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Introduction

It is going to be about a problem which is probably the most primi-
tive in partial differential equations theory, namely to know whether an
equation does, or does not, have a solution. In particular, the theory
of general elliptic boundary value problems in smooth domains was de-
veloped in the second half of 20th century by Maz'ya, I.G.Petrovskii,
M.1.Vishik, Ya.B.Lopantiskii, V.A.Kondrat'ev, S.Agmon, A.Douglis,
L.Nirenberg, M.Schechter, J.Necas, J.L.Lions, E.Magenes.

Fundamental results in this theory are:
e a priori estimates for the solutions in different function spaces;

e the Fredholm property of the operator corresponding to the bound-

ary value problem:;
e regularity assertions of the solutions.

In this work we are interested in strong solutions of a Dirichlet prob-
lem for an elliptic linear operator. At this aim, let €2 be an open subset

of R", n > 2. Given any p €]1,4+00], a linear uniformly elliptic boundary



value problem in non divergence form consists of

Lu:= =30 Gyggeu+ i aigrutau=f  in Q, O
9 (2 J K 1
u=0 on 09, f e LP(Q),

for the unknown function u defined on €.
The uni form ellipticity of the operator will be expressed, as usual,

by the requirement

dv>0 : Zaij&{j > v|¢]* ae. in Q, VEER™ (2)
ij=1

We refer to the problem (1) as the homogeneus Dirichlet problem for

the linear operator L and we are interested in strong solutions for it.
Namely, a strong solution of (1) is a twice weakly differentiable func-
tion, u € W2P(Q), p €]1, +o0l, that satisfies the equation Lu = f almost
everywhere (a.e.) in Q and assumes the boundary values in the sense
of I/i)/l’p(Q). This concept makes sense for f € LP(2) and when the

coefficients a;; are measurable functions such that
Qi; = Qj; € LOO(Q) (3)

A reasonable strong solvability theory of (1) cannot be built up with-

out suitable additional hypotheses on leading coefficients.



Introduction

Indeed, if a;; are continous functions in 2

aij € CO(Q) (4)

a satisfactory theory (known "LP-theory") exists. It provides solvability
and regularity for (1) in Sobolev spaces W*P(Q) for p > 1 (see the
classical monographs [31], [36], [23]).

Unfortunately, even if {2 is bounded and sufficiently regular, simply
assuming (2) - (3) it is not enough to ensure the strong solvability as
shown by C. Pucci. For relevant counterexamples we refer to 33|, [38],
[42|. Tt is well known that the planar case, n = 2, exhibits a remarkable
exception of such a situation, as shown by G. Talenti in [48], but just
whenever p is 2 or is sufficiently close to 2. The exact range I of admissible
values of the parameter p assuring the well-posedness has been recently
determined in [2]: it does not depend on p, but just on the value of the
ellipticity constant v < 1 of the differential operator L, namely [ :=
[2(1 + v*)71,2(1 — v*)7Y. The lower critical exponent of I coincides
with the one conjectured by C.Pucci in [40], who also proved that the
uniqueness of the solution fails for values of p smaller than it.

The next step of the theory deals with weakening the continuity
assumption (4). The motivation is linked to the fact that mathematical
modeling of numerous physical and engineering phenomena lead to the
boundary value problems for discontinuous parabolic or elliptic operators

which require strong solutions.



In the framework of discontinuous coefficients (we refer to [34] for a
general survey on the subject), special attention is paid to the so-called
Cordes condition introduced by H. O. Cordes in the study of Holder con-
tinuity of the solutions to (1). The Cordes condition enabled G.Talenti
(]47]) to derive strong solvability in W%?2(£2) of the Dirichlet problem for
the operator L. Another class of discontinuous coefficients is that intro-
duced by C.Miranda in [35] and formed by functions belonging to the
Sobolev space WH(Q), ((ai;)z, € L™(R)), n > 3. First generalization in
this direction have been carried on, always considering a bounded and
sufficiently regular set €2, assuming that the derivatives belong to some
wider spaces. In particular, in [1] the (a;;),, are in the weak-L™ space,
while in [18] they are supposed to be in an appropriate subspace of the
classical Morrey space L**"~?P(Q)), where p €]1,n/2[. In [21] the leading
coefficients are supposed to be close to functions whose derivatives are
in L"(Q2). Althought these two types of discontinuity are substantially
different, the approaches in studying boundary value problems are uni-
fied on the base of elegant Miranda - Talenti inequality which permits an
exact computation of the costants appearing in L? - a priori bounds (see
chapter (1.4) of [34]).

In the development of the L” - theory, for p €]1,4+00[ and for any
regular enough open subset Q of R", n > 2, one need to impose certain
restrictions on the behaviour of the measurable and bounded leading co-

efficients. In two pioneer articles of ’90s, [19, 20|, F.Chiarenza, M.Frasca

and P.Longo succeeded to modify the classical methods to obtain LP
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estimates of solutions to (1) which allowed to move from (4) into the
conditions that a;; belong to the Sarason class VMO of functions whose
integral oscillations over balls shrinking to a point coverges uniformly to
zero (see |43]). It turns out to assume a kind of continuity in the average
sense instead of pointwise sense. Roughly speaking, the approach goes
back to A.Calderon and A.Zygmund and makes use of an explicit repre-
sentation formula for the second derivatives D?*u of any solutions to (1).
Thus, if the coefficients a;; have a "small integral oscillation" (that is,
a;j € VMO) then the L? - norm of D%u is bounded in term of L? - norm
of f and this holds for any p €]1,+oc[. Taking into account the fact
that VMO contains as proper subsets C°(Q) and W™(12), then the L?
- theory of operators with VMO principal coefficients is a generalization
of what was known before 1990 if the domain 2 is bounded in R" and
n > 3. This weaking continuity of coefficients, as we note in variuous
applications, generates boundary value problems for elliptic equations
whose ellipticity is ”disturbed” in the sense that some degeneration or
singularity appears. This "bad” behaviour can be caused by the coeffi-
cients of the corresponding differential operator and, near the boundary

0f€), it can be deal with two situations:

or may exclude the solvability of the Dirichlet problem in classical no

weighted Sobolev spaces;

or the problem is solvable in classical Sobolev spaces but from the be-

haviour of the coefficients near the boundary 02 we could deduce



the analogous one for the solution (see [45], [58]).

For degenerate partial differential equations, i.e., equations with var-
ious types of singularities in the coefficients, it is natural to look for
solutions in weighted Sobolev spaces ([29], [57], [13]).

We note that the role of a weight function consists in fixing the
behaviour at infinity of the functions belonging to the weighted Sobolev
space and of their derivatives and near the not regular part of boundary
of the domain.

In this framework, we can insert our work. In chapter 1, we deal
with introducing the weight functions and their corresponding weighted
Sobolev spaces to investigate, first of all, why to choose a weighted
Sobolev space instead of classical Sobolev spaces and, after, how to se-
lect a certain type of weight functions than the other ones. This choice
mainly depends by the necessity to obtain a new Sobolev space also Ba-
nach space (see [30]). In this point of view, on a subset €2 di R", n > 2
, not necessary bounded, two new classes of weight functions are intro-

duced and their properties are examined:

1. G(€2): this class, introduced yet by M. Troisi in [54], is defined as

the union of sets G4(£2) for any d € R,

G(2) = | Ga(®),

dERJr

where G4(2) is the class of measurable functions m : Q — R, such

10
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that
sup (z) < 400, (5)
osg, M)

2. C*(Q): this class is defined as the set of the functions p : Q — R,

such that p € C*(Q), k € Ny, and

10%p()] < +o0, VYla| <k (6)

We stress the point that C*(Q) weight functions are more regular
than G(Q2) - functions. Althought, G(Q2) weights have the favourable
property to admit among its members a regularization function, that
is a function of the same weight type but also belonging to C*(2), so a
more regular function than a C*(Q) weight.

Chapters 2 and 3 are devoted to the study of the solvability of the

Dirichlet problem:

u e W2r(Q)N W (Q)
(7)
Lu=f, f e L4(%),

where € is an unbounded and sufficiently regular open subset of R" (n >
2), p €]1,+0o0[, L is the uniform elliptic second order linear differential

operator defined by

11



with coefficients a;; = a;; € L*(Q),4,j =1,...,n, s € R, p €]1, 400,
W2P(Q), I/f/ﬁp(Q) and LP(2) suitable weighted Sobolev spaces on 2.
In particular, we confine the problem to G(£2) - weighted Sobolev

space. In detail we assume that:
e in chapter 2, €2 is an unbounded domain of R", for any n > 3;
e in chapter 3, Q is an unbounded domain of the plane (n = 2).

