sign(1 — | ) VIfI.

Hence,

. 1A
lli%v(Pef% o |f|

1 .
N 5‘% (1+ sign(1 = [ 1)) x(r20)V|f1.

<ij - |f7j|V|f|) X{f+0}

and

LALS]
/]

By the dominated convergence theorem we conclude that Pf = hH(l) P.f €
e—

H'(RY, C™), and

(VAL IVIFID + VAL VAT +2IVIFI] € LR

V(Pf); = lim V(P.f);
1A j L Js '
= 2o (9= L9111) i + 3 0+ sign1 = 1) xussay V11
]

In the following we state another lemma where we prove (ii).
Lemma 1.5. Let f € D(a). Then
(1.2.4) a((LA[f])sign(f)) < a(f).



18 1. SYMMETRIC MATRIX SCHRODINGER OPERATORS

PrOOF. Let f € D(a). One has,

ap = (QV((1A Ifl)sign(f)) V(1A If\)sign(f)»

NS [LALS (V ) 2
= fi— v|f| + (1 + sign(1 —[f1)) V| f]
2|7 Ifl MR TR Y I P
LA
—i—(l—i—szgn(l |f|)) |f| X{f;é()}z Qv‘fl vf] |f|v‘f’)>|f|
_ (1 + Signfll - |f|>> X{f¢0}|v‘fHQ
m Vv
L (Z QY1 1) + V1A = (12 e )
1+ sign(1 = 1) =T o (5QVIAL VIR - A1@TIA1, 9111
- .
sign(l — 2 2 -
R fll 1) Xir20y [ VIFIIG + —<1/|\f||§|> X{f#0} (Z(Qvfmvfﬁ - !V|f||gz>
1+ sign(1 — 21 2 5

Discussing the different cases |f| < 1, |f| =1 and |f| > 1, one can easily see that

(L+sign(L— |7 (LAID® _
1 Fi

Thus,

2 m
2 ) X {70} Z@ija Vi)
=1

Z QV 5,V ;).
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Integrating over R, one gets

ao((L A [f])sign(f)) := /Rd@v((l AL fD)sign(£)), VLA [f])sign(f)))dz

< / (QV f;, Vfi)dr := ao(f).
R

J=1

Therefore,

a((1 A fD)sign(f)) = ao((1 A | f])sign()) + / (V@A sign(f). (1A |fl)sign(1))d
< aolf) + / V1, fydr = a(f).

R4

Consequently, we get

Corollary 1.6. The semigroup {T'(t) : t > 0} is L*-contractive.

Now, we are able to state the main theorem of this section.

Theorem 1.7. Let 1 < p < co. Then, A admits a realization A, in LP(R? C™)
that generates a bounded strongly continuous and analytic semigroup {T,(t) : t >

0}.
PROOF. Let 2 < p < oo. According to Corollary [1.2] and Corollary [1.6{{7'(¢) :

t > 0} is self-adjoint and L*™—contractive. Hence, by the interpolation theorems
of Riesz-Thorin and Stein, see [17, Section 1.1.5; Section 1.1.6], {T'(t) : t > 0}
admits a unique analytic contractive extension {T,(t) : t > 0} to LP(RY,C™).
Moreover, for every f € L*(R¢,C™) N L>*(R¢,C™),

IT@f = flly S ITEVf = FINT @ f = FIIS” < 2 IFISNT @ F — flIo,
where 0 = %. This shows how {7T},(¢) : t > 0} is strongly continuous.

Concerning the case 1 < p < 2, we prove by duality argument that
implies | T(t)fll1 < ||f|l1, for every t > 0 and f € L'(R? C™). Applying again
the Riesz—Thorin interpolation theorem, and arguing similarly, we obtain an
analytic extrapolation of {T'(t) : t > 0} to LP(R? C™); such extrapolation is
always strongly continuous.

O

Remark 1.8. We can extrapolate the semigroup {7'(¢);t > 0} to a strongly
continuous one in L!'(R? C™). This follows by consistency and LP-contractivity
of the semigroup {7'(¢) : t > 0} and according to [67]. The detailed proof can be
found in Section 2.6l
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1.3. Further properties of the semigroup

In this section we study positivity, compactness of {7'(t)};>o and spectrum of
A.

1.3.1. Positivity. In this subsection we give a necessary and sufficient con-
dition for positivity of the semigroup {7'(¢) : ¢ > 0}. We use the form characteri-
zation of the invariance of convex subsets via semigroups. For this purpose we
introduce the closed convex subset of L?(R? R™)

Ot = {f = (fur.o o fu) €FRLR™)  f 20 ae).
The projection P, on C" is given by
Pif:=f"=(f; AOhicjem,  Vf e L*RER™).

One knows that the projection on a closed convex subset of a Banach space
is uniquely defined and it is easy to check that P, defined above is the right
one for Ct. We recall that {T'(t) : t > 0} is positive if, and only if, for every
f € L3R4, R™) such that f > 0, T(t)f > 0 for all t > 0, see Section [A.4| for more
details. According to Corollary B.9} {7T'(¢) : ¢ > 0} is positive if, and only if,

e fT € D(a) for all f € D(a);
e a(ft,f7)<O0forall f e D(a).

Now, applying the above criterion, we get the following characterisation of
positivity of {T'(t)}+>0 in term of entries of the potential matrix V' as follows

Theorem 1.9. The semigroup {T(t) : t > 0} is positive if and only if v;; <0, for
alli#je{l,...,m}.

PROOF. Suppose that {T'(t) : t > 0} is positive. Let i # j € {1,...,m} and
consider f = p(e; — e;) where 0 < p € C°(R?) is arbitrarily chosen. One has
fT=gei, 7 =pej and (QVfT,Vf7) = 0.

Applying Corollary we obtain

0>a(f*, f)= ;/R;d<QVUZ,ka>d$+/ (VT f)de = /Rd vip°d,

Rd

which yields v;; < 0 a.e. Conversely, assume that the off-diagonal coefficients
vij, © # j, are less than or equal to 0 and let f € D(a). Let us show first that
ft € D(a). According to [28, Lemma 7.6] one has, V7 = x(5>0 V[ and
Vi = Xts<rV fi. Therefore, f+ € H'(RY R™) and (QV f;7, Vf;) = 0. On the
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other hand,
VEH=VUT=),U =)
= (VI Y+ (VL )y =2Vt )
= (VI VI ) =2 Y wff fy
= (VIF )+ VI ) = 2) ugftly
i#] -
> (VI Y+ V)
> (V).
Thus

/ (VT fHde < / (Vf, fdx < oc.
R4

Rd

Consequently f* € D(a) and

vy + o + -
)= [ @V [ VI

-/, S ufi S do

1,7=1

:/ Zviifi+fi_d$+/ Zvijfi+fj‘_dx
R? %1 R s
:/ > vifi fyde < 0.

Rd

i#]
U

Remark 1.10. In Chapter 2, we get the same characterization of positive matrix
Schrodinger semigroup, even if the matrix potential is not symmetric. The result
was obtained by applying the positive minimum principle, see Theorem
which gives a necessary condition, but in our situation will be also a sufficient
condition.

1.3.2. Compactness. In this subsection we give a necessary condition for
compactness of the resolvent of the operator A in L?(R4, R™) and give counter
example when the condition is not satisfied. Our assumption is that the smallest
eigenvalue p(x) of V(x) blow up at infinity, which we rewrite as follows.
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There exists p : R? — RT locally integrable such that lim pu(z) = 400, and

|z| =00

(1.3.1) (V(2)€,€) > p(x)|€f?, V€€ R™ Vo € R

Proposition 1.11. Assume that (1.3.1) is satisfied. Then, T,(t) is compact in
LP(RY,R™), for every t > 0. Consequently, the spectrum of A, is independent
of p € (1,00), countable and consists of negative eigenvalues that accumulate at
—00.

PrOOF. It suffices to prove D(a) is compactly embedded in L?(R? R™). In-
deed, this implies that A has a compact resolvent and, by analyticity, 7'(¢)
is compact in L*(R? R™), for every ¢ > 0. The compactness in LP(R? R™),
1 < p < o0, is a consequence of the consistency of the semigroups {7,(t) : t > 0}
and the compactness in L?(R¢,R™), see for instance [17, Theorem 1.6.1]. The
p-independence of the spectrum is a consequence of [17, Corollary 1.6.2].

Let us consider the ’diagonal’ sesquilinear form

a,(f.9) = /Rdz 2)V f(x), Vg;(x dw+/RdZu @) f;(x)g; () dx

with domain
D() = {r e HELC™): [ Y ple)fde < +oo).
j=1

By (1.3.1)) we deduce that D(a) C D(a,) and a,(f) < a(f) for all f € D(a). That

is, D(a) is continuously embedded in D(a,). It thus suffices to prove that D(a,,) is

compactly embedded in L?(R¢,R™). This holds actually, since | 1|im p(x) = +oo.
T|—o0

Indeed, let us show that the closed unit ball of D(a,) is compact in L?(R%;R™).
Let f belongs to the unit ball of D(a,) so that in particular ||uf]2 < a,(f) < 1.
Given ¢ > 0 we fix R > 0 sufficiently large so that 1 < ue outside the ball
Bgr :={x € R?: |x| < R}. Then,

[ ls@pdrs [ P
RANBR RA\Bp
<c? / w(@)? (@) do < &2uf | < 2
Rd

Since the set of restriction to Bg of functions in D(a,,) is embedded in H'(Bg; R™)
which is compactly embedded into L?(Bg;R™) by Sobolev embedding theorem,
see [?, Theorem 6.2]. Thus, we can find finitely many functions ¢;,...,gx €
L*(Bg;R™) such that, for every f in the unit ball of D(a,), there exists j €
{1,...,k} such that

/B f(x) = g;(2)” dw < &,
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Extending by the function g; by 0 to R? and denoting by g, this extension, we get

L@ - g@Pie= [ @) - g@pPdrs [ r@pis <2

RN\ Bg

This shows that the unit ball of D(a,) is covered by the balls of L?(R% R™)
centered at g; of radius V/2¢. By arbitrariness of € > 0, it follows that the unit
ball of D(a,) is totally bounded in L*(R%R™).

Therefore, the embedding D(a,) — L*(R% R™) is compact, and thus so is D(a) <
L*(R4, R™).

The discreteness of the spectrum follows now by the spectral mapping theorem,
since A has compact resolvent. O

Example 1.12. Here we give a counter-example where Proposition [I.11] cannot
apply and the compactness result fails even if all entries of the matrix potential
blow up at infinity. We even have a spectrum which is not reduced only to
eigenvalues. Let us consider the following two-size matrix-valued function

1 -1

z e Viz) = o(z) (_1 ) ) = v(z)J,

where v € L} _(R?) can be any nonnegative function satisfying | l‘im v(z) = +o0.
T|—00

Obviously V' is symmetric and satisfies ([1.1.2)). Diagonalizing V', we obtain

V(z)=P! (2“3@ 8) P,

1 1

where P := <_1 1

). The Schrodinger operator A with Q = I becomes

B o (A—=2v(z) O
A=A-V =P ( 0 A P.

Since the Laplacian operator A has no compact resolvent on L2(R%), thus
A—2

( Ov(x) g also has no compact resolvent and then A also. Moreover,

the spectrum of A, 0(A) = 0(A) Uo (A — 2v) =] — 00, 0] is not discrete. However,

the punctual spectrum o,(A) = o(A — 20v) is actually countable, since the scalar

potential 2v blows up at infinity.

Such potentials can be constructed even for higher dimensions, m > 3. One can
consider V(z) = v(z)J,,, where v is any nonnegative locally integrable function
that blows up at infinity and J,, a symmetric semi—definite (m x m)-matrix having
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0 as an eigenvalue. For example, one can take
m—-—1 -1 - -1
-1 m-1
f K =1
-1 oo =1 m—1
Remark 1.13. Under the condition which guaranties compactness of the

resolvent of A, one can get more information about the spectrum o(A) of A by
application of the min—max principle.

Indeed, let pu,v : R — R* be locally integrable such that p blows up at
infinity and

(1.3.2) p(@) € < (V(2)€, &) < v(a)Ef,

for every z € R% and £ € R™. Denotes by {\; < Ay < ...} the increasing sequence
of eigenvalues of —A. By {\] < A5 < ...} we denote the eigenvalues of the scalar
operator —Ag + u acting on L*(R?); we use the same notation for v. According
to the min-max principle, one has \» < X\, < M for all n € N.

We recall that the min-max principle is a way to express eigenvalues of an
operator via its associated form. Applying it for A one obtains
A = . luax Hinf{a(f) cfe{R,...,F,_1} 0 D(a) with || f|| = 1}.
S

1y fn—1

We particularly can choose, for almost every z € R?, p(z) as the smallest
eigenvalue of V(x) and v(x) to be the greatest eigenvalue of V'(z). If, it happened
that p and v behaves (especially asymptotically) in a way such that one gets
the same asymptotic distribution of eigenvalues of Ag — v and Ag — p, then the
asymptotic distribution of the eigenvalues of Ag — V' will be the same as Ag — v
and Ag — p. This will be the subject of Section [4.5]



CHAPTER 2

Semigroup associated to matrix Schrodinger operators

In this chapter we analyze the paper [42]. The question arising is to associate a
strongly continuous semigroup for a realization of A in LP-spaces, in the case where
V' is not symmetric. Actually, in the scalar case, the Schrodinger operator is always
symmetric when the potential is of real-valued. However, this is not the case
for complex—valued potentials. On the other hand, there exists a correspondence
between scalar Schrodinger operators with complex potentials and some matrix
Schrodinger operators with real nonsymmetric potentials. Such correspondence is
well clarified in Section 2.8

The literature on Schrodinger operators with complex potential is not as rich
as for real potentials. However, there exist some references on this direction. We
particularly mention [37], which is an earlier publication dealing with this topic,
and [32], 43| and the references therein.

In this Chapter we use the same approach applied by T. Kato in [37] to
construct an m-dissipative realization A of A in L?(R?,R™). Thus one obtains a
strongly continuous semigroup in L?(R?¢ R™). Afterward, we call again tools from
semigroup theory to extrapolate the semigroup to all LP—spaces, p € (1,00). More
precisely, we first prove that the space of test functions is a core for A. Moreover
the Trotter—-Kato product formula, see ([2.4.1)), for the semigroup in L*(R% R™)
holds. This formula permits to extrapolate the semigroup to the LP—scale.

Once we obtain a consistent semigroup in all LP-spaces, 1 < p < oo, we
investigate on further properties. We start by identifying the domain of A,, the
realization of A in LP(R? R™) with the maximal domain D, nax(A). We then
study the analyticity and positivity of the semigroup. We first show that the
space of test functions is a core for A,, 1 < p < 0o, and then by using the local
elliptic regularity of A, we prove that the domain D(A,) of A, is actually the
maximal domain. For the analyticity, we suppose furthermore that the potential
V" has numerical range (hence spectrum) included in a sector of angle less than
7/2 and that this hold uniformly with respect to z. Likewise, the spectrum of A,
will be included in a sector of angle less than 7/2 and —A, is then sectorial of
angle less than /2. Finally, we characterize positivity by applying the positive
mainimum principle for generators of semigroups to get the necessary condition,
which we check that is also sufficient by applying again the crucial (2.4.1)).

25
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This chapter is organised as follows: We start by a motivation and some
examples in Section 2.1 and then in Section [2.2] we give some preliminary results.
In Section [2.3 we state and prove the generation of semigroup in L?*(R9, C™).
In Section we extrapolate the semigroup to all LP-spaces, p € (1,00). We
then show in Section that the domain of the LP-realization A, of A coincides
with the maximal domain D ax(A). In Section we extend the semigroup
to L'(RY R™) and in Section we collect some properties of the semigroup,
especially positivity and analyticity. Last, in Section [2.8| we apply our results to
Schrodinger operators with complex potentials.

2.1. Motivation

Throughout this chapter we assume the following hypotheses

Hypotheses 2.1. (a) Q : RY — R4 be Lipschitz continuous such that
¢ij = qji, for all i, j € {1,...,d} and satisfy

(2.1.1) mlg* < (Q(2)€,€) < nalg]”
(b) V : RY — R™ ™ be such that v;; € L, (RY) and

loc

(2.1.2) V()€ &) =0,
for all z € R? and ¢ € R™.

We now present an example which shows that without an assumption on V' as
in (2.1.2)) we cannot expect generation of a semigroup in general.

Example 2.2. We consider the situation where d = 1 and m = 2. Let </ be the
vector-valued operator defined on smooth functions ¢ : R — R? by &/( = (" +V(,

( ) . Y E

Obviously, the quadratic form & — (V(x), &) takes for x # 0 arbitrary values
in R so that V' does not satisfy the semiboundedness assumption (2.1.2)). Fix
p € (1,00). We are going to prove that no realization in LP(R; R?) of the operator
&/ generates a semigroup. For this purpose, it suffices to prove that, for every
A > 0 and properly chosen f € LP(R;R?), the resolvent equation \u — «/u = f
does not admit any solution in the maximal domain D, ax(#7) = {u € LP(R; R?) :
v € LP(R;R?)}. The resolvent equation can be rewritten as a system as follows:

{ Ay () — uff(z) — zus(x) = fi(x), = €R,
Mg () — us(z) = fax), z € R.
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For simplicity, we will only consider functions fi, fo which are supported in
[1,00). Solving the second equation in LP(R), we find that the unique solution wus
is given by

1 [e.9]
us(x) = m/ eﬁ(x_t)fg t)dt + —/ —VA@-t) £ o(t) dt + ce —Vz

for > 1 and us(z) = 0 for x < 1. The constant ¢ is chosen such that uy(1) =0
so that us is a continuous function.

From now on, we pick fo(t) =¢"! for t > 1 and fo(t) = 0 for ¢ < 1. One has
zus(z) converges to A™! as x — oco. In particular, there exists zo > 1 such that
zus(z) > (20)7! for all x > z¢. Inserting this into the first equation and choosing
f1 =0, we obtain the differential inequality u} < Au; — (2X)7!

Integrating this inequality, we obtain first

uy(x) §C1,,\+)\/ ul(t)dt—i, T > 10,
20 2\
and then
x t (L’Q
(2.1.3) uy () gcu%—cl,,\oc%—)\/ / ul(s)dsdt—ﬁ, x> 1w,
xo Jx0

for certain constants c; x,c2x. Suppose now that our resolvent equation has a
solution (uy,us) € LP(R;R?). As u; € LP(R), we can use Holder’s inequality to

estimate
x t x
/ / uy(s)ds dt’ < Hu1||p/ £ dt = a7 + ey

for all > xy. Inserting this into and letting © — oo we obtain that u;(z)
diverges to —oo for x — oo, Wthh contradlcts the condition u; € LP(R).

2.2. Preliminaries

To simplify notation, we write for &, € RY

d
(Ema =Y ay&m and  [€g == 1/(£ &

ij=1

We define the operator Ag : W, (R?) — 2(R?) by setting

(2.2.1) (Agu, ) = — / (Vu, Voo de.
Rd

for any test function ¢ € C°(R?). As usual, we will say that Agu € L} (R?), if

there is a function f € L} _(R?) such that

(Aqu, p) = /Rd fedr

loc
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for all o € C>°(R?). In this case we will identify Agu and the function f.

We first state a lemma which gives a generalisation of the Stampacchia theorem
of weak derivation of the function asbolute value, see [28, Lemma 7.6], to vector—
valued functions

Lemma 2.3. Let 1 < p < oo and u = (u1(2), ..., un(z)) € WHP(R,C™). Then,
lu| € WHP(RY) and

1 & _
(2.2.2) Viel = > Re (V)X qurop-
j=1
Moreover,
d
(2.2.3) V]ullfy <1Vl
j=1

PROOF. (i) Let £ > 0 and define a.(u) = (Z u? + €2>% —¢e. Then, a.(u) €
j=1

Whr(RY) and

Z Re (QLVUJ)

Va.(u) = J_qln :
O u? + et
j=1

We have the following pointwise convergence: a.(u) — |u| and
e—

m

Va.(u H — e (u;Vuy) X {uz0}-

Now, since a.(u) = < |u| and by Young inequality |Va.(u)| <

|Vu|, thus the dominated convergence theorem yields |u| € W1P(R?) and (2.2.2)).
(ii) One knows that

_ 1 1 1
Re (a;Vu,) = §V]uj]2 and |u|V]u| = §V]u\2 =3 ZV]ujP.
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Hence, by the use of Cauchy-Schwartz inequality,

|ul[V]ullq =

ZVWJ’

7j=1
m
Z V|Uj|2|Q

[Re (u;Vuy)lq

l\DI»—t

Ms

1

J

NE

u; Vil
1

J

< [ul (Z IVuj%)
j=1

1
2

d
Thus, [V]ul[3 <> [Vu,[3. O

J=1

Proposition 2.4. Let u = (uy,...,uy) € W2 (RER™) be such that Agu; €
Li (RY) forj=1,...,d. Then

loc

(2.2.4) Aqlul = Lgusoy 7 ,(ZUJAQwZWuAQ ull3).

7=1

Moreover, we have
1 m
(2.2.5) Aglul = Loy > uiAqu,
j=1

in the sense of distributions.

PROOF. As in the proof of Lemma we set a-(u) = (Jul* + 82)% —e. It
was seen there that a.(u) — |u| in WHP(RY). From this it easily follows that
Aga.(u) = Aglu| in 2(R?).
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Recalling from the proof of Lemma [2.3|that Va.(u) = =3 u;Vu;, we

uet+e £~j=1

see that for a function p € C°(RY), we have

(Agac(u), p) = / (QVa.(u), Ve)dr = — Z/Rd - QVUJ,VQ0>CZ
- _Z <QVuj,V((a€(u) +6)_1uj<p)>dac
d
+Z/Rd<QWja ((0-(w) + &) uy) Yo
= Z/Rd e AQU]SOdl'+ Z/d o (u QVUJVUJ><Pdm
_;/Rd () o @V Ve ds

— A d d
Z/d e oujpdr + Z/d o QVu]Vuj>cp x

j=1 7R

1
_ /Rd m(QVae(u),Vae(u)>cp dx.