Instead, in chapter 4, we deal with the solvability in C*(Q) - weighted

Sobolev spaces

ue W22(Q)N Wh(Q) o)
9
Lu=f, fel(9),

where (2 is an unbounded domain of R", for any n > 2.
In chapter 2, we start with certain a priori estimates for the opera-
tor L, obtained by means of the following properties, just introduced in

chapter 1:

(I) topological isomorphism:
u— o’u

(from WFP(Q) to W*P(Q) or from V?/;p(Q) to V?/kp(Q)) It leads
to go from weighted spaces to no-weighted spaces and to get their

properties.

12
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(IT) compactness and boundedness: of multiplying operator

u — fu (10)

defined in a weighted Sobolev space and which takes values in a weighted
Lebesgue space.

We recall that when 2 is bounded, the problem of determining a
priori bounds has been investigated by several authors under various
hypotheses on the leading coefficients. It is worth to mention the results
proved in [35], [19], [20], [55] and [56]|, where the coefficients a;; are
required to be discontinuous. If the open set €2 is unbounded, a priori
bounds are established in [51] and [9] with analogous assumptions to
those required in [35]. In (|14], |10], [11]), under similar hypotheses
asked in ([19], [20]), the above estimates are obtained too. Here, we
extend some results of [19] and [20] to a G(£2) - weighted case.

Actually, we do that just assuming the following hypotheses, listed

below, on the coefficients and on the weight functions:

e ¢;; (in addition to simmetry and boundedness) locally VMO(Q)
and at infinity close to certain e;;, belonging to a suitable subset of

VMO(Q),
e a; and a having sommability conditions of local character,

e weight function, s-th power of a function m € G(92), not bounded

at infinity and with derivates of its regularization function having

13



suitable infinity conditions,we get the following a priori bound:

LE(Q) + ||uHLp(Ql)> Yuce Wg’p(Q)ﬂ W;’p(Q),
(11)

where s € R, 2 is sufficiently regular and €2; is a bounded open subset

lully 2o ) < c(HLu|

of €. This a priori bound allows to deduce that L is a semi-Fredholm
operator, that is it has close range and finite - dimensional kernel, which
is an essential property to state the solvability of the problem (7).

We wish to stress that an analogous estimate has been obtained in
[12], in a different situation. Indeed, in [12] the open set € has singular
boundary and the coefficients of the operator L are singular near a subset
of 0. Hence, in [12], the weight function goes to zero on such subset of
%) and then also the weighted Sobolev spaces are different with respect
to those considered in this dissertation.

After this, by a method of continuity along a parameter, using a priori
estimate (11) and the topological isomorphism, it is possible taking an
advantage of an existence and uniqueness result for the following no-

weighted problem (see [11])

w e W2 (Q)N Whv(Q),
(12)

Lu=f, felr(Q),

in order to establish a uniqueness and existence theorem for G(£2) - prob-

lem (7) for any n > 3.

14
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In chapter 3, the solvability of the G(£2) - problem (7) for unbounded
domains of the plane is presented. Note that the recent contributions
to the W?2? - solvability, p €]1, +oc[, in domains of R?, bounded as well
unbounded, are collected in [15], |[16], [17]. Then, we extend the results of
[17] to a weighted case. Indeed, using some results in [17], we show that
a priori estimate (11) for the solutions of (7), when 2 is an unbounded
C'! domains of the plane for the solutions, leads to an existence and
uniqueness theorem.

In chapter 4, we deal with C*(Q) - weighted Sobolev spaces on un-
bounded domains of R", n > 2. As a main result we describe a weighted
and a not-weighted a priori W2%-bound. These are obtained under hy-
potheses of Miranda’s type on the leading coefficients and supposing that
their derivatives (a;;),, belong to a suitable Morrey type space, which is a
generalization to unbounded domains of the classical Morrey space. No-
tice that the existence of the derivatives is of crucial relevance in our anal-
ysis, since it allows us to rewrite the operator L in divergence form and to
use some known results concerning variational operators. A straightfor-
ward consequence of our argument is the following W?2-bound, having

the only term ||Lu| r2(q) in the right hand side,
lullw2z@) < cl|Lullr2@ Yue W Q)N WH?(), (13)

where the dependence of the constant c is explicitly described. This

kind of estimate often cannot be obtained when dealing with unbounded

15



domains and clearly immediately takes to the uniqueness of the solution
of problem (12) for p = 2.

In the framework of unbounded domains, under more regular con-
ditions on the boundary, an analogous a priori bound can be found in
[50], where more regular assumptions on the a;; are taken into account.
We quote here also the results of [7], where, in the spirit of [21], the
leading coefficients are supposed to be close, in a specific sense, to func-
tions whose derivatives are in spaces of Morrey type and have a suitable
behaviour at infinity.

We show that the W*2-bound obtained in (13) allows us to extend
our result passing to the C2(Q2) weighted case. Infact, using (13) we get
the following C2(Q) weighted W22-bound:

lully22g) < el Lullze) Yue WEAHQ)N W*(Q).

From this a priori estimate, assuming that the weight function satis-

fies also conditions at infinity

1
lim (p(x) + —) =400 and lim

|| =00

we deduce the solvability of problem (9).
Existence and uniqueness results for similar problems in the weighted
case, but with different weight functions and different assumptions on the

coefficients have been proved in [22|. Recent results concerning a priori

16
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estimates for solutions of the Poisson and heat equations in weighted
spaces can be found in [28|, where weights of Kondrat’ev type are con-
sidered.

As a final remark, looking at results and methods described in the
present work, we notice that all presented issues can be seen as extension
of classical boundary value problems for uniformly linear elliptic oper-
ators by means a weakening of conditions on leading coefficients. Such
conditions mainly concern about the behaviour of leading coefficients
which is described by means the class VMO. Thus, we can expect that a
suitable and calibrated interplay between conditions on coefficients and
on the nature of the domain leads to an interesting enlargement of the
repertoire of solvability conditions for elliptic problems once new suitable

conditions on leading coefficients are explored.

17
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Notation and function spaces

Let G be any Lebesgue measurable subset of R" and X(G) be the
collection of all Lebesgue measurable subsets of G.

For F € 3(G),
e |F| denote the Lebesgue measure of [

e O(F) is the class of restrictions to F' of functions ¢ € C°(R"™) with

Fnsupp( C F;

e if X(F)) is a space of functions defined on F', we denote by X},.(F)

the class of all functions g : ' — R such that (g € X(F) for any
¢ e D).

For any x € R" and r € R, we put B(z,7) = {y € R" : |[y—zx| < r},
B, = B(0,r) and F(z,r) = F N B(z,r).

Now let us recall the definitions of the function spaces in which the
coefficients of the operator (3.3) will belong to.

For n > 2, A € [0,n], p € [1,+00[ and fixed ¢ in R, the space of

19



Morrey type MP*(€,t) is the set of all functions g in L? () such that

9llaer ) = Sl]lop] 7M7) gl o ery) < 00, (14)
T€]0,t

zeQ

endowed with the norm defined in (14). It is easily seen that, for any
t1,to € R, a function g belongs to MP*(€,t,) if and only if it belongs
to MP*(Q,ty), moreover the norms of ¢ in these two spaces are equiv-
alent. This allows us to restrict our attention to the space MP*(Q) =
MPANQ,1).

We now introduce three subspaces of MP*(Q) needed in the sequel.

The set V MP*(Q) is made up of the functions g € MP*(2) such that

%i_r)% ”gHMM(Q,t) =0,

while MPA(Q) and MP* () denote the closures of L>(2) and C°(€) in
MPA(Q), respectively. We point out that

MPAQ) € MPMQ) € VMPAQ).

o

We put M7(Q) = MPO(Q), VMP(Q) = VMPY(Q), I(Q) = I19(Q)
and MP(Q2) = MP°(Q). Hence, one can consider the subset MP(2) of
Lp

P () consisting of those functions g such that

9] aer(0) = sup ]| @z,1)) < +00. (15)
Te

20



Notation and function spaces

Endowed with such norm, MP((2) is a Banach space, strictly bigger than
the Lebesgue space LP(£2) when Q is unbounded. Equivalently, we de-
note by M?(Q) and M?(Q) the closure of L=(Q) and C°(Q) in M?(Q),
respectively.

Recall that for a function g in M?(2) the following characterization

holds:

e ge M) <= lim. o+ (py(7) + (1 = Cuyr)gllum))= 0,

where

py(T) = sup ||XE9||MP(Q)7 TER,,
Bes(Q)
supgecq |E(z,1)|<T

and (., 7 € Ry, is a function in C2°(R") such that

OSCrgla §r|BT:17 SuppCrCBQT-

e g € M?(9Q) if and only if the function

)= sup  |[xegllmr@  tERL,
EEs(Q)
supgcq |E(x,1)|<t

vanishes when t goes to zero.

We want to define the moduli of continuity of functions belonging to

21



MPA(Q) or MPA(Q). To this aim, let us put, for h € Ry and g € MP(Q),

Flgl(h) = sup  |lgxzllaer@)-
Eex(Q)
sup |E(z,1)|<

1
e h

Recall first that for a function g € MP*(Q) the following characterization
holds:

g€ MPNQ) — Jim Flg](h) =0,

while

g€ MPQ) <= lim (Flgl(h) + (1 = Ggllmre) =0,

where (;, denotes a function of class C5°(R") such that
OSChéla Ch|m:1a SuppChCB(()?Qh’)

Thus, if ¢ is a function in MP(Q) a modulus of continuity of g in MP(Q)
is a map oP[g] : R, — R, such that
Flgl(h) < o™ [g](h),  lim o”*[g](h) = 0.

h—+4o00

While, if g belongs to MP*(Q) a modulus of continuity of g in MP*(Q)

22
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is an application o2*[g] : R, — R, such that

Flgl(h) + 111 = ) gllamaoy < o8gl(h),

; DA _
Jim_o(g)(h) = 0.

Then a modulus of continuity of g in MP(S2) is a map aplg]l : Ry — Ry

such that

aplgl(t) = 7(t)  ViERy, lim &, [g](t) = 0.

t—0t

Indeed, if g € LP(Q), the function

wplg](t) == S Ngllrmy  tER,
|E|<t

is clearly non-negative and lim, o+ w,[g](t) = 0, so it is a modulus of
continuity of g in LP(S).
Finally, we introduce the following functional spaces: if {2 has the
property
|Q(x, )| > Ar® VreQ, VYrelo1] (16)

where A is a positive constant independent of z and r, then it is possible

to consider the space BMO(Q, 7) (7 € Ry) of functions g € L{ () such

loc

that

[g]BMO(Q,T) = sup ]L g —]£ gl < +o0,
Téieoi] Q(z,r) Q(z,r)

23



where

Fog=tpen [
Q(z,r) Q(z,r)

When g € BMO(2) = BMO(Q2,74), with

eR r_
TA=Sup{ T Dosup ————— < =
A P R Qz,m)] — A’

rel0,T]

we say that g € VMO(Q) if [g]smo,r) — 0 for 7 — 07,

Just note that the assumption (16) above implies that € is not too
'narrow’, and it is clearly satisfied by any domain 2 having the internal
cone property, therefore by any C'!'-domain.

Let us finish proving an useful lemma:

Lemma 1 If Q has the uniform C“'-reqularity property and

VM (), r>2 forn =2,
9,9z €
VM™™ (), r €]2,n| forn > 2,

then g € VMO(Q).

PROOF — For n > 2 the result can be found in [8], combining Lemma
4.1 and the argument in the proof of Lemma 4.2.

Concerning n = 2, we firstly apply a known extension result, see
[7] Corollary 2.2, stating that any function g such that g,g, € VM"(2)
admits an extension p(g) such that p(g), (p(g)). € VM (R?).

Then, we prove that for all z; € R? and t € R, there exists a

24
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constant ¢ € R, such that

\%B(mo,t)

indeed, in view of the above considerations, if (17) holds true, one has

TNE@)allrBoy).  (17)

p(g) — ]é(xo t)p(g)‘ <c(t

that p(g) € VMO(R?), so g € VMO(RQ).

Consider the function
gz €R* — p(g)(w +tz) €R.
By Poincaré-Wirtinger inequality and Holder inequality one gets

Lo [P (@) —F0 0y P(9) ()] =

T S0 197 (2) =0, 97 < €1 [ [(979):(2)] =

r—1

" (P(9) el Lr(Bo.t))

At [paen [(P(9))a(@)] < e t7 B0, 1)]

this gives (17). 0
A more detailed account of properties of the above defined function

spaces can be found in |25, 43, 50, 52, 53|.
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Chapter 1

Weight functions and weighted

Sobolev spaces

The general framework in which we develop our work is the relation-
ship between the Dirichlet problem associated to a linear elliptic operator
and the Sobolev spaces in which its solution may live.

The main goal of this chapter is to introduce the weight functions and
their corresponding weighted Sobolev spaces to investigate about some
reasons that lead to choose certain weight functions. Finally, two new

classes of weighted functions are studied.

1.1 Why the weighted Sobolev spaces?

Let us start with basic definitions.

Definition 1.1.1 Let Q2 be an open subset in R". By the symbol T(£2),

27



1.1. Why the weighted Sobolev spaces?

we denote the set of all measurable almost everywhere (a.e.) in Q, positive
and finite functions t = t(z), x € Q.

Elements of T(Q2) will be called weight functions.

Definition 1.1.2 Let Q C R", p > 1, t € T(2). By the symbol L} (Q)

we denote the set of all measurable functions u = u(z), v €  such that

HuH’if(Q) = /Q lu(x)[Pt(z)dr < +o00

For t(z) = 1 we obtain the usual Lebesgue space LP(S2).

Remark 1.1.3 Lj(Q) equipped with the norm || - ||pq) s a Banach

space.

Definition 1.1.4 Let 2 C R" a domain with a boundary 0N, t a vector

of non-negative (positive a.e.) measurable functions on 2, i.e. a weight
t={ta =ta(z),r € Q|a| <k}

where k is a non-negative integer, « is a multiindex, i.e., o« € Ny or
equivalently

a=(ag,qg, ..., 0p) a; € Ny
lal = a1 + as + ...ay,.

Let us define the Sobolev space with weight t, Wtk’p(Q), where p s a

number, 1 < p < 400, as the set of all functions v € LY(Q) N L} (Q)

loc

28



Chapter 1. Weight functions and weighted Sobolev spaces

such that their distributional derivatives 0®u, V|a| < k are again elements
of LE(QQ) NLL.(Q) (i.e., 0°u are reqular distributions).

loc

The expression

1
P
||u||wt’“vp(9) = ( E ||8au||Lf(Q)) (1.1)

o] <k
obviously is a norm on the linear space W;"P(Q).

The usefulness of the spaces LY(Q) is self-evident, for example, in
the theory of orthogonal polynomials. Concerning the weighted Sobolev
space Wtk’p (2), as a remarkable example, we refer to the application of
these spaces in the theory of boundary-value problems for PDEs.

Let us start to investigate the homogeneous Dirichlet problem asso-

ciated to a Laplace operator:

—Au+u=f 12)

Ulpn = 0.

As everyone knows, after multiplying the equation by the function u,
integrating the resulting identity over {2 and using the Green’s Formula,

we obtain - thanks to the boundary condition - the integral identity

n au 2 )
Z/ dx—i—/udx:/fudx.
=1 7 Ox; Q Q

29



1.1. Why the weighted Sobolev spaces?

The left hand side of this identity represents the square of the norm
of the function u in the Sobolev space W'%(Q), so that the relation can

be written also in the form

This relation is the starting point of the theory of the weak solutions

of boundary-value problem for elliptic equations.

Let us consider, now, a linear elliptic differential operator L of the

second order (for simplicity)

n 82 n P

ij=1 i=1

We shall assign a bilinear form
a(u, v)

defined for u, v from a certain subspace V' C W'2?(Q) (the subspace V
being determined by the boundary conditions), and instead of solving

the boundary-value problem for the equation

Lu

I
-
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Chapter 1. Weight functions and weighted Sobolev spaces

we consider the identity
a(u,v) =< f,v > YoveV. (1.4)

The equivalence below is essential for the existence of a solution of
the problem (1.4)

a(u,u) = |[ulfi2(q)- (1.5)

The possibility to resolve this equation depends on the existence of a
space to which the function u belongs. In several situations, it’s not pos-
sible to find this function in the classical Sobolev spaces but it’s necessary

to modify suitably the spaces in order to obtain this function.

Let us investigate some of these situations:

e Equations with perturbed ellipticity: instead of the equation

(1.2), we'll concern a different equation

-3 () < b= 5 on 0
where the coefficients of the operator p; = p;(z),7i = 0,..., N, are
non-negative functions defined on 2,
— degenerate: p;(x) — 0 for z — xy € 0.
or

— have a singularity: p;(z) — oo for © — xy € 0S.
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1.1. Why the weighted Sobolev spaces?

With the same procedure as the problem (1.2), we arrive at the

integral identity

5 (2 s i~ s

Consequently, if L is a linear differential operator with perturbed

ellipticity, then we can still associated it with the corresponding
bilinear form a(u,v). Indeed, if there is a suitable weight ¢ such
that

a(u,w) = [[ull1

o (1.6)

we can try to solve the problem (1.4); obviously in this case V' C

W ().