We can now let € — 0. Recall, that a.(u) — |u| in L} (R?) and Va.(u) = V|ul
in L7

2 (R4, R™). Note, that # is uniformly bounded by 1, so that we can use
dominated convergence for the first integral above. For the other two integrals,
we use monotone convergence, using that ) is strictly elliptic and observing that
a-(uw)™t 1 Ju|~!. Note that in all integrals it sufficed to integrate over the set
{u # 0}. For the first and third integral, this is obvious, as there are functions u;
appearing, which vanish on {u = 0}. However, by Stampacchia’s lemma we have

Vu; =0 on {u =0} as well, taking care of the second integral. We obtain
(Aglul, ¢) :/ Xm: (ﬁAQuﬁllquz})@d%—/ i‘vluHéwdfﬂ
It thus follow Taking into the account (2.2.3]), one obtains (2.2.5). O

2.3. Generation of semigroup in L*(R? R™)

Define A to be the realization on L?(R4 R™) of A with domain
D(A) = {u e H'(R" R™) : Au € L*(RY,R™)}.
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Our aim is to prove that A generates a strongly continuous semigroup in L?(R%, R™).
To do so, we use standard arguments of functional analysis and operator theory
to establish that —A is maximal accretive and then conclude by Lumer—Philips
theorem.

We introduce the following two operators: (Lo, D(Lo)) and (L, D(L)) given by
Lou = Au,  Yu € D(Ly) := C>*(RYR™)
and
Lu=Au, Yuée D(L):={uec H'R"R™): Au € H (R R™)}.
Ly and L are realizations of A acting from H!(R? R™) into H1(R¢, R™). We

define Au = Ag — V* to be the formal adjoint of A, where V* is the conjugate
matrix of V. Similarly, we define A, L and Ly with potential V* instead of V.

Once —L is showed to be monotone then follows that —A is an accretive
operator. On the other hand, if —L is maximal i.e., (1 — L)D(L) = H '(R? R™)
then so is —A. Indeed, let f € L*(RY,R™) ¢ HYR%R™) and u € D(L)
such that u — Au = f. Thus Au = u — f € L*(RY, R™), then u € D(A) and
(1—-Au=f.

In the following proposition we collect some properties of L.

Proposition 2.5. (1) L is the adjoint of Ly: L = L}, and L = L. Consequently
L and L are closed.
(2) Ly is closable and its closure is equal to L.

PRrOOF. (1) Let f € D(L) and g € C=°(R? R™). Then

(Lf.9) = [ (@) div(QVa)a)ds = [ V(@) (o). gle)da

:/Rd<f(x),div(QVg)(x))da:—/Rd<f(x),Vg(x)>dx
= (f, Log)

Thus L = Lj is closed. In a similar way one shows that L = L and thus L is also

closed. B B

(2) One has Ly = L and L is densely defined, hence L§* exists and equal to the

closure of L. O
Now, we give the main theorem of this section

Theorem 2.6. —L is maximal monotone.

ProOF. Step 1: We first show that —L§* is maximal monotone. It is easy to
see that — L is monotone. Indeed,

(~Lop ) = [ Vel + [ (Viahola) wla)ds 2 0



32 2. SEMIGROUP ASSOCIATED TO MATRIX SCHRODINGER OPERATORS
for all p € C>°(R4, R™). Then
11 = Loyull -1 = [lullzr,  Vu € CZ(RYR™).

Thus —Lg* is also monotone as it is the closure of Ly. In particular, rg(1 — L")
is a closed subset of H~'. Tt thus suffices to show that (1 — L5*)C° (R4, R™) is
dense in H~'(RY,R™) and deduce that —L* is maximal. For that purpose, let
u € HY(RY R™) such that ((1 — Lg)p,u) = 0, for all p € C>°(R4, R™). Thus

(2.3.1) u— Agu+ Vu=0.

The above equality is in the distribution sense. Therefore
AQU]' = Uy + Z ViU,
1=1
for every j € {1,...,m}. Applying (2.2.4)), one obtains

1 m
Aglu| = Tl Z U AQuj X {uzt0}
j=1

m m

X{u
- {I Ll Y wguy)
ul =1 =1
> Mur0hy 2y

|ul

Thus Alu| > |u] in the sense of distributions. Now, let (¢,), C C2°(R?) be such
that ¢, > 0 and ¢,, — |u| in H*(RY). One has

0 S (AQlu‘:¢n) - (’u|a ¢n) = - /Rd<v’u|’ v¢n>de + /Rd |u‘¢n dz

Letting n tends to oo, one obtains —||V]u|||3 — ||u/|3 > 0. Therefore u = 0.

Step 2: Now we prove that L = L§*. One knows that L is a closed extension
of Ly. Hence Li* C L. In order to get the converse, it suffices to show that
p(L)N p(LE*) # 0. Since Ly* is maximal monotone then, 1 € p(L§*). On the other
hand, (1 — L)D(L) D (1 — Ly*)D(Ly*) = H71(RY,R™). Hence, 1 — L is surjective.
For the injectivity, one has ker(1 — L) = rg(1 — L*)*, where ker(1 — L) is the
null space of 1 — L and = rg(1 + L*)* the orthogonal space of rg(1 + L*). Since
L* = Ly is maximal and this follows from step 1 applied for V* instead of V.
Thus ker(1 — L) = 0 and 1 € p(L), which ends the proof. O

The following corollary states the result of generation of semigroup

Corollary 2.7. The operator A generates a contractive strongly continuous semi-
group {T(t) : t > 0} on L*(R% R™).
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PROOF. Asit is explained on the beginning of this section, since — L is maximal
then so is —A. —A is also accretive. In fact, let u € D(A), then Au € L?. Thus

(—Au,u) = /Rd<—Au(x),u(x)>da; = (—Lu,u) > 0.

The claim follow by application of Lumer-Philips theorem. 0J

2.4. Extension of the semigroup to LP(R? R™)

In this section we construct an extrapolation of the semigroup {7(¢)} into the
spaces LP(R4,R™), 1 < p < oo. For this purpose, we first show that {T(t)} is
given by the Trotter-Kato product formula:

(2.4.1) T(t)f = lim [G%A@e—%v] f,
n—oo
for all t > 0 and f € L*(R? R™), where {e*?2} is the semigroup generated, in

LA(R* R™), by A,. In order to apply (2.4.1)), we assume that v;; € L (R?) and
use the following statement

Proposition 2.8. Assume that Hypotheses hold. Then, C°(R% R™) is a core
for A.

PROOF. Since —A is maximal accretive, it suffices to show that (1—A)C>®(R? R™)
is dense in L?(R% R™). Let u € L*(R% R™) such that {(1 — A)p,u) = 0, for all
¢ € C(R% R™). Thus u — Agu + V*u = 0 in the distribution sense. Hence

m
Aguj = u; + g v
=1

In particular, Agu; = div(QVu;) € L2 (RY), for for each j € {1,...,m}, equiv-

loc

alently Awu; also belongs to L? (RY). Then, by local elliptic regularity, cf [1]

loc
Theorem 7.1], u; € H2 (R?). Therefore, |u| = 1ir1(1)(]u|2 +¢%)7 belongs to H2_(R?).
E—

loc loc

In particular, (2.2.4) still hold true i.e.,

X{u#0} =
Aglul > i D uiAqu;

i=1

pointwisely. Consequently,

X{u#0}
Aqlul = W(MZ + (Vu,u) = Jul.

Now, let ¢ € C°(R?) be such that xp) < ¢ < xp() and define (,(z) = ((z/n)
for z € R? and n € N. We multiply both two sides of the inequality Aglu| > |ul
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by C,|u| and integrating by part, we obtain
02 [ a6 )z~ [ Aglulte)éy(e)lu(w)lds
> [ @G @)+ [ (V(Glul)@), Q) Vial)ds
> [ @G @)ds+ [ I9ul@faads + [ (V6 (@), Viul@)owlulda
> [ @G @)+ 5 [ (Q@)V6 @), ViuP(a)ds
— [ @ Pewis =5 [ Aot @)ua)d.

Straightforward computations yields

AQCn = le(Qan - Z 0; qUa C /n Z qz]azjc /77,

'L]l 1,j=1

In particular, one can deduce that ||Ag(ullec — 0 as n tends to oco. Hence,
letting n tends to oo in the above last inequality, one obtains ||ul|s < 0, and thus
u=0. U

Since C2(R%, R™) € D(Ag)ND(V), where D(Ag) = H2(R?, R™) and D(V) =
{ue LP(RY,R™) : Vu € L*(RY,R™)}, therefore one can apply [23 Corollary 5.8]
and conclude that

Proposition 2.9. Assume that Hypotheses (2.1 hold. Then the semigroup {T(t) :
t > 0} is given by the Trotter—Kato product formula (2.4.1)).

Now, we are able to extend {T'(t) : t > 0} to LP(R? R™)

Theorem 2.10. Let 1 < p < co and assume Hypotheses([2.1. Then {T'(t) : t > 0}
can be extrapolated to a Co-semigroup {T,(t) : t > 0} on LP(RY R™). Moreover, if
we denote by (A,, D(A,)) its generator. Then, Ayu = Au, for allu € C°(RY, R™).

PROOF. Let 1 < p < oo and f € L*(R% R™) N LP(R4 R™). The assumption
L) vields |V ()] < |f(a]| for all ¢ € B and £ > 0. S0, [ Fl, < 7]
for all t > 0.

On the other hand, it is well-known that {e'2@},;5q is a contractive Cj-
semigroup on LP(R? R™). Consequently, for every ¢t > 0, both 22 and e~V
leave invariant the set

B, :={f € L*(RY,R™) N LP(R* R™) : || f|l, < 1}.
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By Fatou’s lemma we conclude that B, is a closed subset of L?(R?% R™). So,
applying (2.4.1)), it follows that T'(t)B, C B,, for every t > 0. Thus,

IT(0)Fllp = || lim [e"/" 20V £ < | £

Therefore, we can extend {7'(¢) : ¢ > 0} to a semigroup of bounded linear operators
in LP(R? R™). Moreover, let p. € (1,00) given by p. = p+eifp > 2and p. = p—e¢
if p < 2, for suitable € > 0. Thus, by Holder’s inequality,

1@ f = fll, < ITWOF = fl°IT@f = fllp. < 22170 F = FI7° 1.

for some 6 € (0,1) and every f € C®(R? R™). Therefore lim; ;o T(t)f = f in
LP(RY,R™) for all C°(RY,R™). Thus, by density, the strong continuity of the
semigroup {7,(t) : t > 0} follows. Now, fix t > 0 and f € C>*(R¢ R™). Thus
f € D(A) and

(2.4.2) T f—f= /0 AT (s)f ds = /0 T(s)Af ds,

where the integral is computed in L?(R¢, R™). However, Af is of compact support,
thus Af € LP(RY,R™) and ¢ + T,(t).Af is a continuous map from [0, 00) into
LP(RY,R™). Hence, (2.4.2) holds true in LP(RY, R™), i.e.

T,(0)f — f = /0 T, (s).Af ds.

This implies that ¢ — T,(¢) f is differentiable in [0, 00). Hence, f € D(A,) and
A,f = Af, which ends the proof. O

2.5. Maximal domain of A,

In this section we characterize the domain D(A,) in terms of its LP-maximal
domain. To this purpose we first show that the space of test functions is a core

for A,.
Proposition 2.11. Let 1 < p < oo. Assume Hypotheses|2.1. Then,

(i) the set of test functions C°(RY,R™) is a core for A,,
(1) the semigroup {T,(t) : t > 0} is given by the Trotter-Kato product formula

ProOF. (i) Fix 1 < p < 0o. Since —A, is m-accretive and the coefficients of
A are real, it suffices to show that (1 — A4,)C(R4 R™) is dense in LF(R? R™).
Let u € L (R? R™), where p' = p%l is the conjugate of p, be such that ((1 —
A)p,u) .,y = 0 for all o € C(RYR™). So,

(2.5.1) u—Agu+V'u=0



36 2. SEMIGROUP ASSOCIATED TO MATRIX SCHRODINGER OPERATORS

in the sense of distributions. In particular,
m
AQUJ' =u; + Z vu € L‘?OC(RCZ)
=1

for all j € {1,...,m}. By local elliptic regularity, u; € VVlif/(]Rd) for all j €
{1,...,m}. Then, (2.5.1) holds true pointwisely in R?.

Consider ¢ € C2°(R?) such that xpa) < ¢ < xp) and define (,(-) = ¢(-/n)

for n € N. For p’ < 2 we multiply in (2.5.1) by ¢, (Jul? + 52)%u € LP(RY,R™)
for e > 0, n € N, and integrating by part, we obtain

0 = /Cn(\u]2+€2)p2_2\u|2dx—|—2/ (Vuj,V(Cn(\u]2+€2)p7_2uj>>cgdx
Rd =1 Rd

+/ Callul? + 4 (VFu, u) da
Rd

v

p'=2 - P2
[t + ) F P do+ 3 [ 19l +)°F da
j=1

23 [ Vi Teolluf + ) T do
j=1

m

0/ =2 Y [ (Vi Vlul)oufulG(uf + )" do

j=1 /R

v

p'—2 = p=2
[P+ PP do+ Y [ Fultalal + ) do
Rd j:l ]Rd
+ [ (Vlul, VGolluf? + )5 ul da

Rd
0/ =) [ VIl Gl + )5 de
Rd

It follows now from ([2.2.3]) that

’ / Cn(|U|2+€2)p22IU|2dx+/ (V]ul, Véa(ul + €)= [u] d
R4 R4

Vv

0 1) [ VGGl + )5 da

Vv

/ Colluf? + )" Jul do + / (V(([uf? + £2)%)), Vi) da
R4 D JRrd

P2 1 o
= /Rd Co(Jul® + )72 |uf do — ]? /Rd AQCn(\uP +e%)2) dx.
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By letting € goes to 0, one obtains

/ 1 /
/ Colul? dx — —// AgCulul? dz < 0.
Rd D Jre

Hence, as in the proof of Proposition [2.8, we conclude, by letting n tends to oo,
that

ulP dz < 0.
R4

Therefore, u = 0.

In the case when p’ > 2, one multiplies in by Cu|ul’ ~?u and argues in a
similar way.

(ii) This is an immediate consequence of (i) and [23, Corollary III-5.8]. O

In the next result we show that the domain D(A,) is equal to the LP-maximal
domain of A.

Proposition 2.12. Let 1 < p < oco. Assume Hypotheses[2.1. Then

D(A,) = {u € LP(RL,R™) nW2P(RYR™) : Au € LP(R,R™)} := D) max(A).

loc

PROOF. Let us show first that D(A,) C D, max(A). Take u € D(A,). Since
C>(R4,R™) is a core for A,, it follows that there exists (uy,), C C°(R4, R™) such
that u, — v and Au, — Ayu in LP(R? R™), and in particular in L} (R? R™).

loc
As V e L (R4, R™), we deduce that Vu,, — Vu in Lf (R? R™). Consequently,

Agu = Ayu+ Vu = lim Au, + Vu, € L (R* R™).

n—00 toe

So, by local elliptic regularity, we obtain v € W27 (R, R™). Hence, Au = Ayu

loc

belongs to LP(R? R™), which shows that u € D, max(A).

In order to prove the other inclusion it suffices to show that A — A is injective
on Dy max(A), for some A > 0. To this purpose, let u € D, max(A) such that
(A — A)u = 0. Assume that p > 2. Multiplying by (,|u[P"2u and integrating (by
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part) over R? one obtains

0 = [P+ |3 QT T

= [ WViuta) u@) a6 )z

v

A [ G@lu@Pa + [ @) (@@ Vaia), Vi)

J=1

*/Rd S ful@) s (2) (@) T (x), VG, ) da

0 =2) [ [P 6,0 Q) Vlul @), Vi)
> A @@+ [ @l QL) Vi), V6 w)da
> A @@+ [ QY6 @), ViuP)ds
> A G = [ Agt(@luta)pd.

So, as in the proof of the above proposition, we conclude that u = 0.

The case p < 2 can be obtained similarly, by multiplying the equation (A —
A)u =0 by Cu(|uf? + )% u, £ > 0, instead of ¢, |ulP~u.

O

2.6. Semigroup in L'(R? R™)

We next address the case where p = 1. We can easily extend the semigroups
{T,(t)} to a consistent contraction semigroup on L'(R% R™). Note, however, that
we no longer have knowledge of the domain of the generator.

Theorem 2.13. There exists a realization Ay of A in L'(R%R™) that generates
a strongly continuous semigroup of contractions {Si(t) :> 0}, this semigroup is
consistent with all {T,(t) : t > 0} for p € (1,00).

ProOOF. Consider f € C®°(R%R™). Then, f € LP(RYR™) for every p €

(1, 00) and by consistency of the semigroups, we have Ty(t) f = T,(t)f € LP(R%; R™).
Since {T},(t) : t > 0} is a contraction, we obtain

[ mosrds <5l < 1512
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for every t > 0. Applying the well-known Fatou’s lemma to let p — 17, we infer
that Ty(t)f € LY(R%C™) and || T2(¢) f|li < ||f|li. Thus, by density of C>°(R%; R™)
in L'(R%R™), Th(t) can be uniquely extended to a linear bounded operator 7T} (t)
on L*(R4R™), for all t > 0. The semigroup law for {T}(t) : t > 0} follows by
uniqueness of the extension.

Now, let us prove that the semigroup {77(¢)} is strongly continuous. To that
end, since C°(R%; R™) is contained in D(A,), we can write

t
I - £l =H [ rasas
0
< Aflt
1 11
AT g A1 7

for all £ > 0 and f € C(R'R™). Using the same arguments as above, we can
easily show that

IT(#) f = fllo@agmy < NAfll L rammt, t>0.

Hence, Ty(t) f converges to f in L'(R%R™) as t — 0F. Since each operator T} (¢)
is a contraction, we can extend the previous convergence to any f € L'(R%;R™)
by density arguments.

= T () Al

Note that once {7’ (t) : t > 0} is a contractive consistent semigroup. We can
conclude directly by applying [67, Proposition 4] that {T3(¢) : ¢ > 0} is strongly
continuous.

Noting that a function f € L}(R% R™) N L?(R%;R™) can be approximated,
simultaneously in L' and in L?, by a sequence of test functions, we see that
{T1(t) : t > 0} and {T%(¢) : t > 0} are consistent. Similarly, we see that
{T(t) : t > 0} and {T,(t) : t > 0} are consistent for every p € (1, 00).

To complete the proof we shall show that A, = A on C®°(R? R™). For this
purpose fix t > 0 and f € C°(R?%R™). One has f € D(A) and

t t
(2.6.1) T f = / AT(s)f ds = / T(s)Af ds,
0 0
where the integral is computed in L?(R¢, R™). However, Af is of compact support,

thus Af € LP(RY,R™) and t — T,(t).Af is a continuous map from [0, c0) into
LP(R?, R™). Hence, (2.6.1) holds true in LP(R? R™), that is

T,(0)f - f = /0 T, (s).Af ds.

This yields ¢ — T,(t)f is differentiable in [0, 00), then f € D(A,) and A, f = Af,
which ends the proof. 0J
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Remark 2.14. From Theorem we do not obtain explicitly the domain D(A)
of A; and we cannot even say that the subspace of test function is a core for it.
However, as the semigroups {7,(t) : t > 0} are consistent for 1 < p < oo, so are
the resolvent (A — A,)~! for every A > 0. Indeed, if f € LP(R% R™) N LY(RY; R™)
for some p € (1, 00), then for g € L>(R?% R™) with compact support we have

«Nﬂ@*ﬁmWZ/‘KWEwﬂmmﬁ
0

= [ MO gt = (A A1) )1
0
As g was arbitrary, it follows that (A — A,)7'f = (A — A;) 7' f.

2.7. Further properties of the semigroup

2.7.1. Positivity. We start by characterizing positivity of the semigroup.

Proposition 2.15. Let 1 < p < oo. The semigroup {T,(t)} is positive if and
only if the off-diagonal entries of V' satisfy vy (x) < 0 for almost every x € R?
whenever k # 1.

PRrROOF. Assume that {7},(¢)} is positive. Let us denote the canonical basis
of R™ by (er)i<k<m. One has, for 0 < ¢ € C®°(R?) the nonnegative function
we belongs to D(A,) as well as to the dual space of LP(R% R™), for each k €
{1,...,m}. By application of Theorem[A.31] it follows that for k # [ we have

0 < (Apper, pey) = /d div(QV)p(er, ex) do — /d ©*(Vey, e do
R R

= —/ vkl<p2dx.
R4

As ¢ is arbitrary, this implies that v;; < 0 as claimed.