So, the weighted spaces make possible to enlarge the class of equa-

tions which are solvable by functional-analytical method.

e Nonhomogeneous Dirichlet problem: To solve the boundary

value problem:

—Au+u=f
U = 9;
in the classical Sobolev space, we have to satisfy two conditions:
1. g € W22(99), i.e. g is the trace of § € W12(£2) on 0,

2. f is a continuous linear functional over the space W'?(Q), i.e.

few12(Q).
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Chapter 1. Weight functions and weighted Sobolev spaces

If one of these conditions fails the classical theory of Sobolev spaces
cannot be applied. We can make an attempt to find a suitable
weight ¢ for which the theory of weak solutions can be extended
also to the case of the weighted space W,"*(Q). Indeed, we look
for certain weights ¢ for which there exists analogue of the known
existence and uniqueness theorem for the weak solution of the clas-
sical boundary value problem. Otherwise, contrary to the previous

case, the weight it’s not a priori given by the equation.

e Unbounded domains: In this case, in addition to the boundary
condition on 0f) required by the Dirichlet problem, we need to ask
also conditions at infinity which prescribes the behaviour of the
solutions u(x) for |z| — oo. These requirements can be described
throught weight functions. So, the weighted spaces allow to study
also functions defined on unbounded domains. Main results about
the above application are due to L.D.Kundjavcev and his succe-

sors B.Hanouzet, A.Avantaggiati, M.Troisi and R.A.Adams.

e A domain with corners or edges: The reflection of these ge-
ometric features of the domain 2 may be found in the properties
of solution of boundary value problems on 2. Near of a corner or
an edge the solution u of the boundary value problem may have a
singularity well characterized by a suitable weight. This weight is

most usually a power of the distance from the singular set on 0.
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1.2. How to choose suitably a weight

So, a weighted space can help us to describe the qualitative properties
of solutions of boundary value problems. On the other hand, it may
have a "practical” aspect as well: weighted spaces have proved useful,
for example, in connection with the approximate solution of boundary

value problems by means the finite element method.

1.2 How to choose suitably a weight

The most reasonably motivation to choose a class of weight functions
than another one lies in looking for those classes for which the correspond-
ing weighted Sobolev space is guaranteed to be complete, i.e. a Banach
space. Further, it is shown how to modify the definition of the weighted

space if the weight function do not belong to the class mentioned.

Definition 1.2.1 Let p > 1. We shall say that a weight function t €

T(S2) satisfies condition B,(2) and write t € B,(Q2) if
1
CET e LL(©).

Theorem 1.2.2 Let Q@ C R"™ be an open set, p > 1, t € B,(2). Then
LY(€) = Lio ()

(— continous embedding).
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Using the usual assumption of a regular distribution in ©'(€2) of a

function in L; (), we conclude that

LP(Q) € L (Q) C D'(Q) (1.7)

loc

for t € B,(2). Therefore, for functions v € L{(2) with ¢ € B,(f),

the distributional derivatives 9%u of u have sense.

Remark 1.2.3 If the weight function t satisfies the condition B,(€), in

view of (1.7), the assumption 0°u € LY(Q) N L;

loc

(Q) in the definition

(1.1.4) can be replaced by the assumption 0%u € L7 ().

Theorem 1.2.4 If t € B,(Q), the space W,}*(Q) is a Banach space if

equipped with the norm (1.1).

Now, we introduce exceptional sets definition of the weighted Sobolev
spaces which causes the non-completeness. These sets are composed by

the points on that the weight functions are not B,(£2).

Definition 1.2.5 Let t € T(Q2), p > 1 and denote

M,(t)={x€Q: / t_ﬁ(y)dy =400 VU(x)of x}

QNU(x)
Obviously, My(t) =0 for t € B,(Q) .

Let us denote

B= (] M) (1.8)

t¢Bp(92)
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1.3. C*(Q) - weight functions

Definition 1.2.6 Let Q, p and t be as in definition (1.1.1), with t €
T(2). Let B be the set from (1.8). Then we define the Sobolev space with
weight t,

WP (Q)

as the space WP(Q\B) , considered in the sense of definition (1.1.4)

Remark 1.2.7 Another way how to guarantee the completeness of the
weighted Sobolev space is to define it as the completion of the set th’p(Q)
from definition (1.1.4) with respect to the norm (1.1). However, in this
case the completion could contain nonreqular distributions or functions
whose distributional derivatives are not reqular distributions.

Therefore, definition (1.2.6) seems to be more natural.

Let us introduce two new classes of weight functions. Obviously, the
related weighted Sobolev spaces are Banach spaces. We work with weight
functions or s-th power of them. Their role is to check the run of the
functions, and their derivatives, belonging to weighted Sobolev spaces.
Specifically, the weight functions fix the behaviour of those functions at
infinity on unbounded domains and correct it near not regular parts of

the boundary of the domain.

1.3 CF(Q) - weight functions

Let €2 be an open subset of R", not necessarily bounded, n > 2. We

introduce a class of weight functions defined on Q. To this aim, given
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k € Ny, we consider a function p : Q — R, such that p € C*(Q) and

up [2°(2)

< 400, Vol <k 1.9
i e |l (1.9)

Remark 1.3.1 If p € C*(Q) and satisfies (1.9), then p,p* € Lio.(Q).

As an example, we can think of the function
pl) = (1 + ), teR.

In the following lemma, we show a property, needed in the sequel, con-

cerning this class of weight functions.

Lemma 1.3.2 If assumption (1.9) is satisfied, then

o 172702

<400 VseR, V|l <k (1.10)
z€Q ps<x)

PROOF — The proof is obtained by induction. From (1.9) we get

-1 .
<cpp’ i =cp’, i=1,...n,

1(0°)a| = 159" P,

with ¢; positive constant depending only on s. Thus (1.10) holds for
lal =1.
Now, let us assume that (1.10) holds for any [ such that |G| < |af

and any s € R, and fix a § such that |§| = |a| — 1. Then, using (1.9)
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1.3. C*(Q) - weight functions

and by the induction hypothesis written for s — 1, we have

<

10%p°] = 10°(0°) ] = 10°(5p* " P

¢33 0% s, 0 Y < copp™t = cop®, for i = 1,.m,
<8

with c¢3 positive constant depending only on s. Hence, (1.10) holds true

also for a. 0

Now, let us study some properties of the class of weighted Sobolev
spaces with weight function of the above mentioned type.

We can define for & € Ny, p € [1,+o0[ and s € R, given a weight
function p satisfying (1.9), the space WFP(Q) of distributions u on

such that p*0%u € LP(Q2) for |o| < k, equipped with the norm:

||u||WSk,p(Q) = Z | p°0%u|| Loy < +00, (1.11)

| <k

and we denote by I/f/f”(Q) the closure of C°(2) in WFP(Q) and put
WOP(Q) = LP(R).

Lemma 1.3.3 Let k € Ny, p € [1,+00] and s € R. If assumption (1.9)

is satisfied, then there exist two constants c1,co € Ry such that

Cl||u||wfvP(Q) < ||ptu||wskj;(g) < C2||u||wfvp(9)a (1'12)

Vt € R, Yu € WFP(Q), with c; = ¢ (t) and cy = co(t).
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PROOF — Observe that from (1.10) we have

0% (pw)| < er Y107 Ppt 97u| < o] p' 0,
BLa

with co € R, depending only on ¢. This entails the inequality on the
right hand side of (1.12).

To get the left hand side inequality, it is enough to show that

0] < o5 3 10°(p'u)l, (1.13)

B<a

with c3 € R, depending only on t.

We will prove (1.13) by induction. From (1.10) one has

|ptu:ri| = |(ptu)mi - (pt)xiu| < 04((ptu)a: + pt|u|)’

for i = 1,...,n, with ¢4, € R, depending only on ¢. Hence, (1.13) holds
for |a| = 1.
If (1.10) holds for any (3 such that || < |af, then, using again (1.10)

and by the induction hypothesis, we have

P07 ul < 10 (p'w)| +e5 Y 10°7p||0Pu] <

B<a
0 ()] + o 3 190%u] < e 310w,
B<a Lo
with ¢z € R} depending only on ¢. O
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1.3. C*(Q) - weight functions

Let us specify a general density result, true whenever the Sobolev
space is weighted with a weight function in the class L$(Q) with its

loc

mverse.

Lemma 1.3.4 Let k € Ny, p € [1,+00[ and s € R. If Q has the segment

property and assumption (1.9) is satisfied, then D(Q) is dense in WFP(Q).