To prove the converse, assume that vy (z) < 0 for k # [ and almost every
x € R This is precisely the positive minimum principle for the matrix —V (x).
For matrices positive minimum principle is not only necessary, but also sufficient
to generate positive semigroup, see [10, Theorem 7.1]. Hence, we see that the
multiplication semigroup e~*"» is positive. As the semigroup {e!*@} is positive, see
[54, Corollary 4.3], the positivity of {T,(¢) : t > 0} follows by the Trotter-Kato
product formula. ([l

2.7.2. Analyticity. The semigroup {7,(¢) : ¢ > 0} generated by A, is not,
in general, analytic. This depends upon the potential matrix V. Indeed, if V is
symmetric, the semigroup {7,(t) : t > 0} is analytic in LP(R? R™), 1 < p < o0,
see Chapter [I] However, if V' is antisymmetric it may happen that the semigroup
is not analytic as the following example shows
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Example 2.16. Consider the operator .7 defined on smooth functions ¢ : R — C?
by &/¢ = (" — V(, where

Vi) = (_Ox g) . zeR

By Corollary , the realization A, of £, with domain W??(R;C?) N D(V})
generates a strongly continuous semigroup on LP(R;C?) for p € (1, 00).

We diagonalize the matrix (_01 (1)) and so we obtain that A, is similar to the

e L —1 - A O Z O
A, =P A,,P-(O Al =7 g i)
1

where P = ( , 1) . Hence the semigroup {7,(t) : ¢ > 0} generated by A, is

operator

—i
analytic if and only if both the two semigroups generated by A + ix are analytic
on LP(R).

To see that the semigroup generated by B := A — ix is not analytic on LP(R)
we introduce the transformation

Uy f(z) = f(z — o), reR, feLP(R),
for arbitrary fixed o € R. So, we have
U_.BU, =B —iol.
Hence,
U o(p—io—B) Uy = (n—B)~"
and thus,

(1 —io — B) Mler@y = (1 — B) ey

for arbitrary o € R and every p > 0. Therefore, by [23] Theorem I1.4.6] the
semigroup generated by B is not analytic.

If one looks to the spectrum of V' on obtains the following: Whenever V is
symmetric obviously, (V') belongs to the positive real axis [0,00) (we suppose
that is satisfied). However, if V' is antisymmetric, as in the above example,
the spectrum of V' is the imaginary axis (in Exampld2.16] o(V (z)) = iz and
x € R); thus, in this case one cannot find a sector of angle less than 7 /2 that
includes the spectrum of V.

Our idea to construct an analytic semigroup is then to impose on the spectrum
of V(x) to be included in a sector of angle less than /2, uniformly in
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Proposition 2.17. Assume that, there exists a constant C' > 0 such that
(2.7.1) Re (V(2)¢,€) =2 C'Im (V(x)€, 6],

for all z € R? and € € C™. Thus, the semigroup {T,(t) : t > 0} generated by A,
18 analytic, for every 1 < p < oo. That is it admits a holomorphic extension to
E7r/2—arctan(C’—1) .

PROOF. Let us show that
Re (—Apu, |u|p_2u> > Cp|Im (—A,u, |u]p_2u>|,

for all w € D(A,) and suitable C, > 0. It suffices to prove it for all u €
C>(R4,C™), since the set of test functions is a core for A,.

Let u € C°(R?, C™). According to [54, Theorem 3.9], one has
-2
Re <—AQU, |U|p_2U> > 2’\p/p—T‘1|Im <AQU, |u|p_2u)|,
Set C,, = min(C, 2'3%). Thus
Re (—Ayu, |[ulP~?u) = Re (—=Agqu, [ul""*u) + Re (Vu, [ul"~2u)

> %llm (—Agu, [ulP~?u)| + /Rd Re (V(z)u(z), u(z))|u(z) [P 2dx

> o a0 C [ (Vo) o)t

> Cyltm Ay, Ju? )|
OJ

2.8. Application to Schrodinger operators with complex potentials

Let us consider the matrix potential

V= (10 ) =u (33 et (3 9)

where w € L2 (R?) and 0 < v € L2 (RY). So, Hypotheses are satisfied

loc loc

and therefore, we deduce, by Theorem and Proposition [2.12] that L,, the
LP-realization of the operator

L= <€ g) —V with domain {u € LP(R?, C*)nWF(R?,C?) : Lu € LP(R,C*)},

generates a Cp-semigroup on LP(R? R?). Moreover C>°(R%, R?) is a core for L,,.

Now, we diagonalize the matrix ((1) _() ) and so we obtain that L, is similar to
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_ A 0 v 4w 0
1 — —
P LpP_(O A) ( 0 v—iw)’

where P = 1. 1 . Thus the following Schrodinger operators with complex

the operator

potentials A — v 4+ iw with domain

{f e LP(RY,C)NW2P(RY,C) : Af +iwf —vf € LP(R?, C)}

loc

generates Cy-semigroups on LP(RY, C) and C°(R? C) is a core. In general the
semigroups are not analytic, see 2.16| However, if we assume that there is a
positive constant C' such

lw(z)| < Cv(x), for a.e. v € RY
then
I (V(2)€, )] = |v(z) (&8 — &1&2)]
< 2u(@)]|&&|
< Cw(@)|¢? = CRe (V(2)5, ).
Applying Proposition [2.17] we deduce that A + iw — v with domain
{fe IPRY,C)NW2P(RLC) : Af +ivf —wf € LP(R%,C)}

generates an analytic Cy-semigroups on LP(R?, C).






CHAPTER 3

Domain characterization of matrix Schrodinger operators

In the previous Chapter 2] we associated a Cy-semigroup in LP-spaces, 1 <
p < 00, to a realization A, of A. We then showed that, in reflexive LP-spaces,
1 <p < oo, A, is the closure of A defined on the space of test functions and thus
the domain of A, is the mazimal domain Dy max(A).

Since A is the sum of a diffusion term Ay and potential term —V. We, now
ask if we may coincide D) max(A) with the so-called natural domain of A, which
will be the intersection between W?2P(R? R™) which represents the domain of the

diffusion part Ag and D(V,) the (maximal) domain of the operator multiplication
by V.

Such a coincidence between the maximal and natural domains leads to a
maximal regularity for solutions to the parabolic system 0;u = Au, when the
semigroup is analytic. Indeed, in such a situation the domain D(A,) will be
continuously embedded into W?2P(R<, R™), which is, in turn, embedded in Hélder
spaces for large enough p’s. Moreover, it holds a mazimal inequality of type ,
such an inequality is very useful when looking for conditions of compactness of
the resolvent of A.

The aim of this chapter is to investigate on this coincidence between the maxi-
mal and natural domains of A. Such a coincidence is not always satisfied for elliptic
operators as shows in [34, Example 2.2, where there was an unbounded drift
term, in addition to the diffusion and potential terms. However, for Schrodinger
operators, in the scalar case, Shen shows, in [60], that the coincidence of domains
holds for (scalar) potentials belonging to the so-called reverse Hélder class By,
for 2¢ > d. This class contains, in particular, all polynomial radial potentials |z|",
r > 0. Otherwise, Okazawa in [52], proves the same for nonnegative potentials v
satisfying |Vv| < Cw, for some C' > 0, which is equivalent to the fact that log(v)
is Lipschitz continuous. Thus, v may grow as exp(|z|) as well as |z|", r > 1.

To get similar results for matrix Schrodinger operator, we propose to follow,
firstly, the strategy from [34] in using a noncommutative Dore—Venni theorem
due to Monniaux and Priiss [50], thereby obtaining sectoriality and, in particular,
closedness, of A endowed with the natural domain W*? N D(V,). Our approach
allows Lipschitz potential terms, and for some particular potential, entries growing
like |z|" for some r € [1,2). Secondly, we use a perturbation theorem due to

45
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Okazawa [52], 53] to include more potentials in the diagonal part of the matrix
potential.

We also obtain a sufficient condition for the compactness of the resolvent of A
and apply our results to scalar complex—valued potentials.

This chapter is organized as follows. In Section [3.1] we fix our assumptions,
present some examples satisfying this assumptions and recall some preliminary
results that will be used subsequently. Section contains the actual main
theorem obtained by Dore-Venni’s theorem and in Section |3.3] we add a diagonal
perturbation to the potential matrix considered in Section [3.2] and obtain the
same results. We then, establish compactness of the resolvent of A, in Section
and end the chapter by a section where we consider Schrodinger operators with
scalar complex-valued potential and we show that they are similar to some special
matrix Schrodinger operators. Finally, we apply the results of this chapter for an
example of matrix Schrodinger operator with polynomial entries.

The material of this chapter is mainly based on the analysis of results of [41],
Section 2 and 3] and [47, Section 3].

3.1. Hypotheses, remarks and preliminaries

Throughout, we make the following assumptions.
Hypotheses 3.1. Let d,m € N.

(a) Let Q = (¢;;) : R — R%*? be a symmetric matrix-valued function with
Lipschitz continuous entries such that (2.1.1)) holds. For p € (1,00) we
define the operator D, on LP(R?% C™) by D(D,) = W*?P(R% C™) and

Dyu = [div(QVuk) — uk} bml,m = [AQuk) — uk} B=1,.m’

(b) Let V : R — R™ ™ be a matrix-valued function with entries in W,>%° (R?)
such that V' (z) is injective and satisfy (2.1.2)).

Moreover, assume that there exists a constant « € [0, 1) such that, for
every j = 1,...,d, either the matrix-valued function z — D;V (x)(V (z))~®
or x — (V(2))™*D;V(z) is uniformly bounded in R?. That is

sup |0;V (z)(V(x))™ | < o0 or
zERY
(3.1.1) sup |(V(z))"?0,;V ()| < oo,
zERY
for all j € {1,...,m}.

For p € (1,00) we define the operator V,, on LP(R% C™) by setting
D(V,) ={f € LP(R%;C™) : Vf € LP(R*;C™)} and V,f := V f. Here V f
is to be understood as matrix—vector product.
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Remark 3.2. Without loss of generality we assume that both D, and V), are
injective operators. Indeed, if for example V' were not injective but still satisfies
, one could rescale it and consider V = V + I,,, which becomes injective.
The injectivity assumption is required to compute imaginary powers.

Once V satisfies Hypotheses [3.1], then do also its conjugate matrix V*. In fact,
it is easy to see that V satisfy (2.1.2)) if and only if V* do. Now, let us look to

(3.1.1). We now that
[VHVH)™* = (V 9, V)™

Hence, 0;V*(V*)~* is uniformly bounded if and only if V=0,V so is. We thus can
say that actually (3.1.1]) is a symmetric property with respect to the adjointness.

It is easy to see that potentials V' of Lipschitz entries are allowed by Hypotheses
. Actually, (3.1.1)) with v = 0 holds if and only if V' is Lipschitz continuous.
We are next going to illustrate that Hypotheses allow for potentials V' whose
entries grow more than linearly at infinity.

Example 3.3. We again consider the situation where d = 1 and m = 2. Choosing
r €[1,2), we set

V(z) = (_(1 +O o) L +0|9’|T> = (1+|z|") (_01 (1)) . zeRY

As V(z) is antisymmetric, we find (V(x)¢,£) = 0 for all x € R and £ € R% Note
that V(x) is symmetric for all z € R. One has

vy =i (Y 5) L eer

so that

D,V (x) - (V(2))™® = rlal (1 + [2") " ((1) _01>'(—01 (1))

for all x € R. Now, since r < 2, thus % < % Hence, one can pick a € (”—;1, %)
so that 7 — 1 — ar < 0 and thus the function z +— D,V (z) - (=V (z))~* is indeed

bounded.

Actually, we can consider any constant square matrix Vy which is invertible
and satisfy (2.1.2). Taking V(z) := (1 + |z|")Vp, for some r € [1,2), with this
choice of V', hypotheses are satisfied.

We now collect some properties of the operators D, and V.

Proposition 3.4. Let 1 < p < oo.
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(a) The operator —D, is invertible, sectorial and admits bounded imaginary
powers. Its power angle is 0. Consequently, for every ¥ > 0 there exists
a constant ¢ such that for s € R and \ € S,_y we have

— c s S
||<>‘ - Dp) 1||$(LP(R¢;(Cm)) < r‘)\” ”(—Dp) ||j(Lp(Rd;(cm)) < ceél' I

(b) The operator V), is invertible and admits bounded imaginary powers. Its
power angle is at most 5. Consequently, for every 9 > 5 there exists a
constant ¢ such that for s € R and A € S;_y we have

s

1A+ Vo) ™z r esemy) (V) |l 2 (zr@asemy) < ce”l.

C
< —
1+ |l

PROOF. (a) We conclude by the fact that for every ¢ € (0,Z) the operator
—A, has a bounded H*°-calculus on S;_,, see Proposition ([21, Theorem
6.1]) and the boundedness of imaginary follows immediately. For more details see
Appendix [C]

(b) The claim follow by Theorem ([D.4)) and Theorem of Appendix[D] O

3.2. The generation result

In this section we are going to prove that the sum —(D, — V,,), defined on
the domain D(D,) N D(V},) is closed and quasi-sectorial. To that end, we make
use of a non—commutative version of the Dore-Venni Theorem, see Theorem

(C.26, elaborated by Monniaux and Priiss in [50]. This theorem is valid in
arbitrary UMD Banach spaces, see Definition The spaces X = LP(R4; C™),

1 < p < oo are a UMD Banach space. For more information we refer the reader
to [14].

Crucial to apply Theorem is the commutator estimate. To formulate it,
we use the following notation. Given a (sufficiently differentiable) matrix—valued

function M : R — R™ ™ we write V¥M for the matrix whose k-column is the
gradient of the k-th row of M. Thus, if M = (m;;), then

31mk1 Ce (%mkm
VM = , :
8lmk1 e 8lmkm
Lemma 3.5. Fiz p € (1,00), let D, be defined as in Hypotheses and M =
(mi;) : RY — R™™ be a matriz valued function with entries in W*>(R?); the

induced multiplication operator on LP(R?%; C™) is denoted by M,. Then, for every
f € W2P(R* C™) the k-th entry of (D,M, — M,D,)f is given by

div(Q(V*M) f) + tr [Q(V*M)Df].
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Proor. Making use of the definition of the operators and the product rule,
we find that the k-th entry of (D,M, — M, D,)f is

> 040, (M f)x) — Z my div(QV )

ij=1
= Z 0, (qmﬁ kazfz> =) mu div(QV f,)
1,j=1 =1
= Z 0; (ql] Z 8 mi) fi + M (0 f1) > me div(QV fi)
ij=1 =1 =1
m d
:dlv( +ZZ a7nkl ql] 8fl)
=1 1]:1
—div(Q(V* M) f) + tr [Q(V* M)V f]
for all f € WQ’p(Rd;Cm). O

Theorem 3.6. Assume Hypotheses[3.1] and fix p € (1,00). Then, the operator
—(D, —V,), defined on the domain D(D,) N D(V,), is closed, densely defined and

sectorial.

Proor. We will apply the noncommutative version of Dore-—Venni theorem,

see Theorem According to Proposition [3.4f we can pick 0p, 0y € (0, 7) with
0p + 6y < m such that

- ¢ K] s
A = Dp) "M zr@aemy) < T and  [|(=Dp)" || zzr@acmy < ce”?

for A € S;_g¢, and

_ & 18 s
1A+ Vo) Hlg@r@acny < o and [Vl gmo@acmy < ce?vl

A
for A € Sr_g, .
Fixing f € LP(RY,C™), A € Sy_¢, and u € Sy_g,. We now proceed to
estimate

CO ) f = (=Dp) (A= Dp)  [(=Dp) e+ Vp) ™ = (n+ V)" (=Dyp) '] f-

and then get the commutator condition of Theorem[C.26] In order to apply Lemma
for the commutator C'(\, ) we need to approximate the potential V' with
smoother potentials. Let (p,)nen be a mollifier sequence and let ¢ € C®°(R?) be
such that 0 < ((x) <1 for all z € R? and ((x) = 1 for |z| < 1 whereas ((z) = 0
for |x| > 2. For a locally integrable function ¢, we set

(Knp)(x) == C(%) /Rd pu(y)e(z —y) dy, zeR? neN.
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Clearly, K, belongs to C>(R%). Tt is well-known that K, converges locally
uniformly to ¢ as n — oo, for every continuous function ¢. Moreover, if ¢ belongs
to WiP(R4; R™) for some j € N, then we also get convergence in W7P(R%; R™).
We now set V™ = (K,v;;) for n € N. Note that (V¢ ¢) >0 on R?
for every £ € R™. Consequently, the induced multiplication operator Vp(n) on
LP(R?; C™) is m-accretive, whence for 1 € C with Re g > 0 we have € p(V,™)
and ||(u+ Vp(n))_ng(Lp(Rd;(cm)) < (Reu)™t, see Proposition [D.1| In particular, for

fixed p the resolvent operators (u + V},("))*l are uniformly bounded. We claim
that (14 V")~ converges strongly to (y -+ V,)~!. Indeed, for g € C.(R% C™)
we have

(4 V) g = (4 V) g = (u+ V)YV = V) (V) g,

Since (i +V)~'g has compact support and V(™ converges to V locally uniformly
on R?, in particular V(™ converges uniformly in supp((x+V)"'g) to V, it follows
that (V — V™) (u +V,)"tg — 0 uniformly and thus in LP(R%; C™). Using the
uniform boundedness of the resolvents, the claim follows.

Thus, setting
Cmm()‘aﬂ)f
::Dp(/\ - Dp)_l [(_Dp)_l(ﬁ‘ + V;)(n))_l - (,u + V,f”))_l(—Dp)_l}Dme((—Dp)_lf)

we see that, letting first n and then m tend to oo, C, (A, 1) f converges to
C(\, ) f in LP(R4 C™). Noting that (u+ V(™)~! has C*-entries which, together
with its derivatives, are bounded, it follows that we can rewrite C,, (A, p) f as

Crmn 1) f = (A= Dp) "M [Dy(pr + V)™ = (n+ V) D K (= Dp) ).
We can now apply Lemma Noting that
Dj(u+ V)™ = —(u+ V) (DY) (4 V)
we find that
Crm(A ) f
=(A = Dp) 1 div (= Qu + V") VV (4 VIR ((=D,) 1))
+ (A= Dp) M+ V) [ QVV ) (i + V) VKL (D) )]
=(=D,)2(\=Dp) "1 (=Dy) "2 div( = Q(u+ V") ' VV O (u V) UK (- D) 7))
+ (A= D)+ V) [ QW) (4 V) IV, ((=Dy) 7 f))-
(3.2.1)

Here,

div (= Q(u+VM)wvV® (1 + V)L K, ((-D,) L f))
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should be interpreted as the vector, whose k-th component is
div (= Q(u + V")V (0 + V) TG, ((=Dy) ).
The interpretation of the trace term in (3.2.1)) is similar.

To be able to pass to the limit as n — oo, we have to take care of the summand
involving the divergence. To that end, pick ¢ € (1,00) such that p~' + ¢! = 1.

Recall that by the results of [5] (the square root problem) the operator (—D,) 2
is bounded from L?(R%; C™) to W14(R?;,C™). Therefore, for j = 1,...,d, the
operator (9;( —Dq)*%)* defines a bounded operator on LP(R%;C™). Consequently,

we can extend (—Dp)_% div to a bounded operator S on LP(R?; C™). Since the
function K,,((—D,)~'f is compactly supported on R? and 9,V ™ converges to
9;V in L} (R%C™) and 9,V ™ is locally uniformly bounded for j = 1,...,d, we

loc
can affirm that

En = Q(u+ V)WV (4 V)UK ((=D,) 7 )
converges to
E:=Qu+V)'VV(u+V) ' Kn((=Dp) 7' f),
in LP(R% C™) as n — oo. Indeed, set ¢ := K,,,((—D,)"'f) € C>°(R?,C™). For
each j € {1,...,m}, one has
QY E,—E) = (u+ V") oV (u+ V)T — (u+ V)V (p+ V)

= (p+ V) HOV O (p+ V)T =0V (n+V) e

+{(+ V)T = (V)T IOV (u+ V) e

=(I)+ (I1).
Since p € C°(RY, R™) then so is (u+ V) ', thus 9,V (u+ V) o € LP(R?, C™).
Hence, the second term (I1), of the right hand side of the above equality, tends

to 0 as n tends to oo, since the resolvent of —V (™ converges to the resolvent of
—V as seen before. Now, rewriting (/) as

(1) = (p+ V) HoV O (V) = (V) )+ (VT =0 V) (V) e,

one gets

p

Il < ‘i sup 03 () | (e + V) = (e V) e

Tl [@V ) = 9V (V) e

where K is the support of p. The first term of the left hand side of the above
inequality vanishes at n — oo, since the resolvent of —V () converges to the
resolvent of —V. For the second term, one has 9;V € L} (R?,C™), then 9;V ™

converges to 9;V locally in LP(RY, (Cm). Thus, as (u + V) !¢ has a compact
support, (8jV(”) —9;V)(u+ V) 1) converges to 0 in LP(R?, C™).

p
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Similarly, we can show that
(e + V)@YV (1 + V) IV K ((=Dy) )]
converges to
(1 + V) 0[QVV(p + V) VEL((=Dp) ' f)]-

Hence, letting n — oo in C,, ,, (A, ) and denoting by C, (A, ) f the limit, we thus
find that

Cm(/\a M)f :(_Dp)%(/\ - Dp)_ls( - Q(PJ + V)_1VV(,LL + V)_l(Km(_Dp)_lf)>
+ A= Dp) Hp+ V) tr[=QVV (u + V) VE,L((—Dy) 7 )]
=: T1 + TQ.