PROOF — The proof follows by Lemma 2.2 in [46], since clearly both
p,p '€ LS. O

loc

This allows us to prove the following inclusion:

Lemma 1.3.5 Let k € Ny, p € [1,+00[ and s € R. If Q) has the segment

property and assumption (1.9) is satisfied, then
WER(QN WH(Q) CWE(Q).

PROOF — The density result stated in Lemma 1.3.4 being true, we can
argue as in the proof of Lemma 2.1 of [22] to obtain the claimed inclusion.

O

From this last lemma we easily deduce that, if 2 has the segment
property, also C*(Q) Cl/f/f’p(ﬂ).
Now, we introduce the essential property of C*(Q)-weight class, named

topological isomorphism.

Lemma 1.3.6 Let k € Ny, p € [1,+o0[ and s € R. If Q has the segment
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property and assumption (1.9) is satisfied, then the map
u— p’u

defines a topological isomorphism from WEP(Q) to WkP(Q) and from

WEP(Q) to WHP(€).

PROOF — The first part of the proof easily follows from Lemma 1.3.3

with ¢ = s. Let us show that u EI/f/];’p(Q) if and only if p*u GI/f/k’p(Q).
If u EI/?/’SC”’(Q), there exists a sequence (¢p)nen C C5°(€2) converging

to u in WFP(Q). Therefore, fixed € € R, there exists hy € N such that

£
lo*(én = Wllwrs@ < 5, ¥h > ho. (1.14)

Fix hy > hyg, clearly p°¢p, El/f/k’p(Q), because of its compact support.
Therefore, there exists a sequence (¢, ),eny C C5°(§2) converging to p°dp,

in W*P(Q). Hence, there exists no € N such that

. Vn > ny. (1.15)

N ™

[0 = 0°Ony [lwen ) <
Putting together (1.14) and (1.15) we get
[Un = pPullwrr@) < |00 — POy lwrr) + 1070, — pPPullwrr) <,

Vn > ng. Thus p’u EI/f/k’p(Q). Viceversa, if we assume that p’u €

V([)/'k’p(Q), we find a sequence (¢p)peny C C5°(§2) converging to p°u in
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1.4. G(Q) - weight functions

WP (Q). Hence, there exists hg € N such that
s £
070 = ullyir@y < 5 VA > ho. (1.16)

Fix hy > hg, since p~3¢p, € C¥(Q), which is contained in I/f/’;p(Q) by
Lemma 1.3.5, there exists a sequence (1,),eny C C°(Q2) converging to

p o, in V(E/’fjp(Q) Therefore, there exists ng € N such that

s 5
|ton, — p ¢h1||Wf,p(Q) <3 Yn > ny. (1.17)

From (1.16) and (1.17) we get

190 = tllwtriay < 1n = o7 G llyagay + 107" 0n = ullyyrrio) <&,

Vn > ng. So that u El/f/’j’p(Q). 0

1.4 G(92) - weight functions

Here, we introduce a class of weight functions defined on €2, an open
subset of R", not necessarily bounded, with n > 2, and d € R,. Denoted

by G4(Q2) the set of all measurable functions m : Q — R, such that

sup < 400 (1.18)

I;tyye\gd m(y)
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we say G(£2) be the class of weight functions defined as:

G(Q) = |J Gu®.

d€R+

Examples of functions in G(€2) are functions of distance type, as:

m(z) = el mz) =1 +]z>)', zeQ teR

In order to pick out G(Q2) functions we draw up a list of their prop-

erties:

e m € G(Q) if and only if there exist d,y € Ry such that

1

v m(y) < m(z) < vm(y) Vye, VaeQ(yd (1.19)

where v € R, is independent of x and y.

e if m € G(Q2) then

m, m~" € L2 . (Q).

e m € G(Q) if and only if 3 d € R, such that

m(z)
sup |log < +o00.
= m(y)
lz—y|<d

e if m € G(Q2), then:

m® € G(Q), Am € G(Q) Vs € R\ € R,
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1.4. G(Q) - weight functions

e Lemma 1.4.1 Let m be a positive function defined on ). If logm €
Lip(Q) then m € G(12).

PROOF — By the hypothesis, there exists a constant L € R, such

that for each z,y € Q

llogm(x) — logm(y)| < Llz — y|. (1.22)

Let z,y € Q such that [zt —y| < d (d € R;). From (1.22) we deduce

that
log™ )| < 14 VyeQ, Ve Qy,d)
m(y)
and we have the result. O

e Lemma 1.4.2 (REGULARIZATION FUNCTION o)

If m € G(Q) and Q has the cone property, then there exists a func-

tion o € G(Q2) N C>(2) such that

com(x) < o(z) < eom(x) Vo € Q, (1.23)
supM <400  Va e N, (1.24)
€ O'(ZE)

sup [0 ()] < 400 Va e Nj, Vs € R (1.25)

zeQ O'S(x)
where ¢, co € Ry are dependent only on n, ), m.

PROOF — Since m € G(2) there exists a positive number d such
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that m € G4(2). We assign a function g € C°(R") such that

g=>0, gp, =1, suppg C By

1
2

and put

ol xEQ—>/Qm(y)g<I;y>dy

Since

r—1Y
aw):/ m(y) g dy Ve €,
@ = me(=")

by (1.19), it follows that: Vx € Q,V y € Q(z,d)

() /Qw) g(FY) dy < /mx,d) miy) g(*—2) dy <

So, on the one hand

m —
em@) [ g(* ) dy < cmla)( sup 9|0 )] <
Q(z,d) Q(z,d)

< cm(x) ¢wpd® = ca(n,m, Q) m(x),

on the other hand, by hypotheses on function g:

e(nm, @) m(x) < ¢ 'm(@)E wn @ < ¢ m(x) /Q@,g) (-
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1.4. G(Q) - weight functions

< /Q(x’d) m(y)g<$ v y) dy = o(x)

then, putting together the previous estimates we obtain the (1.23).
Thus, by the equivalence (1.23) and continuity of g, o € G(2) N
C>=(Q).

Moreover, using jet (1.19), for all & € Njj and z € €, we have:

T

0% (x)] < ymz)d / 1o () < como)

-y
d
where ¢3 depends on n, 2, m, o, and then (1.24) follows.

By the induction procedure on the length of o € Ny, it is easy to

prove (1.25).

e Lemma 1.4.3 If Q) has the property that there exist ro € R and
xo € Q\B,, such that TZy C Q Ya € Q\B,,, then for anym € G(Q)
we have

caltfc‘”ﬁ| <m(x) < coe®! Vr €,
where ¢ and ¢y depend only on n, 2 and m.

PROOF — Fixz € Q. If x € Q\B,, then Tx; C 2 and by Lagrange’s

theorem, using (1.24), we have

llogo (x) — logo(x)] = Z 2<—S) o= o] < clw—zo|  (1.26)

where ¢ € R, depends on n, ), m. So, with easy computations and
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from (1.12), we have the result.

Otherwise if z € QN B,,, from (1.20), we have the result. O

Ifmeg),keNy 1 <p<+ooand s € R, we define the space
WEP(Q) of distributions v on Q such that m*0°u € LP(Q) for |a| < k,

equipped with the norm

[ullyrrgy = Y Im°0ul| o). (1.27)
lor| <k
Moreover, denote by V([j/’;p(Q) the closure of C°(Q) in W?(Q) and put
Wor(Q) = Li(9).

A more detailed account of properties of the above defined spaces
can be found, for instance, in [54]. Now, by (1.25), we can easily deduce
the following topological map. It allows to pass from weighted Sobolev
spaces to classical Sobolev spaces in order to take advantage of their

theory.

Lemma 1.4.4 Let k € Ny, 1 < p < +o0 and s € R. If Q has the cone
property, m € G() and o is the function defined in Lemma 1.4.2, then
the map

u — o’u

defines a topological isomorphism from WFP(Q) to W*P(Q) and from
WEP(Q) to WE2(9).
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1.5. Some embedding results in G(2) - weighted
Sobolev spaces

We can obtain the above equivalence as for C¥(Q) weight functions,
here we underline only that for topological isomorphism from WkP(Q) to

WHkP(Q) (or from V‘f/’;p(Q) to ch/'kp(Q)) we means
u € WHF(Q) & ou € WHP(Q)

or equivalently that 3 ¢1,c2 € R, (independent of u) such that

alloullwer < llullygrs < eollo®ullwrr).

1.5 Some embedding results in G({2) - weighted

Sobolev spaces

In the study of several elliptic problems with solutions in Sobolev
spaces (with or without weight), at the aim to obtain existence and
uniqueness theorems it is sometimes necessary to estabilish regularity
results and a priori estimates for the solutions. These issues rely on some

embeddings for the operator
u e WEP(Q) — gu € LP(Q).