We are now very close to provide the crucial commutator estimate of Theorem
Let us start with the term 7;. According to Propositio —D, admits

bounded H*-calculus, consequently (—Dp)% (A—D,)~! defines a bounded operator
on LP(R% C™) and
1 _ C

I(=Dp)2 (A = Dp) ™ || (o (ascmy IAI
for a suitable constant C'. As noted above, S defines a bounded linear operator,
as does multiplication with the bounded matrix—valued function . On the other
hand, ||(#+ V)7 2e@ecmy < Clpl~!. To estimate the rest of the term 77, we
write

VV (i + V) LK (=D,) 7 f) = (VV) - VoV (u+ V) Ko (= D,) L f),

or

(n+V)'VV = (u+ V) 'Vevevy

depends on, in Hypotheses , whether (VV') - V=% or V=*VV is bounded; the
constant « is the one appearing in Hypotheses [3.1] In both cases, using the
boundedness of the H*-calculus of —V},, TheoremD.5] we get

N 3 C
V(e + V) owrmaemy) < S

Taking into the account that (—D,)™! is a bounded operator, it follow that,
overall,

1T0lly < ==l
H |2

The term T5 can be estimated similarly, so that, altogether, we have an estimate

M
ICA ) fllp < Wﬂfﬂp-

Finally, the assumptions of Theore are satisfied which yields the claim. [
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Corollary 3.7. Let A, the realization of A defined on Chaptefd and {T,(t);t > 0}
its associated semigroup. One has

D(Ay) = WH(RER™) N D(V,) = Dy max(A).
In particular, there exists a constant K > 0 such that
(3.2.2) [ull2p + 1Vull, < K([Jullp + [ Aqu = Vullp),

for all w € WIP(RE,R™) N D(V,). Here || - ||, is the norm of W?P(RY R™).
The same results hold true for A* the adjoint of A.

PrOOF. In view of Theorem , the operator A with domain W1P(R? R™) N
D(V,) is m-dissipative. Thus, generates a strongly continuous semigroup. Also
(Ap, Dpmax(A)) generates a strongly continuous semigroup according to Chapter2]
Moreover, both the two operators coincide on C°(R?, R™) which is a core for A,,.
It thus follows that the two domains coincide. U

Remark 3.8. Let 04 be the spectral angle of —A,. If §4 < 7, then the semigroup
{T,,(t) }+>0 (in the sequel simply denoted by {7'(¢)} to ease the notation) is analytic,
as is well-known, see [23] IT Theorem 4.6]. It is a consequence of [50, Corollary 2],
that in the noncommutative version of the Dore-Venni theorem the spectral angle
of the sum is at most the maximum of the power angle of the summands. Thus, if
the power angle of —V, is strictly less than 7, which is for example the case when
V(z) is symmetric with (V(z)€, &) < —[€]? for all z € RY, then {T,(t) : t > 0} is
analytic.

3.3. Scalar multiplication perturbation of the system

3.3.1. Hypotheses. The condition (|3.1.1)) allows Lipschitz entries for V' or
at most, as Example 2.4 of [41] shows, potentials like

Vie) = + (_(1+0|$|T) 1+0|x|r>

with r € [1,2). Now, we want to establish the same results as in [41] for potentials

of type
o ER 1+ |z|”
V(”—(—uﬂxr) 2ff )

for § > 1. To do so we split such potentials V into V = V + vl,,, where V
is a potential satisfying Hypotheses [3.1] and v is a scalar nonnegative potential
(nonnegative real valued function) satisfying

[Vo(z)] < Co(z),

for some C' > 0 and all z € R%. Such condition is satisfied by radial polynomial
potentials and potentials of the form [z|"log(1 + [z|). The I,, is nothing but
the matrix identity of R™. Defining the operator 4 = Ag — V. A can be
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seen as A = A —v. We consider A, the realization on LP(R% R™) of A with

domain D(A,) = D(A,) N D(v) and we use Okazawa’s perturbation theorem,

see TheoremA .20} to show that A, generates a contractive strongly continuous
semigroup.

3.3.2. Generation of semigroup. Now, consider 0 < v € W*(R%) and

define on LP(R?, C™) the multiplication operator with its maximal domain
(3.3.1) Byu=vu, u € D(B,) = {u € LF(R*,C™) : vu € LP(R*,C™)}.

It is easy to see that B, is m-accretive on LP(R? C™). Define, for € > 0 and
u € LP(RY, C™), v, := v(1 4+ ev)™! and B, .u = v.u. B,. is actually the so-called
Hille-Yosida approximation of B,,.

Let us proceed to establish (A.2.5) of Theorem for the operators —A,
and B,. For that purpose fix 1 < p < 00, ¢ > 0 and u € C>°(R%, C™). Define
R := P71 We first approximate the left hand side of (A.2.5)) as follows

(3.3.2) Re (—Apu, | By culP "> By cu)py = lim P,
where
Ps := Re (= Ayu, Rul 1),

and

(lul? + 6)z, if 1<p<2,
us =
’ |ul, if p>2.

Taking into the account that u? *u — |u|P~2u, as & — 0, in L¥ (R%, C™), the

convergence in (3.3.2)) follows easily.
We now start estimating Ps from below. The following lemma yields a first

estimate

Lemma 3.9. Let 6 > 0. One has, forp > 2,

Po 2 (=1 [ IVl @) R(e)ds

(3.3.3) 5 [ VP, V@) g0 @)

and for 1 <p <2

Py > (p—=1) X7 fua [Vu(@)[G w5 (2) R(x)de
(3.3.4) +1 [La(V]u*(2), VR(2)) guyul () dz.
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PROOF. Applying integration by part formula and taking into account (2.1.2))
one obtains

Ps = —Re (4,u, Ru§_2u>p,p/
= —Re/ (Agu(x), R(x)uf;_z(x)u(x))dx—i—/ Re (V (2)u(z), u(z)) R(z)u? > (z)dx

Rd

> — Z/ Re (div(QVu;)(z)a (a:)R(x)ug_Q(m)) dx
-3 / Re (Vu;(2), V(Rud) ;) () ooy da
_ Z / Vs () By RU2) dx+z Re (Vs (@), VR(2)) gqoyty ()~ 2(2)ds

m

— ;/Rd ‘Vuj($)‘é(x)R(a:)u§_2(;c)d:U—|—%Z/Rd<V|uj‘2( ), VR()) gl Q(l’)dl’

j=1

: ]%2 Zl /RdW\ujP(m), Vlul*(@)) g Rla)uf " (x)de

Rd

= Z /R |V () G R(2)uf 7 ()da + % / (V]ul*(x), VR(2)) ol 2(z)dx
P22 [ ), TR s
- Z /]Rd |VUj($)|gg(x)R(x)u§‘2(I)dx +(p—2) /Rd |V‘“|(ZE)|2Q($)\U($)|2R(x)u§_4(x)dx

5 [ V@), VR@) g ()

Taking into account (| and that u(; = \u] when p > 2, and us < |u| and
p—2<0when1<p<2 oneobtams 3.3.3)) and (3.3.4)). O

We next give a second inequality verified by Ps and an inequality involving
the dual product between —A, and B,

Lemma 3.10. Let § > 0. One has

1 p—2 2 [VR(x) Z?(w)
(3.3.5) Ps > TP /Rd uf o (o) |u(x) | ———=—d,
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and hence

1 IVR(z)[5
3.3.6) Re(—Ayu,|B,.ulP 2B, u),, > ——/ w(z) [P ——L9@ o
B336) Re (= Ay Byl Byl > s [ el s

PRrROOF. Let ¢ = m. One can use, for p > 2, the inequality

|

which implies that

2

V ER(@)Vlu|(z) + \/MW(Z‘)WR(JI)

dr >0
Q(z)

0= /Rd u”_2(x)R(x)|V|u!(x)|é(x)dx +c g w2 (2)(V|u*(2), VR(2)) oz

VR(z)|?
+¥L%7MWWL%%@

Multiplying by p — 1 and using (3.3.3)) one obtains (3.3.5). On the other hand,
for 1 < p < 2, one can use the inequality
dx >0,

[ @y
K j=1 Q)

arguing similarly as above and using (3.3.4]) one obtains (3.3.5). The inequality
(3.3.6)) follows now by letting 6 — 0 in (3.3.5)). OJ

VR@)Vu,(z) + () G p)

Now, we prove the main theorem of this section,

Theorem 3.11. Assume that there exist nonnegative constants a and b such that
(3.3.7) V() gy < alo-())? + bve(x))?,

for alle > 0 and v € RY. Then —A, + sB, with domain D(A,) N D(B,) is an

—1)b
m-accretive operator in LP(RY, C™) for each s > %

Proor. We will show the following inequality
(3.3.8)

_ _ P —1
Re (—Ayu, ||Bp,5u|]2 P|B, cul” 2Bp,gu> > —

Ll Byl — L0 Byl
for every u € C°(R?,C™). Since C>°(R?,C™) is a core for A,, we conclude by

Theorem [A.20, Let us prove [3.3.8, Applying (3.3.6) and taking in consideration
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(13.3.7), we obtain
Re (A, Byl By By) 2 — B [ e g,
W Bl B 2 e R(a)

z——u et [ Juta)P o) Vo)l da

> P al Byl [ fule)P o) o
Rd

—1
P Bl [ o) oo P
Rd

Taking into account that |B, .(x)u| = |v.(z)||u(x)| and using Hélder’s inequality,
one obtains (3.3.8)). By Theorem [A.20, one conclude that —(A4, — sB,) is m-
(p—1)b

accretive, for every s >

4

Now we state the main result of this section
Corollary 3.12. Assume that there exists ¢ > 0 such that
(3.3.9) Vo(x)| < co(z),
for all x € RY. Then, — A, is m-accretive in LP(RY, C™).

PROOF. One has Vv, = V(v(1 + ev)™!) = (1 + ev)"2Vu, which implies
V.| < cv.. Thus (3.3.7) is verified with a = c? and b = 0. Thus A, — sB,, for all

5 > 0, is m-accretive. In particular, A, generates a contractive Cy-semigroup. [

A consequence of Corollary is that — A, endowed with domain W2P(R? R™)
D(V,) N D(B,) is closed, even sectorial, where B, is the multiplication by —uv.

According to the result of Chapter 2| A := Ag — V is m-accretive, in particular
closed, when endowed with its maximal domain

Dy max(A) = {u € W2P(RYR™) : Au := Agu — Vu € LP(R? R™)}.

loc

That means (A, D max(A)) is a closed extension of A,. It thus follow the following
domain coincidence

Theorem 3.13. Assume that ([3.3.9) holds. Then, D(A,) = Dymax(A). In
particular, there exists L > 0 such that

(3.3.10) lullop + [Vull, < L(lully + [ Aqu = Vull,),
for every u € D(A,).
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3.4. Compactness and Spectrum of the generator

We first give a compactness result and then we analyze the spectrum of the
operator A,. A sufficient condition of compactness is given by the following result.

Theorem 3.14. Assume in addition to Hypotheses[3.1] that there exists a function
Kk R — [0, 00) with limyg| 00 k() = 00 such that

(3.4.1) V()] > K(x)[¢],

for all x € R and & € R™. Then, for all p € (1,00), the operator Ap has compact
resolvent. Consequently, its spectrum is independent of p € (1,00), discrete and
consists of eigenvalues only.

PrOOF. Fix p € (1,00). To show that flp has compact resolvent, it suffices to
prove that D(flp), endowed with the graph norm of flp, is compactly embedded into
LP(R4 R™). The inequality implies that the graph norm of flp is equivalent
to the norm u — ||u| := ||ull2p + ||V,ull,- Now, let us show that the closed unit
ball of D(A,) is compact (or, equivalently, totally bounded) in L?(R% R™). Let
u belong to the unit ball of D(A,) so that in particular |[V,ull, < 1. By our
additional assumption (3.4.1]), we have

342 Wl 2 [ staPluo)l da

R4
for every u € D(A,). Given ¢ > 0 we fix R > 0 sufficiently large so that s > e~
outside the ball Bg := {z € R? : |z| < R}. Then, from Equation (3.4.2)), we
deduce that

/Rd\BR |u(x)]” dx Sgp/ ()P u(2) P de

RN\ Bg

1

<o [ w@Plu@)p do <Vl < 2
R4

Since V € L2 (R% R™), then the set of the restriction to By of functions in D(A,)
coincides with W%P(Bg; R™). According to the Sobolev embedding theorem (the
Rellich-Kondarov theorem), we refer to [?, Theorem 6.2], [28, Section 7.10] or
[24, Sections 5.6 and 5.7], W2?(Bg; R™) is compactly embedded into LP(Bg; R™).
Thus, overall, we can find finitely many functions g, ..., gx € LP(Bg;R™) such

that, for every w in the unit ball of D(A,), there exists an index j € {1,...,k}
such that

/B lu(x) — g;(z)|P do < P.
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Denoting the trivial extension of g; to R? by g;, we have

/Rd (@) = g (@)l dv = /B @) - i@ do + / @ de <227

This shows that the unit ball of D(A,) is covered by the balls in LP(R% R™)

centered at g; of radius 9ve. As e > 0 was arbitrary, it follows that the unit ball
of D(A,) is totally bounded in LP(R%; R™).

The fact that the spectrum consists only of eigenvalues follows from spectral
properties of compact operators with help of the spectral mapping theorem for

the resolvent, cf. Theorem together with [23] Theorem IV.1.13].

Since the resolvent operators (A — A,)~! are consistent (see Remark [2.14)
and compact, the p-independence of the spectrum follows from [17, Corollary
1.6.2]. O

Remark 3.15. (1) As V =V +ul,,, the assumption (3.4.1)) can be obtained
in terms of V and v. In fact, suppose that one of the following is satisfied
e There exists p : R — R* measurable such that | l‘im p(x) = oo and
T|—00
V(2)¢] = p(2)l€], Vo e RLEER™
e lim v(z)= 0.
|z|—o00 ~
If we set x(z) := min(p(x), v(x)). Then, |V (z)¢| > k(z)|€|, for all z € RY
and £ € R™. Indeed,

V(@)&* = [V(@)€]* = 20(@)(V(2)€,€) +v(2)*E* = [V (2)E]” +v(x)?[¢).

(2) Using the Cauchy—Schwartz inequality, we see that the compactness
assumption (3.4.1)) is, in particular, satisfied if we have

(V(2)€,€) = r(2)[¢]”
for all £ € R™, which is exactly the one used in ChapterfI] for symmetric
potentials. Actually, if V(w) is symmetric for every z € R?, then the
two conditions are equivalent. Indeed, the assumption in Theorem |3.14
implies that every eigenvalue \(z) of V() satisfy A(z) > r(x). This, in
turn, is equivalent to the condition (V(m)f,{’) > k(x)|€]?, for all £ € R™.
However, the assumption in Theorem |3.14]is more general than this,
since it is satisfied for some antisymmetric potentials as in Example [3.3]
ie.,
Viz)=V(z) = ( 0 |$|r) r € R?
_|$‘r 0 ) )
where 7 € [1,2). Indeed, in this case we have |V (x)&] = (1 + |z]")|€], so
that we can choose k(x) = 1+ |z|" for all z € R%. On the other hand,
we have (V(2)€,€) =0 for all z € R and ¢ € R?,
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3.5. Application to complex potential

Let us consider the following scalar Schrodinger operator, with complex
potential,
AQ — (U + ZU)),
where v, w : R — R be measurable real-valued functions. The corresponding
matrix Schrodinger operator to the above complex operator is the following

v —w
Ag— (w ; )
Let us denote

~ v —w 0 —1
V.:(w U>:7J12+w(1 O).:vlg+\/.

We thus conclude, by results of Chapte that Ag — (v +iw) generates a strongly
continuous semigroup of contraction in LP(R¢, C), under the conditions v, w are
locally bounded and v > 0. Furthermore, if

V()]
z€RY U('T)
(3.5.1) sup Nwi@)] < 00,
were [W0(2)]
for some a € [0,1/2), thus we conclude by the result of this chapter that the
domain in LP(R% C), 1 < p < o0, of Ag — (v + iw) is given by
{f e W*(RY,C) : (v+iw)f € LP(R%, C)},
and it holds the inequality

[ fll2p + [[(v + iw) fllp < M[fllp + [[(Ag — (v +iw)) fl,),

for some constant M > 1.

and

In addition to (3.5.1)), if we assume that inf(v, |w|) blows up when |z| — 0.
Thus, by Remark Ag — (v +iw) has a compact resolvent and then discrete
spectrum consisting of eigenvalues only.

The equivalent to the analyticity condition (2.7.1]) for complex potentials is
the following: There exists C' > 0 such that
v(x) > Clw(x)|, Vo € R

We end this chapter by an example where we take Ag = A be the Laplacian
operator and V' with polynomial entries.

Examples 3.16. The condition ([2.7.1)) is satisfied for symmetric potential ma-
trices but never for antisymmetric ones. Moreover, it has been proved in Exam-
ple that the semigroup generated by A, with the antisymmetric potential
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V(z) = <2 —Ox> is not analytic. However, we find analyticity when perturbing

V by (1+ |z|")]5, for some 7 > 1. Indeed, consider V : R — R?*? given by
ooy (A e) e N (0 ) .
Vi(z) = < X 1+z)) " \z 0 (L + |z|") L2,

where r > 1. Let us show that V verify ([2.7.1). Let £ = (f ) € C2. One has

&
(V(2)€,8c2 = (1+[2")(&] + &) + 2(6& — &&).
Then
Re (V(2)€,&) = (1+ |2]") (& + &)
and
Im (V(2)¢,€) = 2(6& — &1&).

Moreover, one has
I (V(2)¢, )| < 2fol[€a6] < (1 + 12l )(E + &) = Re (V(@)€, ).
Hence holds for V.

Furthermore, conditions of Remark are satisfied and thus we have compact
resolvent.







CHAPTER 4

Ultracontractivity, kernel estimates and spectrum

After associating a semigroup to the matrix Schrodinger operator in Chapter
and given explicitly its domain in Chapter [3] Now, in this chapter, we want to
establish, under the hypotheses of Chapter [3| (which include the ones of Chapter
2)), at first the ultracontractivity property for the matrix Schrédinger semigroup.
The ultracontractivity is a strong regularity property for semigroups. For analytic
semigroups with LP-domain, 1 < p < oo, contained in the Sobolev space W??,
this leads to a maximal regularity as Theorem shows.

Another crucial consequence of ultracontractivity is that the semigroup will
be given by an integral kernel. For matrix Schrédinger operators we are talking
about matrix kernel:

T(0)f(@) = [ K(to)iy, >0 0 R

where the product K(t,z,y)f(y) should be understood as matrix—vector product;
K(t,-,-) is the matrix kernel and f € LP(R? R™), for some p € [1, c0).

The matrix kernel is bounded in space variables by the Dunford—Pettis theorem;
and is firstly estimated by COt~1. Considering the twisted semigroup T} ,(t) =
e NT(t)(eM:), we get a Gaussian upper estimates for all entries of the kernel
K(t,--):

[z —yl?
4t

The above estimate becomes, for y = x, k;;(t, z,z) < Ct~%. This is not an optimal
bound for semigroups of Hilbert-Schmidt, for which the trace in L?(R¢,R™) is
finite, which corresponds with integrability of x — k(t, x,z) over R%. Actually,
for every t > 0, the trace of T'(t) is given by

tr(T(t)) = /R d Z ki (t, ¢, ) d.

It is then necessary to look for another way to estimate k;; (¢, x,x). We first show
that, for each ¢ € {1,...,m}, k;;(¢,-,-) is nothing but the heat kernel associated
to scalar Schrodinger operator with potential the i-th diagonal component of
V. Hence, we obtain upper and lower estimates for k;, i € {1,...,m}, from
the literature of kernel estimates in the scalar case. We remind that for scalar

ki (t, 2, y)| < Ct % exp{—7 y, Vije{l,...,m}.

63
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Schrodinger semigroup, kernel estimates are widely studied, we refer to [45], [49),
48, [56), [61]. Estimates of the off-diagonal kernels k;;, i # j are also obtained in
different ways.

After establishing suitable estimates of the trace of the semigroup which will
be the sum of its eigenvalues, we apply a Tauberian theorem due to Karamata to
obtain asymptotic behaviour of eigenvalues of the matrix Schrodinger operator.

We consider the realization A, in LP(R?, R™) of A defined in Chapter . We
still denote by {7,(t) : t > 0} its associated semigroup. We assume that the
diffusion matrix is of Lipschitz entries and the potential matrix denoted by V' to
be split into the sum of a 'principal part’ V' that satisfies and a diagonal
part vl,, with v > 0 and satisfies . Likewise, as showed in Chapter
D(A,) = W?P(R? R™) N D(V,) and thus the maximal inequality of type
is satisfied for every 1 < p < oo.

Actually any locally bounded potential matrix V' satisfying (2.1.2)) and (3.2.2) is
allowed.

We divide this chapter into five sections, in the first one we established
ultracontractivity and existence of the kernel, then in Section .2 we give a result
of regularity for the Schrodinger semigroup. In Section [£.3] we prove Gaussian
upper estimates for the kernel entries and then in Section [4.4] we investigate
further upper kernel estimates. Finally, Section is devoted to the asymptotic
distribution of the eigenvalues.

4.1. Ultracontractivity

In this subsection we will establish ultracontractivity property of the semigroup
{T,(t) : t > 0}. As a consequence, the semigroup is given by an integral matrix
kernel. Since for 1 < p < oo the semigroups {7,(t) : ¢ > 0} are consistent, we
drop the index p and merely write {T'(¢) : ¢ > 0} for our semigroup. In what
follows, we denote by {Ty(¢) : t > 0} the scalar semigroup on LP(R?) generated
by the scalar operator Ag = div(QV-), defined on W2P(R?). We start by the
following technical lemma which gives a pointwise domination of {7(t) : ¢t > 0}.