Moreover, if L is the associated operator to the corresponding elliptic

problem, these results can prove the boundedness and the compactness
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of L, when g is a coefficient of the operator.

Let m be a function of class G(£2). We consider the following condi-
tion:

(ho) Q has the cone property, p €]1,+o00[,s € R, k,t are numbers
such that:

keN, th,tZ%,t>pifp:%,geMt(Q).

By Theorem 3.1 of [24] we easily obtain the following.

Theorem 1.5.1 If the assumption (hg) holds, then for any u € WEP(Q)

we have gu € LP(Q) and

lgullzz@) < ellgllar@llullyrs g, (1.28)

with ¢ dependent only on Q,n,k,p and t.

Corollary 1.5.2 If the assumption (ho) holds and g € M (), then for

any € € Ry there exists a constant c(¢) € Ry such that

lgul iz < ellullyrngy + cEllullizey Yu € WE(Q),  (1.29)

where c(e) depends only on £,Q,n, k,p,t, 6lg].
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1.5. Some embedding results in G(2) - weighted
Sobolev spaces

PROOF — Fix € > 0 and let ¢ be the constant in (1.28). Since g € M*(1),
then there exists g. € L>(§2) such that ||g — g-||mt() < = By Theorem
c

1.5.1

gullzz) < cllg — gellar @)l lul whe) T 192l o @ lull 220

for any u in W*?(Q), and then the result follows. O

Corollary 1.5.3 If the assumption (hg) holds and g € ML(QY), then for
any € € Ry there exist a constant c(e) € Ry and a bounded open subset

Q. CC Q with the cone property such that

lgullzz) < ellullyrrgy + c@)llullp@) Yu € WEP(Q),  (1.30)

where c¢(e) and Q. depend only on €,Q,n, k,p,m, s, t,o.[g].

PROOF — Fix € > 0 and let ¢ be the constant in (1.28). Since g €
€

MY(S2), there exists g. € C°(2) such that ||g — gc||me) < —. Let
c

be a bounded open subset of (2, with the cone property, such that supp

ge C €, hence by Theorem 1.5.1 and (1.20), it follows that

lgullzy < cllg = gellme@llullyyrr ) + 19=ullz .
< ellullyray + llgem®|lLe@ollullir@,) — (1.31)
for any u in W*P(Q2), and then we have the result. 0
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Theorem 1.5.4 If the assumption (ho) holds and g € ML(QY), then the
operator

u € WEP(Q) — gu € LP(Q) (1.32)
1S compact.

PROOF — Let (uy)nen be a sequence of functions which weakly converges
to zero in WHP(Q). Therefore there exists b € R such that ||u,| |W§,p(m <
b for every n € N.

For € > 0, from Corollary 1.5.3, there exist ¢(¢) € R, and a bounded

open subset (2. CC 2 with the cone property such that

19
lgnllzzien < = llnllysry + cEllunllisy ¥n N (133

Since WFP(Q) c WkP(Q.), we obtain the result from a well-known com-

pact embedding theorem. O

Remark 1.5.5 : Comparing G(Q) and CX(2)

Difference: C*(Q) weights are more regular than G() - functions, but
these type of weights admit among their members a reqularization

function o € G(Q2) N C>®(Q) of the same weight type but belonging

to C*(Q), so more regular than a C*(Q) function.

Similarity: Both admit a topological isomorphism, i.e. a map v — V°u
from WEP(Q) to WEP(Q) or from I/?/EP(Q) to I/f/k’p(Q), where ¥

is any weight function. For G(Q) class, ¥ is choosen as the requ-
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1.5. Some embedding results in G(2) - weighted
Sobolev spaces

larization function o, while for C*(QQ), it is just p, a C*(Q) weight

function.
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Chapter 2

The Dirichlet problem in G(£?) -
weighted Sobolev spaces on

unbounded domains

In this chapter we prove an existence and uniqueness theorem for the

following G(2) - weighted problem

u € W2P(Q)N Wh(Q) o)
2.1

Lu=f, | € LA(Q)

where s € R, p €1, +oo[, W2P(Q), I/(I)/;p(Q) and LP(§2) are suitable G(Q2)

- weighted Sobolev spaces on an unbounded domain and L is the uni-
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2.1. A priori estimates

formly elliptic second order linear differential operator defined by

n 82 n )
L——Zaijm—i-Zaiaxi—l—a. (22)

ij=1 i=1

At this aim, using a general embedding result of section (1.5) about the

multiplication operator
u € WH(Q) — gu € LP(Q)

when ¢ is a coefficient of L, we obtain some a priori estimates for the
operator. Then, taking advantage of one of a priori bounds, an existence
and uniqueness result in no - weighted spaces and the topological iso-
morphism (1.4.4), we are able to estabilish an existence and uniqueness

theorem for weighted problem (2.1).

2.1 A priori estimates

Thanks to embedding results of section (1.5), we get two a priori esti-
mates for the G(£2)- Dirichlet problem. We recall that when 2 is bounded,
several authors have been investigated the problem of determining a pri-
ori bounds under various hypotheses on the leading coefficients. It is
worth to mention the results proved in [35], [19], [20], [55], [56], where
the coefficients a;; are required to be discontinuous. If the open set (2 is
unbounded, a priori bounds are established in [51], [9] with analogous as-

sumptions to those required in [35], while in [14], [10], [11], under similar
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Chapter 2. The Dirichlet problem in G(f2) - weighted Sobolev
spaces on unbounded domains

hypotheses asked in [19], [20], the above estimates are obtained. Now,
we extend some results of [19], [20] to a weighted case.

Assume that €2 is an unbounded open subset of R",n > 3, with the
uniform C'!-regularity property, p €1, +oo[ and s € R.

Consider in € the differential operator

n 82 n a
L=— G e——— i — +a, 2.3
ijzlajafbial'j—i_izla aJZi—i_a ( )

with the following conditions on the coefficients:

aij = aj; € L¥(Q)NVMOe(Q), 4,j=1,...,n,

(h1) n
>0 : Y a;&& > vEP ae in Q, VEER”,

i,j=1

there exist functions e;;, 7,7 = 1,...,n, g and p € Ry such that

;

€ij = €j; GLOO(Q)HVMO(Q)y Lj=1...,n,

(ha) D €&ty > plél® ae in Q VEERT,

4,j=1

g€L*(Q), lim Zl leij = g aigl | L=@5,) =0,
\ ©LI=

(hs) a € MU(Q), i=1,....n, aecM=2(Q),
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2.1. A priori estimates

where

tlzpa t12n7 t1>p lfp:na

to >p, ta>n/2, ty>p if p=n/2.

Under assumptions (hy) - (hs), by Theorem 1.5.1, the operator
L:W2P(Q) — LP(Q) is bounded.

Let
n 82
LO = — Z Qij 5 -
i1 01%813

Theorem 2.1.1 Suppose that assumptions (hy), (he) and (hs) hold. Then

there exist ro, ¢ € R, such that:

) Y u € W2(OQ)N Whe(Q),

ullyzo 0y < c(l1Lull o) + Iful

where ¢ depends only onn,p,ty, ta, Q, v, 1, ||ag]| =), ||ei]| @), 9]l L @)
NCaro@ijl, lesj], 0lai], olal,m, s, and ro depends only on n, p, 2, w, ||ei;||L~ (),
nlei;).

PROOF — Let u € W2P(Q)N V((D/ip(Q) By Lemma 1.4.4 we have that

ofu € WP(Q)N I/f/l’p(Q).
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Chapter 2. The Dirichlet problem in G(f2) - weighted Sobolev
spaces on unbounded domains

Then, by Theorem 3.1 of [10], there exist 79 and ¢y € Ry such that
lo*ulbwase) < o IZa(o )iy + Iollir ) (20

where ¢y depends on n, p, Q, v, 1, ||ag; || Lo (), ||€i5|| Lo (@), [|9] | oo (9) M[C2ro @],

nlei;], and 7o depends on n, p,Q, 1, ||€;;|| Lo (), nles;]. Since

n n

Lo(c*u) = o°Lu—s(s—1)0°? Z AijO; O, U — 2s50° ! Z AijOg Uy, +
i,j=1 i,j=1
— so*t Z AijOs0,U — O° Z a;u,, —o’au, (2.5)
ij=1 i=1
from (2.4) and (2.5) we have
llo*ullw2a(0) < e1(Ilo” Lul| o) + |lo"ul| o)+ (2.6)

n n
+ ) o 2000 ull eyt Y 0 0w @)+
i,j=1 tj=1

+ Y 0 o ullr@t Y N aita, || o) + |0 aul | o)),
i=1

ij=1

where ¢; depends on the same parameters as ¢y and on s.