Lemma 4.1. We have the following semigroup domination
(4.1.1) IT(t)fI* < To(®)| I, t>0,
for all f € C*(RYR™).
PROOF. Let f € C®(R%R™) be given. Let us also fix p € (1,00). We set
u(t,-) =T(t)f, fort > 0. One has f € D(A,) which is continuously embedded into

W24(R% R™), according to (3.2.2). Thus u belongs to C([0, 00); W24(R4 R™)) N
C1([0, 00); LY(R%; R™)) for every q € [1,00). It thus follows that the scalar function
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lu|? belongs to C([0,00); W2P(R?)). Since u solves the system of coupled partial
differential equations dyu = (div(QVug) — ug) — Vu, we get

1 m
SOul* = (O, u) = | div(QVur)ux — |uf* — (Vu, )

d m d

= Z 9i(qijurOjuy) — Z Z i 05 urOiuy, — 2Jul®
k=1 i,j=1 k=1 ij=1
L
<3 > 0ilgi05lul*) — 2ful?
3,j=1
1
< ~Aglul?
< 58qlYl

Thus, the function v := dul? — Aglul|* belongs to C([0,00); LP(R?)) and is
nonpositive. Fix ¢ > 0 and set w(s,-) = To(t — s)|ul?(s, ) for every s € [0,]. As
is immediately seen,

Osw(s, ) = = To(t — s)Aqlul*(s, ) + To(t — 5)0s|ul*(s, )
=To(t — 5)(Oslul(s, ) — Aglul*(s, )
=To(t — s)u(s,-) <0,
since the semigroup {7y(t)} preserves positivity (see, [54] Corollary 4.3]). Hence,
w(t, ) < w(0,-), which is exactly (4.1.1)). O

We can now establish ultracontractivity of the semigroup.

Theorem 4.2. There there exists M > 0 such that
_d m
(4.1.2) 1T(t) flloo < Mt™2| fI1, fe L'(RLR™).
Consequently, for every t > 0, there exists a matriz kernel K(t,-,-) € L>°(R? x
R R™ ™) such that
(4.13)  (T@O)f)(x)= | K(t,z,y)f(y)dy, zeRY, fe LP(RGR™).
Rd

Moreover, fort > 0, T(t) is positive if, and only if, k;;(t,xz,y) > 0 for almost
every x,y € R,

PROOF. Let us first prove Estimate (4.1.2). We fix f € C®(R?% R™) and show
that

(4.1.4) IT(6) flloo < ME5|fll2, ¢ >0



66 4. ULTRACONTRACTIVITY, KERNEL ESTIMATES AND SPECTRUM

Throughout the proof M is a constant, independent of f and ¢, which may
vary from line to line. Using (4.1.1)) and the ultracontractivity of the semigroup
{To(t) : t > 0} we get
_d _d
1T f1Z% < ITo@O1f Pl < ME2[|fP]l = M= £]3

for t > 0. Taking square roots, this shows (4.1.4). Next, we prove the L'-L?
estimate

(4.1.5) 1T flla < ME5||f]l,,  t>0.

To that end, note that the adjoint VV* also satisfies the same hypotheses as V.
Hence, (4.1.1)) and then (4.1.4) hold true also for {7%(¢) : t > 0}. Consequently,

[T@) flla = sup (T(t)f, )22 = sup (f,T7(t)p)2

lloll2=1 lloll2=1
. _d
< IISﬁlpl T () pllsoll flls < ME™4|| fll1
pll2=

and - ) thus follows. By the semigroup law, Estimates ) and - we
obtain
_d _d
1) flloo = T#/2)T(t/2) flloo < Mt™1||T(t/2) fll2 < Mt | f|n

for every ¢ > 0. Finally, by density of C>°(R% R™) in L*(R% R™), we can easily
complete the proof of (4.1.2)).

We next establish the existence of matrix kernel. We fix ¢ > 0, f = (f1,..., fm)
and denote the canonical basis of R™ by {e;}1<j<m. Then, we have

m

(t)f = ZT (fiei) = Z(T(t)(fjej)aei>ei-

3,7=1

Fori,j € {1,...,m} and u € L'(R?), let T} ;(t)u = (T'(t)(ue;), e;). Using (4.1.2)),

we obtain
_d _d
1T ulloo = [IKT(t)(ues), € lloo < IT(E)(ues)|loo < Mt 2 [luejlly = Mt™2||ulf;.

Thus, T;;(t) maps L'(R?) into L>°(R?) continuously. We thus conclude by the
Dunford-Pettis theorem, see [4, Theorem 1.3], the existence of a kernel k; ;(¢,-,-) €
L>*(R4 x R?) such that

(Tig()le) = [ Ity
for all z € R?. Setting K'(t,-,-) := (ky(t,-,-)){%_, the matrix whose entries be
kij, 1 <i,j5 < m, we conclude that K(¢,-,-) € L*(R% x RY, R™*™) and

= S byt o) fy(w)eudy = [ Kty

2,7=1
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for all f € LP(R%;R™).

For the positivity, one can deduce from (4.1.3) that if all entries of the

kernel matrix are nonnegative, T'(¢) is then positive. Conversely, let ¢ > 0,
i,j € {1,...,m} B be any bounded measurable set of R?. Then

T(t) 2 0= (T'(t)(xpei), €;) = 0

As B was arbitrary chosen, it thus follow k;;(t, z,y) > 0 for almost every z,y €
R4, O

4.2. Maximal regularity

The ultracontracitivity property is a crucial result, since it implies that the
solution u(t,-) = T(t)f, for an initial datum f € L'(R¢,R™), belongs to all LP-
spaces, in particular, to L>(R¢,R™), that is the solution is bounded. When the
semigroup {7'(t) : t > 0} is analytic and since the domain of A, is (continuously)
embedded in W2P(R? R™), one gets more regularity for u thanks to the Sobolev
imbedding. The result is formulated as follow

Theorem 4.3. Assume that V satisfies [2.7.1)). Let p € (1,00) and t > 0 Then,
for all f € LP(RGR™), the function u(t,-) :=T(t)f belongs to C{ (R4 R™) for
every a € (0,1).

ProoOF. Fixt >0, a € (0,1). Let us prove the claim for p € (1,00). Let k be
the smallest integer such that p~! — 2kd=! < 0. By repeatedly applying of the
Sobolev embedding theorem, see [24] Section 5.6, we get the assertion. Indeed,
since T(t/(k +1))f € D(4,) — W?P(R? R™) and W?P(R?, R™) — LP1(R? R™),
where p;' = p~t — 2d~!, we conclude that T(t/(k +1))f € LP1(R, R™). Tt thus
follows that

TRt/(k+1)f=Tt/(k+1))T(t/(k+1))f € WH1(R? R™).

Arguing as above, gives T'(2t/(k + 1)) f € LP2(R? R™) where p,' = p~! — 4d~*.
Iterating this argument we find that T(kt/(k + 1))f € W2Px(RY R™), where
pit = pt — 2kd™!, so that T'(kt/(k + 1))f € LR R™) for any q € [p,00).
Hence, T(t)f € W>4(R%R™) and choosing ¢ > (1 — a)~'d we conclude that
T(t)f € C'(REGR™).

For the case p = 1, the ultracontractivity of {T'(t) : ¢ > 0} implies, for
f e LYRYER™), g = T(t/2)f € LP(RLER™) for all p > 1. Thus splitting
Tt f=T(t/2)T(t/2)f =T(t/2)g. Applying the machinery of above for g instead
of f and T'(t/2) instead of T'(t) f, the claim follows. O
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4.3. Gaussian Kernel estimates
In this section we give a Gaussian upper bound estimate for {T'(¢) : t > 0}4>o.
For the proof, we follow the strategy of [34] section 4].
Theorem 4.4. There exist nonnegative constants Cy and Cy such that

|z —y|?
},

(4.3.1) |kis (t, 2, y)| < Cit ™2 exp{—Cs o

foralli,j € {1,...,m} and x,y € R%.
PROOF. Let A € R and ¢ € J := {¢ € C°(R?) : ||[VY|lw < 1}. Define the
twisted semigroup {T),(t) : t > 0} by

Do (t)f = e ¥T(1) (¥ f),

for all 1 < p < oo, f € LP(RY,R™). {T),(t) : t > 0} has the following kernel
representation

(4.3.2) Tao(t)f = | e @O COIK(t z y)f(y)dy.
Rd

Obviuosely {T),(t) : t > 0} is a strongly continuous semigroup in L?(R¢, R™).
Let us denote by A, , its generator. A straightforward calculation yields

Aol = Dof +2MQVp, V) + (=V + Mgy + N|Velo) f.
and
arne(f) = (=Axef, [l re@apm) = = (A TV AV F) 2 =(Baef, f) = e (f)-
for every f € C>°(R?, R™). Where the operator By, is defined on C°(R?%, R™) by
Brof = Dof +2MQVe, V) + Mgy + X[Velg) f

Note that (V, V f) is the vector valued function whose components are (V, V f;).
By integrating by parts,

holf) = [ (Q@VI@. VS@)dr =22 [ (Q)Vilo), V@) fila)de

- [ i@V a) + XIVpla)y )i

- [ Q@@ )= ¥ [ (Q@)Te(o). Vo)l (o)
> |91 - A7 11

If we set w = mpA\? then
areo(f) = Wl fI15 = bap(f) = wllf12 = mlIV£]5:



4.3. GAUSSIAN KERNEL ESTIMATES 69

Now, consider v(t) = [Ty ,(t)||, * for all ¢ > 0. One has

d 2
V() = (e T (0F13)
:——Wﬂﬂxxwﬂg?%uuw—wﬁf>
2 _4_
> S e T (Ol IV (e B (O]

Applying Nash’s inequality, see [17, Theorem 2.4.6], one obtains

/ 27] —w 7%
V() = Zh e T (O f

Now, remarking that B), — w is actually an elliptic operator with bounded
coefficients which does not represent any coupling and since its associated form
is accretive, we conclude by [54, Chapter 4] that its associated semigroup say
{e=wtetBre 1t > 0} is contractive in all LP-spaces, in particular in L'(R? R™).
Moreover, one has Ay, = By, — V and |e7"V| < 1. Applying Trotter-Kato
product formula we deduce that {e T, ,(¢) : t > 0} is LP-contractive, for every
p > 1 and Fatou’s lemma yields

ITae () flln < e f]]1-
It thus follows

t
> [ t
o0 = [ s> T2l
Therefore,

27]1 t,— 94
4.3. T, et
(4.3.3) I fllz < 57 gl
Since V* verifies the same hypotheses as V', one can reproduce the same for
T3, (t) = T (1) (e)
and obtain

75,0l < et 2 1
On the other hand, one has
o @)@ da| = 1T5(0)f.9)22

= |(f, T3, (t)g) 2|
< 17X ()gll2ll fll2llgll

2 o, d
< wt 1
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for every g € C®(R%R™). Therefore, g — [oa(Sreo(t)f(2),g(x))dz can be
extended to a bounded linear form over L!'(R? R™) which has L>(R? R™) as a
dual space. Thus, Ty ,(t)f € L>®(R? R™) and

20 o,
(4.3.4) I lloo < Z 56"t 11 fl2

Combining (4.3.3) and (4.3.4) one obtains Ty ,(t)f € L>*(RYR™) for every
f e L{(RY R™) and

2 a
[T () flloe = [Trp(t/2)Tap(8/2) flloo < d—ygewt/g(tﬂ)_zIITW(t/2)f||z

d
< Cre"t 2| fh,

with Cy = 2¢(21)2, Tt thus follow that the twisted semigroup is ultracontractive

with || - ||1eo—norm less than or equal to Che®'t=%. Taking into account (4.3.2)
one gets

ki (t, 2, y)] < Cit ™2 exp{mA2t + Mp(x) — o(y))}.
o(y) — plx)

Choosing A =
oosing ot

, we get

lp(z) — oY)

_d
|kij(t, 7, y)| < C1t2 exp{— It

}.
If we define the distance § on R? by
o(z,y) =sup{y(z) —¥(y) ;v € T},  a,y € R

It is well-known that & is equivalent to the euclidean distance in R?. Finally, there
exists C'y > 0 such that

|z —y|?

ki (£, 2, )| < Oyt~ % exp{—Cs o

4.4. Further kernel estimates

We assume that V' = (v;)1<i j<m + 01, Where (v5)1<; j<m satisfies Hypotheses
and v to be as in Section . We denote by d;; := v;;+v, foreachi € {1,...,m}.

Let us denote by {T™(t) : t > 0} the adjoint semigroup of {T'(¢) : t > 0} in
L*(R? R™). We start by given the matrix kernel associated to {T*(¢) : t > 0}

Proposition 4.5. Let g € L?(R% R™) and t > 0. Then,

(4.4.1) T)*(t)g(x)= [ K*(t, z,x)g(2)dz, Vo € R

R4
In particular, if V is a symmetric, then K(t,y,z) = K*(t,z,y) and k;;(t,y,x) =
kji(t,x,y), for every z,y € R and i,j € {1,...,m}.
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PROOF. Let f,g € L*(R%,R™). By Fubini’s theorem one obtains

TOF geam = [ TOF@).glw))ds

/Rd/Rd (&, 2,9)f (), 9(x))dyd
/ /K*tfvy x)d)dy

Hence, T%( = Joa K*(t,2,2)g(2)dz. Moreover, if V is symmetric, thus
{T(t):t> 0} Wlll be a self—adjomt semigroup in L?(R%, R™). Hence, by uniqueness
of the kernel K (t,y,7) = K*(t,z,y), for almost every x,y € R O

Proposition 4.6. For each i € {1,...,m}, ky(t,-,-), the i—th diagonal entry
of the matriz kernel K(t,-,-), represents the heat kernel associated to the scalar
Schridinger operator A; = Ag — dii. Moreover, if we denote by ky(t,-,-) the
kernel of Ag — v, one gets

(4.4.2) 0 < ki(t,2,y) < ko(t, @, y),

for evey t > 0 and almost every x,y € R
PRrROOF. Let i € {1,...,m} and ¢t > 0. Define T};(t)f = (T'(t)(fe;), e;), for all

f € L*(RY). One can check easily that {T}(¢) : ¢ > 0} is a strongly continuous
semigroup in L?(R?). Moreover, one has

1)) = [ Kalt) )y

for all f € L?(R?) and all x € R%. Now, let us compute the infinitesimal generator
of {Ty(t) : t > 0}. Let f € L*(RY) and ¢ > 0. One has

%{Tii(t)f — [} =IO (fe),e) = f}

T@)(fe:) — fei
Hence, f € D(A;) if, and only if, fe; € D(A) and
Aif = (A(fei), ei) = Aqf — (vi +v) f.

In particular, k;;(+, -, -) is the kernel of A;;. According to Proposition , one has

vy > 0, thus —d; < —v, then, by application of Trotter—Kato product formula,
we get the following pointwise semigroup comparison

T f| < TB)S], V€ LR,
This implies immediately (4.4.2)). O

S

Here we give another proposition, holding in the symmetric case, which yields
the domination of the off-diagonal entries of the matrix kernel by the diagonal one
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Proposition 4.7. Assume that V' is symmetric. Lett > 0 andi # j € {1,...,m}.
One has
(4.4.3)

|k5ij(tam7y) + kij(tayax)l < 2\/kii(t>xay)kjj(tvxvy) < kii(t7xvy) + kjj(thvy)7

for almost every x,y € R%. In particular,

1
(444) ‘k’” (t, xZ, .27)‘ S \/k“(t, xZ, l')kjj(t, xZ, I’) S §{kn(t, Z, iL‘) + kjj (t, x, .fl?)},
for almost every x € RY.

PROOF. let € € R? ¢t > 0 and B any bounded subset of R?. Consider
f = x5& € LA(R% R™). Since V is symmetric, then T'(t) is self-adjoint. Hence,
(T)f, fyr2megmy = |T(t/2)f]|3 > 0. Thus,

0< /Rd<T(t)f(x)af(x))dx = /]Rd /Rd<K(t,x,y)ﬁ,{)xlg(x)xg(y)dxdy
- [ Ky

Thanks to the arbitrariness of B, one obtains (K (¢, z,y)&, &) > 0, for almost every
x,y € R?. Taking into the account Proposition , one obtains

kij(t, e, y) + kit z,y)| < 24/ kit x,y)\/ kit z,y),

for almost every x,y € R%. Now, (4.4.3)) and (4.4.4]) follow taking into the account
Proposition [4.5] O

As a consequence of Proposition [4.6] one obtains the following kernel estimates

Proposition 4.8. Assume that v(z) = |z|%, for some a > 2. Then, for all
ie{l,...,m}, one has
(4.4.5) Kialt, 2, y) < Ce e (|2 (|y),

for large x and y in RY and all t > 0. Where vy, ¢ and C are some positive
constants and

exp (—%R”%>

¢(R) = )

d—1
Rit%

for every R > 0. Here b > 3—3 and 0 > 0 is properly chosen. Moreover, if

v > 0 for all k #1 € {1,...,m}, then (4.4.5)) holds true also for k;; for all
i,j€{1,...,m}.

PROOF. Estimate (4.4.2)) together with [56, Theorem 2.7] yield (4.4.5). Note
that the constant 6 is such that 0n, < 1, where 7, is the constant appearing in

(2.1.1). Moreover, if vy, > 0 for all k # [ € {1,...,m}, thus by Theorem



4.5. ASYMPTOTIC DISTRIBUTION OF EIGENVALUES OF A 73

kij(t,z,y) > 0, for every ¢ > 0 and z,y € R% Due to (4.4.3), it thus follow the
estimate (4.4.5)) for k;; as well. O

5. Asymptotic distribution of eigenvalues of A

In this section, we assume the following:

Hypotheses 4.9. V is symmetric and v(z) = |z|% for some a > 1 and all
x € R% Moreover, suppose that v;;(z) = o(v(z)), when |z| goes to infinity, for all

ie{l,...,m}.

Let {\, : n € N} be the eigenvalues of —A and {V,, : n € N} the orthonormal
basis of L?(R4, R™) constituted from the eigenvectors of —A: AV, = —\,¥,. In
the following proposition we compute the trace of {T'(t) : ¢ > 0} in two different
ways

Proposition 4.10. For alli,j € {1,...,m}, one has

(4.5.1) kij(t,x,y) Ze_)‘"tllf D ()T (y),

neN

for all z,y € R andt > 0. Here V1 (x) is the i-th component of the vector U, (x).
In particular,

4.5.2 ii(t, z, z)der = Ant vt > 0.
( ) /Rdz x,x)dr = Z

neN

PROOF. Let f € LR, R™). Thus f = » (f, ¥,)72¥,. Then, by linearity

neN
and continuity of T'(t), one gets

(OF =Y W) 2Ty = (f, W) e 0,

neN neN

for every ¢t > 0. Hence,

IO =3 e [ 30 v @)¥ @) dy

for each i € {1,...,m}. Therefore, for every ¢ € C®(R?),

/Rd kij(t,z,y)e(y)dy =< T(t)(pe;) (), €;)
N /Rd D e D () (@) (y) dy,
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for all t > 0, x € RY and 4,5 € {1,...,m}. From which we deduce (4.5.1]).
Moreover,

kii(t,x,x)dx :/ e_)‘"t\I/g) z)¥dx
> [t B> (@)
=> e [ |U(2)) da
Rd

neN

= E e At

neN

O

Let us now introduce the measure v defined over R* by v(X) = [{n: A\, € X}|.
Define, for A > 0, N (\) = [0, A] which corresponds to the number of eigenvalues
A, that are less or equal than A. Let us denote by 4 the Laplace transform of :

()= [ ) = e
R neN
for all ¢ > 0. According to (4.5.2)), one has

A(t) = e Ant :/ kii(t,z,x)dx.
=3 [ > ltra)

neN

We are looking for the asymptotic behavior (A — 0o) of A'()). This is related to
the behavior near 0 of i by the famous Tauberian (Karamata’s) theorem, see [62],
Theorem 10.3]. One has the following

Theorem 4.11. Assume that Hypotheses[4.9 hold and Q) = 1. Then,
NA) — 1dmuwg ['(d/a)

453 - .
(453) Ao NGD  a (4m)d TG+ 1)+ 1)

PRrROOF. Taking into account Proposition and by [49, Example 2.6], for
each 7 < 1, one hass

—tT

|| d 1 — 7)2
kii(t, o, x) < ¢ — + T % C(dz exp (—QMP) ,
(4mt)z (1 —7)d2 4t

for each i € {1,...,m} and every t > 0 and € RY. Where C(d) is a constant
depending only on d and wy = |Sy| the volume of the unit sphere of R%.
Integrating over R? and using suitable change of variables, one gets

1 e g d
/ kii(t, z,x)dx < d—/ e T Il dx—{—LC(d)ecft/ exp(—(1—7)?|z|*)dz.
R4 2 R4

tita Jpa (1— T)dﬂ'g
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Hence, by letting 7 tends to 1,

N a_a “ m _ @ mwd
4.5.4 hmsupthri / kii(t,x, x)dx < / e 17 dy = r—).
( ) ; R? ( ) (47?)% R (47T)g Q (a)

t—0

On the other hand, according to Hypotheses 4.9 one has d;(z) = ||* + o(|x|*).
Hence, for every € > 0, there exists C. > 0 such that

dii(z) < (1+¢)|z|* + C:
for all € R?. Therefore,
ku(t’ x, J:) Z eicstks,a(tv x, QJ),

where k., is the kernel associated to A — (1 — ¢)|z|*. Now, arguing as in [17]
Lemma 4.5.9], one obtains

keo(t,z,x) > exp((1 —e)(1 + |z|)“t)ka(t, x, x),

where ka is the heat kernel associated to the Dirichlet Laplacian on the ball
B(x,1), of center z and radius 1, of R%. The Kac’s principle yields

ka(t,z,z) > (1 —emi) = (t),

for every 0 < t < i. Thus,
kia(t, ) > e”“y(t) exp((1 — ) (1 + [2])*t),

for every 0 <t < 55, z € R?and i € {1,...,m}. Now, fix t € (0, 5;) and € > 0.