By Theorem 4.7 of [3], for all i = 1,...,n we have:

1 1
e < sl gy + iz ) @1

where ¢y depends on 2, m,n,p.
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2.1. A priori estimates

Moreover, from Corollary 1.5.2, for any ¢ € Ry and i =1, ..., n there

exist ¢1(¢), ca(e) € Ry such that:

laiua,||2@) < ellullyzrq) + c1(e)lus,l|z@) (2.8)

laul zz(ay < ellullyzo gy + 2l lregoy (2.9)

where ¢;(g) depends on €, n, p, 1, o [a;] and c2(g) depends on €, 2, n, p,
tg, 5' [CL]

From (2.6)-(2.9), Lemma 1.4.2 and Lemma 1.4.4, it follows

lully2e 0y < es(l|Lullz@) + lullz@) + llullyze @)+ (2.10)

1 1
teale) ltzal 2y 1l 0y + 1l zc@)

where c3 depends on the same parameters as ¢y and on s,m, and c3(¢)
depends on ,Q,n, p, t1,ta, 0 [a;], 0 [a).

For ¢ = 5=, from (2.10) we have
c3

1 1
HUHWS?*P(Q) < C4<HLU| e t |l LeQ) T HUMHEE(Q)Hqug(Q))v (2.11)

where ¢, depends on the same parameters as ¢; and on tq, t, 0 la;], o [a)].
Using Young’s inequality and (2.11), we get the result. O

Now we carry on displaying a priori bound in which there is a bounded
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Chapter 2. The Dirichlet problem in G(f2) - weighted Sobolev
spaces on unbounded domains

open set. This estimate will be useful in the sequel to state the existence
of the solution of the problem (2.1).
Add the following assumptions on the coefficients of L and on the

weight function:

;

(€ij)a, € MEMHQY), with ¢t €)2,n], 4,5,h=1,...,n,
a; € MH(Q), i=1,...,n,
(ha) a=da +b,a e M=2(Q),be L), by = essQinfb > 0,
Jo = essﬂinfg >0,

Op + Ogz

lim ——— =,
(o] =to0 O

where ¢; and ¢, are defined as in (hs).

Theorem 2.1.2 Suppose that assumptions (hy), (he) and (hg) hold. Then

there are a real positive number ¢ and a bounded open 21 CC Q with the

cone property such that:

[ullyyze ) < C(HLU| @) t ||U||LP(91)> Vu e WX (Q)N WP (Q),

where ¢ and $2y are dependent only on n, p, Q, v, u, go, by, t, t1, to,
m, s, |laijl |, lleijlle@), llgllze@), (16|, nlCaroais], ool(eis)al;

oolai], oo [a'].
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2.1. A priori estimates

PROOF — Let u € W2P(Q)N Mo/ip(Q) By Lemma 1.4.4 we have that
ofu € WP(Q)N I/f/l’p(Q).

Applying Theorem 3.3 of [11] to the operator Lo + b, we have that there
exist a real number ¢y € R, and an open bounded subset €2y C €2 with

the cone property such that

o ullw2r@) < co <H(Lo +b)(o*u)||Lr) + HUSUHLP(Qo))a

where ¢y and Qg are dependent on n, p, 2, v, i1, go, bo, t, ||as;|| L), ||€ij]| L= (@),
||g||L°°(Q)7 ||b| |L°°(Q)7 n[§27’0aij]7 00[(6ij)$]7 and To depends onn,p, Qa H, 9o, b07t7
leijl| (@) 9]l (@) (10|20, o0l(€i5)a].

Proceeding as in the proof of Theorem 2.1.1, we have

IN

er (1Ll g2y + [l oo+ D 110" 200,00l 1) +
i,j=1

n n
+ Z ||08710xiugpj||LP(Q)+ Z ||0'8710'wiijHLp(Q) +
i,j=1 i,j=1

n

=1

HUHW}P(Q)

o)+ llaullz @), (2.12)

where c¢; depends on the same parameters as ¢y and on m, s.
From Corollary 1.5.3 and (1.6) of [50] it follows that for any ¢ € R
and 4,5 = 1,...,n there exist ¢i(¢), ca(€),c3(¢) € Ry and some bounded

open subsets Qi(e) CC Q, Qu(e) CC Q, Q3(e) CC Q with the cone
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spaces on unbounded domains

property such that

HO_S 2O—IZU$JUHLP 2p(Q) -+ Cl( )HUHLP(Ql(E)), (213)
10" 00t o) < ellullyzoy + 2Ol oy s (214)
(Ea s o +a@lullsae,  (215)

where ¢1(g), c2(€), c3(e), Q1(g), Qa(e), Q3(e) are dependent on €, Q, n, p, m, s.
Using again Corollary 1.5.3 and Theorem 4.7 of [3] we have that there
exist ¢4(e), c5(e) € Ry and bounded open sets Q4(c) CC 2, Q5(e) CC Q

with the cone property such that:

||a’iuf€i

w2ro) T ca(€)||tg, | | Lr(u(e)) < (2.16)

1 1
< 8||7~L||I/VS24’(Q) + C4(€>(||u$$||[2,p(94(g))||u||zp(Q4(g)) + ||U||LP(Q4(5))) 5

vy T cs(&)||ullr s (o)) (2.17)

where ¢4(g) and Q4(¢) depend on &,Q,n,p,m, s, t1,00[a;] and c5(¢), and
Q5(e) depend on &,Q,n,p,m, s, ts, op[d'].

From (2.12)-(2.17) and Young’s inequality we have the result. O

From the latter result we obtain that L : W2?(Q) — L?() is a semi-
Fredholm operator, i.e. the kernel is finite dimensional and the range is

closed (see Theorem 5.2 of [44]).
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2.2. Tools

Let us approach introducing necessary tools to obtain existence and
uniqueness of the problem (3.1).
At first of all, from now on, we will focus our attention on weight

functions m in G(2) such that:

| ‘lim m(x) = +oo (2.18)
x|—-400
or
| ‘lim m(z) = 0. (2.19)
x| ——+00

Without loss of generality, we can assume that only (2.18) holds. In
fact, if the assumption (2.18) doesn’t hold and then (2.19) holds we could
give again the same proofs choosing like o the regularization function of

the function %
2.2 Tools
Let fix a cutoff function f € C®(R,) such that
0<f<1, f(t)y=1iftel0,1], f(t)=0if t€[2,+00. (2.20)
Then we can define a sequence of functions ((x)ren by

Q@:BGQ—J’(#) Vk € N. (2.21)
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HQr={reQ : ox) <k}, we easily have, for every k € N, that

0<¢G <1, G=1lonQ G=00n0\Qy, GeC2@Q). (2.22)

Now we can show that suitably combining the functions (; and o,
we can determine a sequence of functions (7x)ren, Whose elements play
a fundamental role in the sequel.

Let us define, for every k € N,

me(x) = 2k C(z) + (1 = Gp(x))o (), x € (L (2.23)

Simple calculations show that

o(z) < m(x), if 7 € Qg (2.24)
me(x) < (14 c)o(x), if z € Qyy (2.25)
o(z) = m(x), if € Q\ Qu, (2.26)

where ¢, € R, depends only on k. So for any £ € N, it holds that

o~y (2.27)

and

o' ~mn  VseR (2.28)

Moreover, for every k£ € N the following estimates about derivatives
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2.2. Tools

hold

(nk)x) () = <(”k)m) (z) =0, if z € Q

if v € Q\ O

VR VR
=
T
)

~~

&
VAN
o
AR
~~
|Q
B)
—
&

ifl’EQ\Qk,

VR
= |3
> | ~—
8
8
~_
&
[\
Q
[}
VR
Q
8]
9|t
NQ
Q
8
8
~_

and, more generally,

A\
®)
w
w
=
T

<(7Z;€k)x)(x) < o s (%) () VeeQ  (229)
(M) (2) < e sup (M) (r)  VeeQ (230

Tk
(2.31)

with ¢, ¢o, c3 and ¢4 independent of k.

Now, we are in the position to prove the uniqueness and the exis-
tenxce of the solution of the problem (2.1). We remark that we obtain
an existence and uniqueness theorem in according to this schem: we start

stating
e the uniqueness of the solution of the G(2)- Dirichlet problem
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deducing it from existence and uniqueness for the same but no-

weighted problem
we carry on proving

e the existence of the solution applying the method of continuity
along a parameter by means some tools as a weighted a priori
bound, the topological isomorphism, some properties of regular-

ization function.

2.3 A uniqueness result

Let assume that €2 is an unbounded open subset of R", n > 3, with the
uniform C''-regularity property. Moreover, let p €]1,4+o00[ and s € R.