Integrating over x and summing over ¢, one gets

/Rd Z kii(t,z, x)dx > me “=ty(t) /Rd exp((1 —e)(1 + |z])*t)dx

=me “ly(t) wy exp((1 —&)(1 +r)*t)r?tdr.
0

Using the change of variable p = t'/%(1 + r), it follows that

m 1 ~ )
/Rd Z k?u(t7 x, {L‘)dx >m G_CEt,y(t)t_iwd /1 6—(1—8)p (p o té)d—ldp
=1 o to

1 o o
> me’cft’y(t)t—iwd /1 e (=% pa=1q,
« ta

mwqg _co, 1 1 / d—1_—(1—g)p™
= e b= 1—e % e P dp.
(47r)g t%”L%( ) ¢ g g

Q=
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Hence, for every € > 0,

hmmftd +3) / Zk“ (t,z,z)dx > & / pi e (190" g,
R % (4w )’ 0
Thus, by letting € tends to O one gets
hmmftd( +a )/ kii(t, x, x)dx >
» Z 7 )
which leads together with (| and - ) to

lim 4G +3) e At = MF —).

QIQ.

Now, the claim follows applying [62], Theorem 10.3].



APPENDIX A

Semigroup theory

This appendix will cover the theory of semigroups and homogeneous linear
evolution equation. All the result of this appendix are given without proofs, for
more details we refer to [23], the book from which are taken most of content of
this appendix. We start first by some notions of operator theory

A.1. Operator theory

Throughout X is a Banach space over K = R,C. X is endowed by a norm
| - |lx which will be denoted easily || - ||. Let A be a linear operator acting on a
subspace D(A) of X, called domain of A. We define || - [|4 : D(A) — R™ given by

]l = =]l + [[Az]]
The above norm is called graph norm of A. We now state some definitions

Definition A.1. Let A: D(A) C X — X be a linear operator. We adopt the
following terminology

e A is called densely defined if D(A) is dense in X.
e A is called bounded if A is densely defined and there exist L > 0 such

that

Az < Ljz.  VreX.
In this case D(A) = X and the graph norm || - || 4 is equivalent to the
space norm || - || and

|Al| :=1inf{L > 0: ||Az| < L||z||, Vze X}
is called norm of the operator A.
o Ais called closed if D(A) endowed with || - |4 is a Banach space.
We state the graph theorem

Theorem A.2. [12] Théoreme I1.7] Let (A, D(A)) be such that D(A) = X. Then,
A is closed if, and only if, A is bounded.

We now define the resolvent set of an operator A by
p(A) :={\N€C: \— A isinvertible and (A — A)~' € L(X)}
7
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For every A € p(A), we denote R(\, A) := (A — A)~!. The application R(-, A) :
p(A) — L(X) is called resolvent of A. The spectrum of A is 0(A) := C\p(A).
The punctual spectrum o,(A) constitutes of eigenvalues of A.

op(A) ={A € C: A — A s not injective}.

In other words, A € 0,(A) if, and only if, there exists x # 0 such that Az = A\x.
Now we give some properties related to the resolvent set and spectrum of a linear
operator.

Proposition A.3. Let A,D(A) C X — X.
o [f A is bounded then o(A) is a bounded subset of C. Indeed, o(A) C
B0, [[Al) :=={r € C: Al < A}
o If p(A) #0, then A is closed.

e p(A) is an open subset of C.
e One has the following resolvent equation

(A.L1)  R(M\A) = R(p, A) = (p— NR(N A)R(p, A), VA € p(A).
e The resolvent application R(-, A) : p(A) — L(X) is holomorphic.

Closable operators, Core of an operator. The closedness of an operator
depends upon the ’chosen’ domain. Here we introduce extension and restriction
of operators

Definition A.4. Let A: D(A) C X — X and B : D(B) C X — X be two
operators. Then, B is said to be an extension of A if D(A) C D(A) and Bx = Az,
for all z € D(A). We also say that A is the restriction of B on D(A).

Now, we define closure of operators and core of an operator

Definition A.5. Let A: D(A) C X — X be an operator. Then,

e (A,D(A)) is said to be closable if it admits a closed extension (B, D(B)).
o If (A, D(A)) is closed then, the closure of A denoted by (A, D(A)) is the
smallest closed extension of A.

e C'C D(A) is called core of (A, D(A)) if C' is dense in (D(A), | - |la)-
Accretive and m-accrtive operators. We start by a definition

Definition A.6. Let A: D(A) C X — X be an operator.

e A is said to be accretive if, and only if,
A+ A)ull = Affull,

for all u € D(A) and A > 0.
e A is said to be m-accretive (maximal accretive) if it is accretive and there
exists Ao > 0 such that (A\g+ A)D(A) = X.
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e A is dissipative (resp. m-dissipative) if —A is accretive (resp. —A is
m-accretive)

In order to characterize accretive operators, we first define the so-called duality
map

Definition A.7. Let X be a Banach space and X* its dual space. Assume that
X* is a uniformly convex Banach space. Let, for every x € X, F(x) be the unique
element of X* satisfying

(@, F(2)x.x = |zl = |F(2)]

The map F': X — X* is called duality map. In the case where X is a Hilbert
space, then X* = X and F(z) =z, for all x € X.

2
X*-

Now we are able to give a characterization of accretive operators

Proposition A.8. Let A: D(A) C X — X. A is accretive if and only if
<A$, F(LL’)>X7)(* >0, Vx € D(A)

In particular, if X is a Hilbert space then, A is accretive if and only if (Az,z) > 0,
for all x € D(A).

Compact operators. In the infinite dimensional case dim(X') = oo, bounded
(continuous) operators are not necessarily compact.

Definition A.9. Let T : X — Y be a bounded linear operator, where Y is a
Banach space. T is said to be compact if, and only if, T'(B) is relatively compact
on Y, for every bounded subset B of X.

We denote by K(X,Y) the set of all compact operators.

K(X,Y) is a subspace of L(X,Y) and also ideal of it. Indeed, if T' € L(X,Y)
and L € L(Y) (resp. L € L(X)), then LT € K(X,Y) (resp. TL € K(X,Y)).
Moreover, K(X,Y) is a closed subspace K(X,Y).

We now introduce the notion of compact resolvent

Definition A.10. Let (A, D(A)) be a closed operator such that p(A4) # (). A has
a compact resolvent if, and only if, R(\, A) is a compact operator for every\some
A€ p(A).

The equivalence between compactness of the resolvent for all A € p(A) and
for only some (at least one) A € p(A) is due to the resolvent equation (A.1.1]).
Here we state a characterization of compactness of the resolvent

Proposition A.11. Let (A, D(A)) be a closed operator such that p(A) # 0. The
following are equivalent

e A has a compact resolvent,
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e D(A) is compactly embedded in X, i.e., the embedding\injection i :
(D(A), || - la) = (X, || - [|a is compact.

We end this section with a very powerful result which yields the spectrum of
compact operators

Theorem A.12. [12] Théoreme VI.8] Let T' € L(X) be a compact operator.
Then, the spectrum of T is either finite or countable discrete and accumulates at
0. Moreover, the spectrum contains eigenvalues only and 0 € o(A)\o,(A).

A.2. Strongly continuous semigroups

We give the background about semigroups of bounded operators acting on
Banach spaces. We start by the definition of a semigroup

Definition A.13. Let {T'(¢) : ¢ > 0} be a family of linear bounded operators
acting on X, i.e., T(t) € L(X), for every t > 0. {T'(¢) : t > 0} is called semigroup
if, and only if,

i) T(0) = I, where I is the identity operator.
i) T(t+s) =T(t) o T(s), for every t,s > 0.

Moreover, if
ImT(t)r = x, Ve e X.

t—0

Then, {T'(t) : t > 0} is called strongly continuous semigroup or shortly Co-
semigroup.

Strongly continuous semigroups have at most exponential growth of order 1.

That is

Proposition A.14. Let T = {T(t) : t > 0} be a strongly continuous semigroup.
Then, there exist M > 1 and w € R such that

(A.2.1) 1T < Me*?,
for every t > 0. Consider
wo(T) :=inf{w € R : supe “*||T(¢)|| < oo}.
>0
wo(T) s called type of the semigroup T .
When w = 0 in (A.2.1)), the semiroup T is then called contractive semigroup or

semigroup of contraction.

Now, we define the generator of a semigroup
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Definition A.15. Let 7 = {T'(t) : t > 0} be a strongly continuous semigroup.
The infinitesimal generator (A, D(A)) of {T'(t) : t > 0} is defined in this way
T(t)r —
Axr = limw, Vr € X.

t—0
defined on the domain

T(t)r —
D(A) ={r e X: hm# exists in X }.

t—0

From now on 7 = {T'(t) : t > 0} is a strongly continuous semigroup and
(A, D(A)) its generator. We endow D(A) with the graph norm || - [|4 : z —
|z|| + ||Az|| and let (M, w) be such that (A.2.1) is satisfied.

Proposition A.16. One has the following properties

a) D(A) is dense in X,
b) A is closed,
c) CH:={AeC:ReA>w} Cp(A) and

IRA AN < g5 YAECE
d)
(A.2.2) RO\A)f = /0 N e MT(t)fdt, VYAeCl feX.
¢)
(A.2.3) Tt)f = nhjgo[%fz(%, Al'f, Vt>0,feX.

Here we state further properties
Proposition A.17. One has the following
a) T(t)D(A) C D(A), for everyt >0 and
AT (t)x = T(t)Ax, Vo € D(A).
b) For every v € X, t — T(t)x is continuously differentiable and
%T(t):z: = AT (t)x.
c) For every x € D(A) and t > 0, one has

Tt)r —x = /Ot AT (s)z ds.
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d) If f € D(A). Then, u(-) = T(:)f is the unique strong solution of the
evolution equation

W(t) = (Au)(t), t>0
(A.2.4) {u W=t

Lummer-Phillips theorem. The Lumer-phillips theorem characterizes gen-
erators of strongly continuous semigroups. Cy-semigroups appear naturally as
solutions of evolution equations of the form (A.2.4). So in order to solve such an
equation one needs to show that the operator say A generates strongly continuous
semigroup. We now state Lumer-Phillips theorem

Theorem A.18. |23 Chap II, Theorem 3.8] Let M > 1, w € R and A: D(A) C
X — X. The following are equivalent

o (A, D(A)) generates a strongly continuous semigroup T = {T'(t) : t > 0}
satisfying

IT@)] < M, vt >0.

e A: D(A) C X — X is closed, densely defined such that (w,o0) C p(A)
and

M

IR AT <

Vn e N, € (w, 00).

As a consequence of this theorem, one has

Corollary A.19. Assume that (A, D(A)) is a densely defined m-dissipative oper-
ator. Then, A generates a contractive strongly continuous semigroup.

We end this section by a Theorem due to N. Okazawa that yields m-dissipativity,
then generation of contractive strongly-continuous semigroup, of unbounded
perturbation of an m-disspipative operator

Theorem A.20. [53] Theorem 1.6] Let A and B be linear m-accretive operators
on X with uniformly conver X*. Let D be a core for A. Assume that there are
nonnegative constants ¢, a and b such that for all w € D and ¢ > 0,

(A.2.5) Re (Au, F(Bzu)) > —cl|ull* — al| Baul[|ul] — bl Bull?,

where B, := B(I +eB)~! denotes the Yosida approzimation of B. Ift > b then
A+ tB with domain D(A) N D(B) is m-accretive and D(A) N D(B) is a core for
A. Furthermore, A+ bB is essentially m-accretive on D(A) N D(B).
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A.3. Analytic semigroups

In this section we introduce the notion of analytic (holomorphic) semigroups.
We start by defining such semigroups

Definition A.21. Let 7 = {T'(¢) : t > 0} be a strongly continuous semigroup. 7
is said to be analytic if there exists ¢ € (0,7/2] such that 7 admits a holomrphic
extension {T'(z) : z € S5} on S; satisfying

o T'(21+ z3) =T(21) 0o T(29), for all 21, 25 € S5 such that z; + 25 € S,
e lim T(2)z=ux, forall ze X and all & € [0,0).

Z—)O,ZES(S/

In this case we say that 7T is analytic of angle §.

We now characterize generators of analytic semigroups

Proposition A.22. Let T = {T'(t) : t > 0} be an analytic semigroup of angle
d € (0,7/2] and (A, D(A)) its generator. Assume furthermore that

(A.3.1) My = sup | T(2)]| < oo,

ZES(;/
for every 0" € (0,0). Then, —A is a sectorial operator of angle w/2 + 0.
Conversely, assume that —A is sectorial of angle ¢ > w/2. Then, T = {T(t) : t >

0} is analytic of angle ¢ — /2 and satisfies (A.3.1) for every &' < ¢ — /2.

The definition of sectorial operators is given in Appendix [C] We choose to
use the definition of sectorial operators used in topics of functional calculus
and harmonic analysis that is why we did not give any definition here in the
appendix about semigroup theory to not confuse the reader, since usually sectorial
operators for a man of semigroup intends generator of holomorphic semigroup
which is incompatible with one we use in this manuscript. For us, when A
is sectorial, in general, neither A nor —A generate analytic semigroup, see for
instance Subsection|D.T] of Appendix [D]

Here we state another series of equivalence for setorial operators

Theorem A.23. [23| Chap II, Theorem 4.6] Let A: D(A) C X — X be a closed
operator. The following are equivalent

a) —A is sectorial with angle of sectoriality ¢ := w/2 + 6 with 6 > 0.

b) For every v € (—4,0), e”A generates a bounded strongly continuous
semigroup on X.

c) A generates a bounded strongly continuous semigroup T = {T'(t) : t > 0}
which satisfies R(T(t)) C D(A), for allt >0 and

M = supt||AT(t)]| < oc.
>0
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d) A generates a bounded strongly continuous semigroup T = {T'(t) : t > 0}
and it exists L > 0 such that
L
(A.3.2) |R(r +is, A)|| < Bk
for allr >0 and s € R\{0}.

Compact semigroups. Let 7 = {T(t) : t > 0} be a strongly continuous
semigroup on a Banach space X.

Definition A.24. The semigroup 7 is said to be compact if, and only if, T'(¢) €
K(X), for every t > 0.

Proposition A.25. Assume that T is compact, then its generator (A, D(A)) has
a compact resolvent. The reverse implication holds true when T is analytic.

As a consequence of TheoremlA.12] one has

Theorem A.26. Let T = {T'(t) : t > 0} be a strongly continuous semigroup and
(A, D(A)) its generator. Assume that, A has compact resolvent, then the spectrum
of A is punctual, discrete, countable and accumulates at —oo. In other words,

o(A) =0,(A) = {\, : n € N} such that lim,,_,o A, = —00.
A.4. Positive semigroups

In order to study positivity of semigroups in a Banach space X, one has to
endow X by an order. Moreover, such an order needs to be compatible with the
structure of vector space and some other properties are required for the order
Banach space (X, <). In literature such Banach spaces are called Banach lattices,
see [51, Part C]. Here we give its definition

Definition A.27. Let (X, <) be a partially ordered Banach space. (X, <) is
called a Banach lattice if, and only if,

o [ <gimplies f+h <g+h,forall he X;

e f >0 implies \f > 0, for every A > 0;

e For all f,g € X, the supremum sup(f, g), denoted also f V g, is defined
(in some sens) and belongs to X and satisfy f V g is equal to g (resp., to
/) when f < g (resp., when g < f):

e |f| =sup(f,0) belongs to X, for every f € X;

o (1] < || implies || f]| < ], for all f,g € X.

Once an order < is defined on X, its dual X* is endowed by the following
order
oyt e Xt at <yt s (fa")xxr < (f, ) x x+, Vo< f e X.

We define positive operators on X
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Definition A.28. Let T' € £(X). T is said to be positive if, and only if, 0 < f
implies 0 < T'f, for every f € X.

Now we define positive semigroups.

Definition A.29. Let (X, <) be a Banach lattice and T = {T'(¢) : t > 0} a
strongly continuous semigroup on X. 7 is said to be positive if, and only if, T'(¢)
is a positive operator for every ¢t > 0.

Let T ={T(t) : t > 0} be a strongly continuous semigroup and (A, D(A)) its
generator. Taking into account (A.2.3)) and (A.2.2)), one obtains the following

Proposition A.30. The semgroup T is positive if, and only if, R(\, A) is positive
for every X\ > wo(T)

Now, we state a very useful result which yields a necessary condition for
positivity of semigroups, the so-called positive minimum principle
Theorem A.31. [51, Chap C-II, Proposition 1.7] Let T = {T(t) : t > 0} be a
strongly continuous semigroup and (A, D(A)) its generator. Assume that T is
positive. Then, A satisfies the positive minimum principle, i.e.,

(Adl) 0<feDA),0<freX (f.f)xx=0= (Af, [")xx =0






APPENDIX B

Sesquilinear forms

In this appendix we give the essential background about the theory of sesquilin-
ear forms in Hilbert spaces. All terminology and results announced in this appendix
are taken from the book by Ouhabaz [54] where one can find more details an
deep study of the topic of sesquilinear forms and application to elliptic equations.

B.1. Definition and properties of sesquilinear form

Let H be a Hilbert space over K = C and V a linear subspace of H. Let us
denote by (-,-) the inner product of H and by || - || its corresponding norm. A
sesquilinear form is a map

a:VxV—-C

which satisfies, for every a € C and u, v, w € V, the folowing
alau 4+ v,w) = aa(u,w) + a(v,w) and a(u, av +w) = @a(u,v) + a(u, w).

The space V in which a is defined is called domain of a and denoted D(a) = V.
The quadratic form associated to a is given by D(a) 3 u — a(u) := a(u,u) the
associated quadratic form. If a is a positive form, i.e.,

(B.1.1) Rea(u) > 0 for all u € D(a).
we also say that a is accretive. In this case || - ||q : D(a) — [0, 00), defined by
|ullq :== V/Rea(u) + [Jul|?, Vu € D(a),

is a norm on D(a) and it derives from the inner-product

(u,v)q := (u,v) + %{a(u, v) 4 a(v,u)}, u,v € D(a).
Definition B.1. Let a: D(a) x D(a) — C be a sesquilinear form. We say that
(a) ais densely defined if
(B.1.2) D(a) is dense in H.
(b) a is continuous if there exists a non-negative constant M such that
(B.1.3) la(u,v)| < M||ullq||lv]|q for all u,v € D(a)

where ||ulq := \/Rea(u) + [Jul].
87
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(c) ais closed if
(B.1.4) (D(a), || - |la) is a complete space.

Similarly to linear operators, the closedness of form depends upon its domain
of definition. Hence, if a form is not closed one asks if it has a closed extension
and how to define its closure, that shall be the smallest closed extension.

Definition B.2. Let (a, D(a)) be a continuous accretive sesquilinear form. a is
said to be closable if there exists a closed accretive form b: D(b) C H — H such
that D(a) C D(b) and b(u,v) = a(u,v) for all (u,v) € D(a).

When, an accretive form a is not closed, this means that its domain D(a)
endowed with || - ||4 is not a complete space. Hence, one thinks to ’extend’” D(a)
in order to get complete superspace. This is the idea behind the construction of
the closure of a closable form.

Definition B.3. Let a be an accretive continuous closable form. We define
closure a of a as follows

D(a) ={u € H|3(un)n, C D(a) : lim u, =u, lim a(u, —u,) = 0},

n—00 n,M—00
and
a(u,v) := lim a(uy,,v,),
n—oo
for u,v € D(a), and (u,)nen and (v, )pen are any Cauchy sequences in (D(a), ||« ||q)

and converge respectively to u and v in H.

One has the following.

Proposition B.4. Let a be an accretive continuous sesquilinear form. If a is

closable, then a satisfies (B.1.1))-(B.1.4).

We define a core of a densely defined accretive sesquilinear form as follow

Definition B.5. Let (a, D(a)) be a densely defined accretive sesquilinear form
and Vo C D(a). V, is said to be a core for a if, and only if, V, is dense in

(D(a), || - [la)-
B.2. Associated operator

Now, for a given densely defined sesquilinear form (a, D(a)), we want to
associate a linear operator (A, D(A)) on H. The construction of such operator,
called associated operator to the form a, is the following

D(A):={ue H|JveH:alu,¢) = (v,0), Vo € D(a)}, Au:=wv.

With this construction, one has a is accretive if and only if A is accretive.
The mean result of sesquilinear form theory consists on generation of analytic
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semigroup for the operator associated to a form a. Actually, the form method is
the easiest way to get generation of analytic semigroup. The result is formulated
as follow

Theorem B.6. Let (a, D(a)) be a sesquilinear form satisfying (B.1.1)—(B.1.4]).
Let (A, D(A)) be its associated operator. Then, —A generates a contractive strongly

continuous semigroup T = {T(t) : t > 0} on H. Moreover, T has an extension
to a holomorphic semigroup on the sector Sz _,ctan v, where M is the constant
appearing in the continuity assumption (B.1.3)).

B.3. Beurling-Deny condition and submarkovian semigroups

Throughout this section H = L?(R? C™) is the Hilbert space of complex
vector-valued functions with square integrable norm.

H:={f=(fi,--, fn) 3Rd—>©:/d2|fj]2dx<oo}.
o
The inner product of H is given by

()= [ (fopde= [ Y podn,  Viged.
Rd R? T
Let (a, D(a)) be a sesquilinear form over H satisfying (B.1.1)—(B.1.4), (A4, D(A))

its associated operator and 7 = {T'(¢t) : t > 0} the semigroup generated by —A.

Consider C be a closed convex subset of H. Let P : H — C the projection on C.
We recall that such a projection is uniquely defined and satisfies (Pu,u — Pu) = 0,
for every u € H. We aim to characterize the invariance of C under the semigroup
T via the associated form.

Definition B.7. C is invariant under 7 if T'(¢)C C C, for every t > 0.

The ’generalized’ Beurling-Deny characterizes this invariance as follow

Theorem B.8. [54, Theorem 2.2] The following are equivalent

a) C is invariant under T .

b) P(D(a)) C D(a) and Rea(Pu,u — Pu) > 0, for every u € D(a).

c¢) There exists a core Vo of a such that P(Vy) C D(a) and Rea(Pu,u —
Pu) > 0, for every u € V.

In the case where a is symmetric, the above items are equivalent to

P(D(a)) C D(a) and a(Pu) <a(u) forevery uec D(a).
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As a consequence of the above theorem, one characterizes positive semigroups
on H = L*(R% C™) considering

Cti={f=(fi, .., fm) € *(RL,R™): f; >0, V1< j<m},
and P*f = f*:= (f]")i<j<m, for all f € L*(RY,R™).
Corollary B.9. T is a positive semigroup if and only if
e ft € D(a), for every f € D(a).
e a(fT, f7) >0, for every f € D(a).

Now, we will characterize the L*°-contractivity of the semigroup 7, that is
IT@) flloo < 1 flloey  Vf € L*(RYR™) N LP(RE,R™).

Consider Cu. := {f = (f1,---, fm) € LP(RE,R™) - [f] == />0, f7 < 1}. The

projection P, on C, is given by
Pof = (LA |fD)sign(f),  Vf e L*(R%R™).
Where sign(f) = ﬁx{#o}. One has

Lemma B.10. 7 is L*®-contractive if, and only if, Cy is invariant under T .

This lemma together with Theorem yield
Corollary B.11. T is L>®-contractive if, and only if,

o (LA |f])sign(f) € D(a), for all f € D(a).
o a((LA[f)sign(f), f = (LA |f])sign(f)) = 0, for all f € D(a).

In the case where the form a is symmetric, the above is equivalent to

e f € D(a) implies (1 A |f|)sign(f) € D(a) and
o a((LA[f)sign(f) € D(a)) < a(f), for all f € D(a).

Semigroups in L?(R¢,R™) which are positive and L>-contractive are called
submarkovian semigroups.
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Functional calculus for sectorial operators

In this appendix we collect the background about functional calculus for an
unbounded ’sectorial operator’. What we mean by functional calculus for a given
operator A is the definition and study of the family of operators f(A), where f
can be a holomorphic function. In the case where A is a bounded operator on
a Banach space X, f(A) is well defined for all complex functions f which are
holomorphic on a neighborhood of the (finite) spectrum of A. f(A) is defined by
the following Cauchy formula

(C0.1) f(A) = 5 / G- A) e,

where v = 02 is the boundary of €2, a bounded open subset of C which satisfies
o(A) C ©; " indicates the positive orientation (anti-clockwise) of the path 7.
As the spectrum of a unbounded operator is (in general) unbounded, the question

which arise is how to extend (C.0.1)) to closed unbounded A’s?

Throughout this Appendix, X is a complex Banach space and A is a closed
densely defined operator on X with domain D(A).

All results, definitions and notation which are given in this appendix are taken
from [29], especially chapters 2,3 and 5. Elsewhere, the reference will be cited
together with the result.

C.1. Sectorial operators and natural functional calculus

We begin by defining sectorial operators; We adopt the definitions and nota-
tions of [29]. For 6 € (0, 7), we define the sector

So={z€C:|arg(z)| < 6}
and Sy = (0, 00).
Definition C.1. A: D(A) C X — X is called sectorial of angle 6 € [0, ) if
(i) o(A) € Sp,
(ii) There exists M > 0 such that [|AR(), A)|| < M, for all A ¢ Sy, for each
0 e (0,m).

91
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Remark C.2. The above definition does not mean that —A generates an analytic
semigroup in X, unless the angle 6 < 7. This definition is incompatible with the
one of [23] Definition 11-4.1], where the sectorial operators are exactly generators
of bounded holomorphic semigroups. Moreover, closed operators satisfying Hille-
Yosida conditions, see Appendix A, are sectorial as shows the following proposition

Proposition C.3. Let A: D(A) C X — X be a closed operator such that

d (—O0,0> - p(A)7
o M = sup,_g [+ 4) 7 < o0,

Then A is sectorial of angle @ = © — arcsin(M~1).

Notation. Let A be a sectorial operator of angle w € [0, 7) and fix p € (w, 7).
We adopt the following notation: O(S,) (resp. M(S,)) denotes the space of all
holomorphic (resp. meromorphic) function over S,, H*(S,) the set of all bounded
holomorphic function on S,. We also introduce an intermediate space between
O(S,) and H>(S,,), this space is called the Dunford Riesz Class, denoted by
H3°(S,) and is defined by

Mo (S,) == {f € O(S,) : fis regularly decaying decay at 0 and co}.

A function f € H™(Sy) is said to be regularly decaying at 0 if |f(z)| = o(]z]*)
when z — 0, for some a > 0. Similarly, we say that f is reqularly decaying at oo
if |f(2)| = o(ﬁ) for |z| — oo, for some a > 0.
Now, we define f(A), for f € H;°(S,) by the Dunford-Riesz integral
Definition C.4. Let f € H°(S,). We define f(A) € L(X) by

1
(C.1.1) flA) = — f(2)(z — A)dz,

21 F$

where I', = 05, is the boundary of S, and F; indicates the positive orientation
of I',.

Here is a characterization of Hg°(S,)

Proposition C.5. Let f € O(S,). Then, f € H(S,) if, and only if, one the
following holds true

a) There ezxist C > 0 and s > 0 such that |f(z)] < Cmin(|z|%, |z|7%), for
all z € S,.

b) There exist C > 0 and s > 0 such that | f(z)| < C—Zx | for all z € Se.

1+‘Z|28 b

Remark C.6. The estimate b) of the above proposition together with the sec-
toriality inequality yield the integrability of z — f(z)(z — A)~!. Thus, the
Dunford-Riesz integral is meaningful. This is why H5°(S,,) is called the
Dunford-Riesz class.
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We introduce the space £(S,) as the smallest subspace of O(S,) containing
HE(S,), 2 = (A4 2)71 A > 0 and the constant functions. If f € £(S,) such
that f(z) = g(2) + a(A+ 2) ! + bz, where g € H(S,), a,b € R and A > 0. Then,
f(A) can be defined as

f(A) == g(A) +a(A+ A)~" + bA.

Now, we define the space of regularisable functions as the greatest space where
one can define functional calculus for the operator A. This space depends on A
as shows the below definition

Definition C.7. The set of regularisable meromorphic functions is defined by
(C.1.2)
M4(S,) == A{f € M(S,)|Fe € E(S,) : e(A) is injective and ef € E(S,)}.

If f e Ma(S,) and e as above, then
F(A) = (e(A)) " (ef)(A).
The function e is a kind of regularising function for f.

Remark C.8. The functional set M 4(S,) depends upon A. In the case where
A is injective, M 4(S,) contains H*>(S,) and all powers z — z*, o € R. Hence,
one could define, for injective A, A* and f(A), for every bounded holomorphic f.
The following two sections yield more details on those topics.

Composition Rule. Let us assume that A is injective. According to [29]
Proposition 2.4.1] and since A sectorial, A~! is also sectorial with the same angle.
One has the following

Proposition C.9. Let f € M(S,). Then,
fe M(Scp)A—l <~ f(z_l) € M(Sw)A-
In this case, f(A™') = f(z71)(A).

We intend by composition rule the formula (go f)(A) = g(f(A)). The theorem
related to composition rule is the following

Theorem C.10. [29, Theorem 2.4.2]
Assume the following are satisfied

o f e M(S,)a and f(A) is sectorial of angle w'.
® gcC M(Sw/)f(A).

e f(S,) C S
Then go f € M(S,)a and
(g0 F)(A) = g(f(A)).
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C.2. Bounded H®-functionnal calculus

In this section we define f(A) for bounded holomorphic functions f and
injective operators A. Throughout, assume that A is injective.

Proposition C.11. Let f € H>(S,). Then, f € Ma(S,).

PROOF. Let e(z) = z(1 + 22)'. One has e(A) is injective, e(A)™' = (1 +
A*)A~" and, by Proposition [C.5 ef € HF(S,) C £(S,). Thus, f € Ma(S,) and
fA) = (L+ A)A™ (ef)(A).

Note that since ef € H°(S,), then (ef)(A) = <z > L(Z)) (A) can be defined by

1422

the Dunford Riesz integral (C.1.1]). O

Now, we define what is boundedness of H*-functional calculus

Definition C.12. Assume that A is injective. A admits bounded H*°-functional
calculus on S, if, and only if, f(A) € £(X) and there exists C,, > 0 such that

LF (A < Coll flly,
for all f € H>(S,). Where, || f[l, = sup,cg, [f(2)]-

Example 1: Elliptic systems. Let p € (1,00) and E, the LP-realization of
the elliptic differential operator F given by

m m

(C21)  (Bu)@)= Y ay(@)Dyule) + Y By@)du () + Cla)ula),
ij=1 i=1
where u = (uq, ..., u,) : RY — R™ is smooth enough. Assume the coefficients of

the differential operator E satisfy the following:

e For every i,j € {1,...,m}, a;; = aj; and there exists 0 < 1, < 19 such
that

mlé|* < Z aij(2)&:&; < mlél?,
ij=1

for all ¢ € R™ and x € R
e For every i,j € {1,...,m}, a;; € BUC(RY).
e For every j € {1,...,m}, B;,C € L®(R? R™*™),

Proposition C.13. |21], Theorem 6.1]
Assume the above hypotheses are satisfied. Then, there exists s € R such that
s — B, admits a bounded H*-functional calculus on S,_., for every e > 0.

Remark C.14. The choice of the constant s in the above proposition is to obtain
injectivity of s — E,. If E is written in divergence form and B; = C' = 0, for all
j€{1,...,m}, Then ¢ — E, has H*-bounded functional calculus for every ¢ > 0.
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Example 2: m-accretive operators in Hilbert spaces. Let X = H
be a Hilbert space and A : D(A) C H — H be a m-accretive operator, i.e.,
R(1+ A) = H and

(Az,x) >0, Vo e H.
According to [29] Proposition 2.1.1], A is sectorial of angle 7. Assume that A is
injective. One has the following

Proposition C.15. [29] Corollary 7.1.8]

A admits H>-bounded functional calculus on S=z. Moreover,

(C.2.2) 1A < I fll=,

for every f € H>(Sx).

Remark C.16. For m-accretive operators on Hilbert spaces, it was firstly estab-
lished boundedness of imaginary powers by Priiss and Sohr, see [58, Example
2]. Later on, in [I5, Theorem 2.4], the authors show the equivalence between

boundedness of H*-calculus and of imaginary powers in Hilbert spaces. Which
yields the result of the above proposition.

C.3. Fractionnal powers

Here we give definition of A%, o € C, for injective A. To do so, we first define
real powers A%, o € R and imaginary powers A%, s € R and by properties of
functional calculus one A% = AReaAilme Gince for every s € R, 2z + 2% is
bounded in sectors, the imaginary power A% is given by Section .

Assume that A is injective. Let us define A% for a € R.
Definition C.17. Let a € R.
a) If « >0, z+— 2% belongs to M4(S,). If n € N is such that n > «, then

za
A =1+ A)" — | (A).
O e L
b) If @ < 0, A” is given by the composition rule A® := (A~1)~,

One has the following properties of exponents, see [29] Chapter 3,
Proposition C.18. Let o, 3 € R. One has

(1) AP = A2 AP,
(2) If Bw < w. Then, A% = (A*)5,

Earlier definition of fractional powers was throughout the so-called Balakrish-
nan formula, see [9] or [29, Proposition 3.1.12],
sin(am)

(C.3.1) A% = —/ t* Mt + A) 7 Axdt,
0

™
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for every a € C such that 0 < Rear < 1.

Another way to express A% is the Komatsu representation, see [39] or [29]
Proposition 3.2.2]. Once A is injective and —1 < Rea < 1, then

(C.3.2)

. 1 o0
Ao - Stnlam) (lx I / e+ AL A e dt + / 1oLt + A)" Az dt
0

T o 1+«

1

Finally, one has the following

Proposition C.19. [29] Corollary 3.3.6] Assume —A generates an exponentially
stable semigroup {T'(t)}+>0. Then

1o
A% = —/ t* T (t)x dt,
@) Jy )

for all x € X and all Re () > 0.

C.3.1. Boundedness of imaginary powers. Imaginary powers in UMD
Banach spaces appear essentially in theorems dealing with maximal regularity of
a perturbed problems. Dore-*Venni theorem is an example, see [20], [50]. UMD
Banach spaces or also Banach spaces of HT class refer to Banach spaces with
bounded Hilbert Transform.

Definition C.20. [14] Let Y be a Banach space. Y is said to be of HT class if,
and only if,

(C.3.3) Hef— Hf(t) = = lim éf(t _ 8)ds

T e—0 s>e
extends to a bounded linear operator on L”(R,Y") for some, equivalently for all,
p € (1,00).
Assume that X is a Banach space of H7T class.

Definition C.21. A admits bounded imaginary powers if, and only if, D(A) N
R(A) is dense in X and A* € L£(X) for all s € R.
By BZP(X) we denote the set of all injective sectorial operators on X which have
bounded imaginary powers.

One has the following property
Proposition C.22. [29] Corollary 3.5.7] The following are equivalent

e A BIP(X)
o The family {A®}.cr is a Co-group of linear bounded operators in X .

In this case, the generator of {A%}cr is B = ilog(A).

)
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Let A € BZP(X). Then, there exists M > 1 and 6 € R such that
| A% < Melll, Vs € R.
Let
(C.3.4) 04 =inf{d € R|3IM >1:||A"| < Me#l Vs e R}
04 is called the power angle of A.

Remark C.23. It it easy to see that the boundedness of imaginary power is a
consequence of boundedness of H* functional calculus. However, in [15], the
authors prove that in Hilbert spaces the two notions are equivalent.

Examples C.24. Every closed injective A which admits H*>-bounded functional
calculus has bounded imaginary powers, i.e., H*(S,) C BZP(X) and 64 > .
Indeed, assume that A admits H*°-bounded functional calculus on S, for some
6 € [0,7). One has, for every s € R, z — 2" € H®(S,) and |z¢| < e*¢, for all
z € S,. Thus

|A™]] < M e*®.

Consequentely,

e according to Proposition|C.13] every elliptic system with bounded uni-
formly continuous second order coefficients and bounded lowest order co-
efficients has bounded imaginary powers in LP-spaces for every 1 < p < oo
and the power angle is equal to 0.

e according to Proposition|C.15] every accretive operator A on a Hilbert
space admits bounded imaginary powers with power angle 64 < /2.

C.3.2. Two versions of Dore—Venni theorem. Now we give a very im-
portant result which yields the closedness\sectoriality of the sum of two sectorial
operators of bounded imaginary powers, the sum is defined on the natural domain:
intersection of the two domains.

Let X be a UMD Banach space, A : D(A) C X — X and B : D(B) C
X — X two closed operators such that A, B € BZP(X). Here we recall the
commutative Dore-Venni theorem.

Theorem C.25. [20, Theorem 2.1] Assume that
e (—00,0] C p(A) N p(B) and there exists M > 0 such that

-1 -1| <
I+ A7 e+ B < 1

e There exist K > 1 and 0 < 04,0 < m with 04 + 0p < 7 such that
[A®|| < K exp(fals]), [B*|l < K exp(fp]s|)
for all s € R.

vt > 0.
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e For some\all X € p(A), u € p(B) one has (A — A)"'(u — B)™' =
(h=B)"' (A=A~

Then, A+ B defined on D(A + B) := D(A) N D(B) is closed (in particular
sectorial).

The above theorem was generalized for the sum of two non commutative
operators by Monniaux and Priiss as follows.

Theorem C.26. [50] Assume the following hold

e There exist K > 1 and 0 < 04,0p < 7 with 04 + 0p < 7 such that
|A”|| < K exp(fals]), [|B”| < K exp(fp]s])
for all s € R.
o There exists M > 0 such that
M

A+ A <
O A7

VA€ STF,QA;

_ M
(1 + B) 1|§m7 Vi € Sr_gp.

e There exist c >0 and 0 < a < 8 <1 such that

AN+ AL (AN + B)™ — (u+ B) LAY < ( c

L A7) =

forall A€ Sy_g, and pp € Sr—_p,,.

Then, A+ B with domain D(A) N D(B) is closed and there exists vy > 0 such
that vy + A + B is sectorial (A + B is quasi-sectorial).



APPENDIX D

Matrix Multiplication Operator

This appendix is devoted to developing properties of the multiplication op-
erator by a matrix in LP-spaces. Throughout, we consider the Banach space
E = [P(R4 R™), where 1 < p < oo and d,m € N. Let M : R? — R™*™ be
a measurable matrix—valued function. Assume that M satisfies the following
algebraic condition

(D.0.5) (M(2)¢,€) < BlEJ*

for all x € RY ¢ € R™ and some real number 5. We define M, ato be the
multiplication operator by M in LP(R% R™) with its maximal domain D(M,) =
{f e LP(RYE,R™) : Mf € LP(RY, R™)}. Note that M f should be understood as a
matrix-vector multiplication: (M f)i(z) = >_7", My(z) fi(z), 1 <i <m.

D.1. Semigroup associated to )/,

We prove that M, generates a strongly continuous semigroup in the following
proposition.

Proposition D.1. o M, generates a strongly continuous semigroup in
LP(RY,R™); its associated semigroup is the family of multiplication oper-
ators: {e™M}~o. Moreover, one has

sup |eM@] < Pt vt > 0.
rER?
o The half-plan {z € C : Re(z) > [} is contained in the resolvent set p(M,,)
and
1
AN—=M)H =sup|(N=M@) | < —F——, VRe(\) > 5.
I ») |l zeRdI( ()~ Re(h) = B (A)
In particular, B — M, is a sectorial operator.
PROOF. e Let us show first that e is uniformly bounded on z. Fix

r € R and ¢ € R™. Set ¢(t) = |e Pet™@)¢|2 for all t > 0. One has
¢'(t) =2((M = B)§,€) < 0.

99
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Then, ¢ is deacrising. In particular, ¢(t) < ¢(0) which yields |[eM®)| <
ePt for all t > 0.
It follows that

€6 () Pz < /

R

for every f € LP(RY,R™). Let us define U,(t)f = eV f, for all f €
LP(RY,R™). Thus, {U,(t)}:>0 is a semigroup of linear bounded operator
on LP(R4 R™) and

| f(w)[Pdx < e[| £]I7,
Rd d

1T ()] < e™.

To get the continuity of {U,(t)};>0, one has lim; ,oe™ f = f almost
everywhere, and

sup [|U,(t) fll, < sup sup [eM @[], < sup || f], < oo.

te[0,1] tel0,1] zeRd t€[0,1]
hence, we conclude by the dominated convergence theorem that {U,(t) }+>o
is a Cy-semigroup.
It remains to prove that (M,, D(M,)) is the generator of {U,(t)}:>o. Let
us denote by (B, D(B,)) the generator of {U,(t)}:>0 and let f € D(B,).
One has B, f = lim;_,o 1/t(e'"™ f — f) and the limit is taken in LP(R? R™).
The pointwise limit yields B,f = M f € LP(R?,R™) and thus f € D(M,).
Conversely, if f € D(M,) then lim, ,, %(etM f = f) = Vf pointwisely.
However, applying the main theorem

e f — f| < sup (|e™M)|Mf| < VP M |
0<s<t

as M f € LP(R? R™), we conclude by dominated convergence theorem
that f € D(B,).

e It suffices to show that the resolvent operator (A — M,)~! is the multi-
plication by the matrix-valued function (A — M)~! and conclude by the
Hille-Yosida theorem. This follows by applying the Laplace transform of
s+ e®V. Indeed,

+oo
A=M)"t = / e Me™dt,  VYRe()\) > B.
0
O

What about analytic semigroup. One could ask if the semigroup {U, () }+>0
generated by M, is holomorphic. The answer is, in general, negative. Indeed, if
one considers the antisymetric matrix

M) =ae) () )
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where a : R? — R is any unbounded real valued function: sup,cga |a(z)| = oco.
Since M is antisymmetric, then (M (z)¢,€) =0 for all z € R? and ¢ € R%. Thus
(D.0.5)) is satisfied. Moreover, one can easily get

M) _ ( cos(a(z)t) sz’n(a(:z:)t)) ’

—sin(a(x)t) cos(a(x)t)
therefore

M(x)etM(”3) _ <—a(x) sin(a(z)t) a(z)cos(a(z)t) > '

—a(x) cos(a(x)t) —a(x)sin(a(x)t)

Since a is not bounded, then Me'™ is not uniformly bounded on z and thus the
multiplication by Me™ cannot be a bounded operator in LP-spaces. We conclude
by [23], Chap II, Theorem 4.6] that {U,(¢)} is not a holomorphic semigroup in
this case.

If M where symmetric, then M, will be self-adjoint in L2(R?, R™) and thus {U, (t)}
will be holomorphic in LP(R¢,R™), for all 1 < p < co. We, now give a sufficient
condition that yields the analyticity of {U,(t)} on LP(R? R™) for 1 < p < oo. The
condition of the below proposition is that the numerical ranges of the matrices
—M(z), » € R is included in a sector of angle less than 7, independently on x.
This can be seen also as the sesquilinear form associated to the symmetric part of
—M dominates the antisymmetric one.

Without loss of generalities we assume that § in (D.0.5) is 0. Hence —M,, is
m-accretive in LP(R% R™), 1 < p < oo.
Proposition D.2. Assume that there exists a positive constant C' such that
(D.1.1) Re (=M (2)¢, &) > Ollm (M (x)¢, )],

for all z € R, € € R™. Then, for all 1 < p < oo, —M,, is sectorial of angle ¢ =
arctan(§) < 5. In particular {U,(t)} can be extended to a bounded holomorphic
SeMigroup.

PRrROOF. Let u € D(M,), one has

Re (~Myu fu 0}, =Re [ (-M(o)u(a),a(e)lu(o)ds

= [ Re M) st

>C | |Im(M(x)u(x), u(z))||u()]"*dz

Ra
> Cftm (Vyu, [ul?~a), |

Hence o(—M,) C Sy and then o(M,) C Sy_4, where ¢ = arctan(&) which ends
the proof. O



102 D. MATRIX MULTIPLICATION OPERATOR

D.2. Functional calculus associated to —/,

We assume that § = 0 in . The aim of this section is to show that
f(—M,) is exactly the multiplication by the matrix f(—M) and show that —M,,
admits bounded H>-functional calculus. In fact, in Proposition [D.I] it has
been shown that the semigroup {e'™» : ¢ > 0} associated to M, is the operator

multiplication by e’ and the resolvent R(\, M,) coincides with the multiplication
by (A — M)~t. Now, we have the following.

Lemma D.3. Let f € H{(Sx/2). Then, f(—M,) is nothing but the multiplication
operator by the matriz f(—M). In particular,

(D.2.1) 1 (=Mp)llp = sup [[f (=M (z))]

zeRd

PROOF. Let ¢ > m/2. According to (C.1.1), one has

f(=Mp)u = !

27m

f()@—%k@Y*uda Yu € LP(RY,R™).

Now, z € I', and ¢ > 7r/2 imply |arg(z)| < m/2. Thus, |arg(—z)| < 7/2 and
Re(—z) > 0. Thus, (z + M,)"' = —R(—2z, M,), which implies that (z + M) ! i
the multiplication by —(—z — M '= (2 4+ M)~'. That is
(= + M,) " u)(z) = (2 + M(2)) " u(z),
for every x € X and u € LP(RY,R™). Finally, since (C.1.1]) hold true for the
matrix —M (z), for every x € R? as it is an accretive operator in R™, one has
(f(=My)u)(z) = f(—M(x))u(z) and the claim is proved. O
Consequently, one obtains

Theorem D.4. M_,;, (S7/2) = Upera M _p1(2)(Sry2) and f(—M,) coincides with
the mutliplication operator by the matriz f(—M(-)), for every f € M_p; (Sz/2).
In particular,

(=Mp)*u)(z) = (=M (x))"u(x),
for every u € LP(RY,R™) and every x € R,
Now we state the man and crucial result of this appendix
Theorem D.5. —M, admits a bounded H> functional calculus on Sy and
(D.2.2) 1f (=Mp)[lp < [Iflls, 2,
for every f € H>®(Sq/2). In particular, —M, € BIP(LF(R?,R™)) and
(D.2.3) [(=M,)*| <ezll  VseR



D.3. SOME INEQUALITIES FOR POSITIVE MATRICES 103

PROOF. Let f € H™(S, /) and fix € R%. The matrix —M () is actually an
m-accretive operator on R™. Thus, according to Proposition —M (z) admits
H> functional calculus on S;/» and

[f(=M (@) < |1 flls, .

Therefore,
1f(=Mp)|| = sup [f(=M(z))] < | flls,,, < oo

z€ER4

Hence, —M,, admits H*—functional calculus on S;/, and (D.2.2) holds true. [

D.3. Some inequalities for positive matrices

We assume that § =0 in (D.0.5). That is
(D.3.1) (M(2)€,€) <0,  V(x,¢) € RTx R™,
One has the following

Proposition D.6. Let M = (mjj)i<ij<m and x € R* and assume that (D.3.1)
holds. Then,
(D.3.2)

mi(z) <0, Vie{l,...,m}

[ (x) +myi(2)] < 2¢/mui(z)my;(z) < —(mui(z) +my;(z)), Vi#je{l,...,m}.

In particular, if M(z) is a symmetric matriz then

1
Imij ()] < \fmii(x)my;(z) < —§(mz’z’(l‘) + my;(2)).

PROOF. Let i # j € {1,...,m} and consider £ = &e; + Eje; € R™, where ¢;
and e; are respectively the i-th and j-th component of the canonical basis of R™,
and §;,&; € R. According to (D.3.1), one has m;;(z) = (M(x)e;, e;) <0 and

0> (M(2)&,&) = mi(x)& + (mij(x) + mys(x))&& + mjj(l')é}g-
Now, if my(x) = 0, then (mg;(x) + myi(2)&&; +my;(2)€2 <0, for every &,&; € R,
which yields m;;(x) + m;;(x) = 0. Thus, (D.3.2)) is satisfied. If m;(x) # 0, one
has

pe (M)t £) (& L () +mji(x)€j>2+£]g (mjj(x) ~ (my;(x) +mji(.7c))2) '

mi; () 2m; () mi;(z) 4m?(z)
A suitable choice of &; and &; implies :nnij((:f)) - (mij(f;g(nfg;(xw > 0 and thus (D.3.2))

follows. O






List of symbols

R’: Euclidean j-dimensional space, j = d, m.

C7: Complex euclidean space of dimension j = d, m.
(x,y): Inner euclidean product between the vectors z,y € C?, j = d, m.
|z|: Euclidean norm of x € R7, j = d, m.

B(r): Centred ball of R? of radius 7.

supp u: Support of a given function wu.

LP(R?): Space of measurable u : R* — R such that [, |u(x)[? dz < oc.
LP(R4,R™): Space of measurable u : R — R™ such that |u| € LP(R?).
| - Il,: Norm of LP(R? R™).

lully = (Jfa lu()[P o) = (a5 g ()22 d )

WHP(R?): Sobolev space of order k over LP(R?).

=

WhP(RY, R™): Space of functions u : R — R™ with components u; in
Wkp(RY).

| - |z p: Norm of the Sobolev space W*P(R? R™).

Xg: Characteristic function of the set F, i.e.: xg(z) =1if 2 € F and
xe(z)=0ifx ¢ E.

WP(RY): Space of functions f in L? (R?) such that 9*f € L? (R%), for

loc loc

every a = (ay, ..., aq) € N? with |a| < k.
Cy(R?): Space of continuous bounded functions of R

C2(R%): Space of bounded a-Hélderian functions in R

105



106

LIST OF SYMBOLS

e C}(R%): Space of bounded functions u with bounded first-order deriva-
tives such that w and O;u are a-Holderian functions in R?, for all
ie{l,...,m}.

o C>®(RY): Space of infinitely many time derivable functions with compact
support in RY.

e Syp: Sector of angle 6 € (0, 7).

e C™: Set of complex numbers with positive real part.

e C!: Set of complex numbers with real part greater than w.
e O(Sy): Space of holomorphic function over Sy.

e M(Sp): Space of meromorphic function over Sp.

o H> Sg

Space of bounded holomorphic function over Sy.

~— —

(
e 113°(Sp): Dunford—Riesz class over Sp.
p(A): Resolvent set of A.
o(A): Spectrum of the operator A.

e R(\, A): Resolvent operator of A at point .



Bibliography

[1] S. Agmon, The LP approach to the Dirichlet problem, Ann. Sc. Norm. Super. Pisa I1I-13
(1960) 405—448.

[2] D. Addona, L. Angiuli, L. Lorenzi, M. Tessitore, On coupled systems of Kolmogorov
equations with applications to stochastic differential games, ESAIM Control. Optim. Calc.
Var. 23, no 3, (2017), pp. 937-976.

[3] L. Angiuli, L. Lorenzi, D. Pallara, LP-estimates for parabolic systems with unbounded
coefficients coupled at zero and first order, J. Math. Anal. App., 444 (2016), pp. 110-135.

[4] W. Arendt, A. V. Bukhvalov, Integral representations of resolvents and semigroups, Forum

Math., 6 (1994), pp. 111-135.

[5] P. Auscher, S. Hofmann, M. Lacey, A. McIntosh, Ph. Tchamitchian: The solution of the
square oot problem for second order elliptic operators on R™, Ann. of Math. (2) 156 (2002),
pp. 633-654.

[6] J. Avron, I. Herbst, B. Simon, Schridinger operators with magnetc fields. I. general
interaction, Duke Math. Journal, 45 no 4 (1978), pp. 847-883.

. Avron, I. Herbst, B. Simon, Separation of center of mass in homogeneous magnetic fie
7 J. A I. Herbst, B. Si S 17) ¢ in h tic field
(Schrédinger operators with magnetc fields. 1), Ann. Phys. 114 (1978), pp. 431-451.

[8] J. Avron, I. Herbst, B. Simon, Schridinger operators with magnetc fields. III. Atoms in
homogeneous magnetic field, Commun. Math. Phys. 79, (1981), pp. 529-572.

[9] A. V. Balakrishnan, Fractional powers of closed operators and the semi-groups generated by
them, Pacific J. Math. 10 (1960), pp. 419-437.

[10] A. Bétkai, M. Kramas FijavZ, A. Rhandi, Positive Operator Semigroups. From Finite to In-
finite Dimensions. Operator Theory: Advances and Applications, 257. Birkhduser/Springer,
Cham, 2017.

[11] V. Betz, B. D. Goddard, S. Teufel, Superadiabatic transitions in quantum molecular
dynamics, Proc. R. Soc. A, 456 (2009), pp. 3553-3580.

[12] H. Brezis, Analyse Fonctionnelle: Théorie et applications, Masson, Paris, 1983.

[13] V. Bruneau, E. M. Ouhabaz, Lieb—Thirring estimates for non-self-adjoint Schrodinger
operators, Jour. Math. Phys. 49, 093504 (2008).

107



108

[14]

[18]

[19]

[20]

[21]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

BIBLIOGRAPHY

D. L. Burkholder, Martingales and Fourier analysis in Banach spaces, in Probability and
analysis (Varenna, 1985), vol. 1206 of Lecture Notes in Math., Springer, Berlin, 1986, pp.
61-108.

M. Cowling, I. Doust, A. McIntosh, A. Yagi, Banach space operators with a bounded
H> -functional calculus. J. Austral. Math. Soc. Ser. A 60, (1996), 51-89.

G. M. Dall’Ara, Discreteness of the spectrum of Schrédinger operators with non-negative
matriz-valued potentials, J. Funct. Anal., 268 (2015), pp. 689-727.

E.B. Davies: Heat Kernels and Spectral Theory, vol. 92 of Cambridge Tracts in Mathematics,
Cambridge University Press, 1989.

E.B. Davies, B. Simon, Ultracontractivity and the heat kernel for Schridinger operators
and Dirichlet Laplacians, J. Funct. Anal. 59 (1984), 335-395.

S. Delmonte, L. Lorenzi, On a class of weakly coupled systems of elliptic operators with
unbounded coefficients, Milan J. Math., 79 (2011), pp. 689-727.

G. Dore, A. Venni, On the Closedness of the Sum of Two Closed Operators, Math. Z., 196
(1987), pp. 189-201.

X. T. Duong, G. Simonett, H.-calculus for elliptic operators with nonsmooth coefficients,
Differential Integral Equations, 10 (1997), pp. 201-217.

A. Enblom, FEstimates for eigenvalues of Schrdodinger operators with complex-valued poten-
tials, to appear in Lett. Math. Phys.; preprint on arXiv:1503.06337 (2015).

K-J. Engel, R. Nagel, One-parameter Semigroups for Linear Evolution Equations, Springer-
Verlag, New York, 2000.

W.E. Evans, Partial Differential Equations, Second edition. Graduate Studies in Mathe-
matics, 19. American Mathematical Society, Providence, RI, 2010.

L. Fanelli, D. Krejecirik, L. Vega, Spectral stability of Schrodinger operators with subordi-
nated complex potentials, https://arxiv.org/abs/1506.01617v3 (2016).

R. L. Frank, Figenvalue bounds for Schrodinger operators with complex potentials, Bull.
Lond. Math. Soc. 43 (2011), 745-750.

M. Geissert, H. Heck, M. Hieber, LP-theory of the Navier-Stokes flow in the exterior of a
moving or rotating obstacle, J. Reine Angew. Math. 596 (2006), 45-62.

D. Gilbarg, N. Trudinger, Flliptic Partial Differential Equations of Second Order, Springer,
1983.

M. Haase, The Functional Calculus for Sectorial Operators, vol. 169 of Operator Theory:
Advances and Applications, Birkhduser Verlag, Basel, 2006.

T. Hansel, A. Rhandi, The Oseen-Navier-Stokes flow in the exterior of a rotating obstacle:
The non-autonomous case, J. Reine Angew. Math. 694 (2014), 1-26.



[31]

32]

[33]

[34]

[35]

[38]

[39]

[40]

[41]

BIBLIOGRAPHY 109

F. Haslinger, B. Helffer, Compactness of the solution operator to 0 in weighted L?-spaces,
J. Funct. Anal., 243 (2007), pp. 679-697.

B. Helffer, J. Nourrigat, On the domain of a magnetic Schrédinger operator with complex
electric potential, https://arxiv.org/abs/1709.08542v1 (2017).

R. Henri, D. Krejecirik, Pseudospectra of the Schridinger operator with a discontinuous
complex potential, https://arxiv.org/abs/1503.02478 (to appear in J. Spectr. Theory 2017).

M. Hieber, L. Lorenzi, J. Priiss, R. Schnaubelt, A. Rhandi, Global properties of generalized
Ornstein-Uhlenbeck operators on LP (RN ,RN) with more than linearly growing coefficients,
J. Math. Anal. Appl., 350 (2009), pp. 100-121.

M. Hieber, A. Rhandi, O. Sawada, The Navier-Stokes flow for globally Lipschitz continuous
initial data, Res. Inst. Math. Sci. (RIMS), (2007), pp. 159-165. Kyoto Conference on the
Navier-Stockes Equations and their Applications, RIMS Kkyroku Bessatsu, B1.

M. Hieber, O. Sawada, The Navier-Stokes equations in R™ with linearly growing initial
data, Arch. Ration. Mech. Anal., 175 (2005), pp. 269-285.

T. Kato, On some Schrodinger operators with a singular complex potential, Annali della
Scuola Normale Superiore di Pisa, Classe di Scienze 4e série, tome 5, no 1 (1978), pp.
105-114.

T. Kato, Perturbation theory for linear operators, Classics in Mathematics, Springer-Verlag,
Berlin, 1995. Reprint of the 1980 edition.

H. Komatsu, Fractional powers of operators, PACIFIC JOURNAL OF MATHEMATICS
Vol. 19, No. 2, 1966.

D. Krejecirik, P. Siegel, Pseudomodes for Schridinger operators with complex potentials,
https://arxiv.org/abs/1705.01894 (2017).

M. Kunze, L. Lorenzi, A. Maichine, A. Rhandi, LP-theory for Schridinger systems,
https://arxiv.org/abs/1705.03333 (2017).

M. Kunze, A. Maichine, A. Rhandi, Vector—valued Schridinger operators on LP—spaces,
https://arxiv.org/abs/1802.09771

V. Liskevich, P. Stollman, Schrodinger operators with singular complex potentials as
generators: Ezxistence and stability, Semigroup Forum, Vol. 60 (2000), 337-343.

L. Lorenzi, Analytical methods for Kolmogorov equations. Second edition, Monograph and
research notes in Mathematics, Chapman & Hall/CRC, Boca Raton, FL, 2017.

L. Lorenzi, A. Rhandi, On Schrddinger type operators with unbounded coefficients: genera-
tion and heat kernel estimates, J. Evol. Equ. 15 (2015), 53-88.

A. Maichine, Generation of semigroup for symmetric matriz Schrédinger operators in
LP-spaces, https:/ /arxiv.org/abs/1801.08400 (2018)



110 BIBLIOGRAPHY

[47] A. Maichine, A. Rhandi, On a polynomial scalar perturbation of a Schrédinger system in
LP-spaces, https://arxiv.org/abs/1802.02772 (2018)

[48] G. Metafune, D. Pallara, A. Rhandi, Kernel estimates for Schrédinger operators, J. Evol.
Equ. 6 (2006), no. 3, 433-457.

[49] G. Metafune, C. Spina, Kernel estimates for a class of Schridinger semigroups J.evol.equ.
7 (2007), 719-742.

[50] S. Monniaux, J. Priiss, A theorem of the Dore-Venni type for noncommuting operators,
Amer. Math. Soc., 349 (1997), pp. 4787-4814.

[51] R. Nagel (ed.), One-Parameter Semigroups of Positive Operators, Lecture Notes in Math.
1184, Springer-Verlag, 1986.

[62] N. Okazawa, On the perturbation of linear operators in Banach and Hilbert spaces, J. Math.
Soc. Japan 34 (1982), 677-701.

[63] N. Okazawa, LP—theory of Schrédinger operators with strongly singular potentials, Japan. J.
Math. Vol. 22 (1996), no. 2, 199-239.

[54] E. M. Ouhabaz, Analysis of heat equations on domains, London Mathematical Society
Monograph Series 31, Princeton University Press, Princeton, NJ, 2005.

[55] E.M. Ouhabaz, LP Contraction Semigroups for Vector Valued Functions, Positivity 3 :
83-93, 1999.

[56] E. M. Ouhabaz, A. Rhandi, Kernel and eigenfunction estimates for some second order
elliptic operators, J. Math. Anal. Appl. 387 (2012) 799-806.

[57] J. Priiss, A. Rhandi, R. Schnaubelt, The domain of elliptic operators on LP(R?) with
unbounded drift coefficients, Houston J. Math., 32 (2006), pp. 563-576.

[58] J. Priiss, H. Sohr, On operators with bounded imaginary powers in Banach spaces, Math.
Z., 203 (1990), pp. 429-452.

[59] M. Reed, B. Simon, Methods of Modern Mathematical Physics II: Fourier Analysis, Self-
Adjointness, Academic Press, New York, 1975.

[60] Z. Shen, LP estimates for Schridinger operators with certain potentials, Ann. Inst. Fourier
45 (1995), pp. 513-546.

[61] A. Sikora, On-diagonal estimates on Schrédinger semigroup kernels and reduced heat kernels,
Commun. Math. Phys., 188 (1997), 233-249.

[62] B. Simon, Functional Integration and Quantum Physics, Academic Press, 1979.
[63] B. Simon, Mazimal and minimal Schrédinger forms, J. Operator Theory 1 (1979) pp. 37-47.
[64] B. Simon, Schridinger semigroups, Bull. Amer. Math. Soc. (N.S.) 7 (1982), no. 3, 447-526.

[65] J. C. Tully, Perspective: Nonadiabatic dynamics theory, THE Jour. of Chem. Phys. 137,
22A301, (2012), https://doi.org/10.1063/1.4757762



BIBLIOGRAPHY 111

[66] J. Voigt, Absorption semigroups, their generators and Schrodinger semigroups, J. Funct.
Anal. 67 (1986), pp. 167-205.

67] J. Voigt, One-parameter semigroups acting simultaneously on different L, -spaces, Bull. Soc.
gL, p group g Y p-SD! )

Roy. Sci. Liege, 61 (1992), pp. 465-470.

[68] A. M. Wodtke, J. C. Tully, D. J. Auerbach, Electronically non-adiabatic interactions of
molecules at metal surfaces: Can we trust the Born-Oppenheimer approximation for surface
chemistry?, Int. Rev. in Phys. Chem. 23, no 4, (2004), pp. 513-539.

[69] G.A. Worth, M.A. Robbb, B. Lasorne, Solving the time-dependent Schridinger equation

for nuclear motion in one step: direct dynamics of non-adiabatic systems, Molecular Phys.
106, 16-18, (2008), pp. 2077-2091.



	Acknowledgement
	Abstract
	Introduction
	Chapter 1. Symmetric matrix Schrödinger operators
	1.1. Generation of semigroup in L2
	1.2. Extension to Lp
	1.3. Further properties of the semigroup

	Chapter 2. Semigroup associated to matrix Schrödinger operators
	2.1. Motivation
	2.2. Preliminaries
	2.3. Generation of semigroup in L2(Rd,Rm)
	2.4. Extension of the semigroup to Lp(Rd,Rm)
	2.5. Maximal domain of Ap
	2.6. Semigroup in L1(Rd,Rm)
	2.7. Further properties of the semigroup
	2.8. Application to Schrödinger operators with complex potentials

	Chapter 3. Domain characterization of matrix Schrödinger operators
	3.1. Hypotheses, remarks and preliminaries
	3.2. The generation result
	3.3. Scalar multiplication perturbation of the system
	3.4. Compactness and Spectrum of the generator
	3.5. Application to complex potential

	Chapter 4. Ultracontractivity, kernel estimates and spectrum
	4.1. Ultracontractivity
	4.2. Maximal regularity
	4.3. Gaussian Kernel estimates
	4.4. Further kernel estimates
	4.5. Asymptotic distribution of eigenvalues of A

	Appendix A. Semigroup theory
	A.1. Operator theory
	A.2. Strongly continuous semigroups
	A.3. Analytic semigroups
	A.4. Positive semigroups

	Appendix B. Sesquilinear forms
	B.1. Definition and properties of sesquilinear form
	B.2. Associated operator
	B.3. Beurling-Deny condition and submarkovian semigroups

	Appendix C. Functional calculus for sectorial operators
	C.1. Sectorial operators and natural functional calculus
	C.2. Bounded H-functionnal calculus
	C.3. Fractionnal powers

	Appendix D. Matrix Multiplication Operator
	D.1. Semigroup associated to Mp
	D.2. Functional calculus associated to -Mp
	D.3. Some inequalities for positive matrices

	List of symbols
	Bibliography