Consider in €2 the differential operator

n 82 n P
L—Zaijm—i—;aia—xi—i—a (232)

i,7=1

with the following conditions on the coefficients:

Qi5 = Uj; S LOO(Q) ﬂVMO]OC(Q), Z,j = 17"'777’7

(h1) n
>0 Y a;&& > vEf ae in Q, VEER,

ij=1
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2.3. A uniqueness result

there exist functions e;;, 7,7 = 1,...,n, g and p € R, such that

p
eij:ejiELoo(Q), i,jzl,...,n,

(€if)ay, € ML"HQ), witht€]2,n], i,5,h=1,...,n,

(h)) D €&ty > plé]” ae in Q, VEER",
ij=1
geE LX), go= essﬂinfg >0, g€ Lip(Q),

r—+400
\ i,j=1

lim  les; — g aylli=@p,) =0,

(

a; € M2 (Q),i=1,...,n,

(hs) a=d +b,a' €M), beL*(Q), b= ess infd>0,

ag = ess infa > 0,
\ Q

where

ti>n if p<n, ty=p if p>n,

to >n/2 if p<n/2, to=p if p>n/2.

Adding the following assumption on the weight function

. U:E + wa
(h) lim sup 2272
k=too o\ o
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we can prove our uniqueness theorem.
Theorem 2.3.1 Assume (hi) — (h,) true. Then the problem

ue W2 (Q)N Wir(Q)
(2.33)
Lu=20

has only the zero solution.

PROOF — From Theorem 4.3 of [11] and from the bounded inverse the-

orem (see Theorem 3.8 of [44]), there exists ¢; € Ry such that
l|ullw2r) < crl|Lul|Le) Yu € WHP( Q)N WP(Q) . (2.34)

Fix u € W2P(Q)N V?/ip(Q) Since niu € W2P(Q)N I/;/l’p(Q) VEk € N (see
Lemma 3.4 of [4]), from (2.34) then there exists ¢, € Ry, independent of

u and k, such that

[Ing ullwzr @) < col[L(ngu)l|re)- (2.35)

For simplicity, in the sequel, we will write 1, = 1. Since

L(n5u> — fr]sLU, — S Z aij <(8 — 1)7]372?71‘2.771].,“ + nsflnwimju +
2,j=1

n

+ 2778_177171-7190]-)"‘3 Zains_lniﬂiu ’ (236)

=1
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2.3. A uniqueness result

from (2.35) and (2.36) we have:

7° ullwzr@) < Cs(HﬁsLUHM(Q)JFZ(H??S277xﬂ7xju|\m(ﬂ)+

ij=1
+ Hﬂsfl%zjuHLP(m + ”nsjlnxiuxjHL”(Q))_F

+ > \|am“nziu|!mm)> , (2.37)
=1

where c3 € R, is independent of w and k. From Theorem 1.5.1 with

s =0 and from (2.29) we get:

— O-m S
lam® ™ N ull o) < e Sup - @[ are @ 17wl lwir @) » (2.38)

Qp

where ¢4 is independent of v and k.
Thus, by (2.29), (2.30), (2.37) and (2.38), with easy computations,

we obtain the bound:

o2+o0
17° ullwze@) < cs {Hns Lul|rr@) + (Sup ———+ (2:39)
Q\Qy g
Oy 5
+ sup — | [|n° ul|lw2r(o) |,
oaNQ, 0

where c5 is independent of u and k.

By hypothesis (h), there exists ko € N such that:

2

2 1
(sup Tt 00 o &)< 1 (2.40)
O\, a A\, O
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Now, if we denote with 7 the function 7, from (2.39) and (2.40) we

can deduce that:
|In° U||W2,p(Q) < cgl|n® LUHLP(Q) , (2.41)
and then, using (2.28), from (2.41) we obtain that:
lully 2oy < erllLllzz (2.42)

with cg, c7 independent of u, and then the claimed result. O

2.4 Existence results

The aim of this section is to establish some existence results concern-

ing the problem

u e W2 Q)N WP(Q)
(2.43)

Lu=f, feLrQ).
We start with a lemma which we will need in the proof of our main

existence result.

Lemma 2.4.1 Let

i,j=1

Lo — — Lz
0 Z ij 81;28%
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2.4. Existence results

and assume that (hy),(hy),(hy) hold. Then the Dirichlet problem

we W2 (Q) N Wh(Q)

(2.44)
Lou+cu=f, felLl(Q)
where
- Oy Oz, - Ogoas
:1‘— 1 w0 flﬂ, 2.45
c=1+4+]—-s(s+ )ijzﬂaj P —|—sijz__1aj . (2.45)

15 uniquely solvable.

PROOF — Note that u is a solution of the problem (2.44) if and only if

w = o°u is a solution of the problem

w € W2r(Q) N W (Q)
n (2.46)
— Z aij(a_sw)wiwj +cecofw=f, fellQ).

ij=1
Since, for any 7,7 € {1,...,n}

0? )

_ _ _s—1 ——
(07°w) = 0 Wy, — 250 0p Wy, +8(s +1)07 " T04,0,,w +

—s—1
— SO sz.xjw,
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then (2.46) is equivalent to the problem

w e W2P(Q)n WH(Q)

n (2.47)
Low + Zaiwxi +aw=0c"f
i=1
where:
~ O-QZ'J .
ai:2szlaij7, 1=1,...,n,
]:

n n
Op, Oz, Oz
a=c—s(s+1) E aj;——=+s E a;;—= .
o o o

ij=1 ij=1
By Theorem 4.3 of [11], (1.6) of [50] and (1.24), we obtain that (2.47) is
uniquely solvable and then the problem (2.44) is uniquely solvable too.

O

Theorem 2.4.2 Suppose that conditions (hy) — (hy) hold. Then the
problem

ue W2 (Q)N Wir(Q)
(2.48)

Lu=f, feLyQ)

15 uniquely solvable.

PROOF — For each 7 € [0,1] put

Lo =7L+(1—71)(Lo+¢),
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2.4. Existence results

where c is the function defined by (2.45). The operator
7€ [0,1] — L, € BIW2P(Q)N WhP(Q), L2(2))

is clearly continuous. By Theorem 5.2 of [4] and Theorem 2.3.1 we can
say that the operator L, has closed range and null kernel. Now, by

Lemma 4.1 of |11], there exists a positive real number ¢y such that

Hu|’W52’p(Q) < COHLTU||L§(Q) ) (2.49)

Yu € W2P(Q)N WH(Q), Vr e [0,1].
Using the Lemma 2.4.1, the problem

ue W2 (Q)N Whr(Q) 250
2.50

L0u+CU:f, fGLg(Q)

is uniquely solvable.
Therefore, this latter result and the estimate (2.49) allow to use the
method of continuity along a parameter (see, e.g., Theorem 5.2 of [23])

in order to prove that the problem

ue W2 Q)N Wh(Q)
(2.51)

Lu=f, [fe LX)

is likewise uniquely solvable. The proof is now complete. a
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Chapter 3

The Dirichlet problem in G(?) -
weighted Sobolev spaces on

unbounded domains of the plane

Here, we deal with existence and uniqueness results for solution of the
Dirichlet problem weighted with G(2) - functions in unbounded domains

of the plane. Actually, we consider the following Dirichlet problem:

u € W2 ()N Who (),

Lu=f, feLiQ),

where s € R, p €]1,+oo[, W2P(Q), I/i)/ip(Q) and LP(Q) are suitable

weighted Sobolev spaces on an unbounded domains in R?. Our first

purpose is to collect the recent contributions to the W?2P— solvability in
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3.1. W?P - solvability in bounded planar
domains

domains in R?, bounded as well unbounded, for any value of p in the

range |1, +oo[, of the no weighted problem:

w e W2P(Q)N WH(Q),

Lu=f, felLrQ),

(see [15, 16, 17]).

3.1 W?? - solvability in bounded planar
domains

Let Q be a bounded C'! - open subset of R? and let p €1, +o0].
Consider in €2 the uniformly elliptic second order linear differential oper-

ator
2

2
0? 0
L——Zaijm%—z:ai%jta, (33)

ij=1 i=1 v

and the following hypotheses on its coefficients:

aij = a; € L2(Q)NVMOQQ), i,j=12,

(h1) 2
Jv e R, : Zaij(x)&ﬁj > v|¢? ae. inQ, VEe€R?,

ij=1
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Chapter 3. The Dirichlet problem in G(f2) - weighted Sobolev
spaces on unbounded domains of the plane

(

a; € L'(Q), i=1,2,

(Ha) where r>2 if p<2, r=pif p>2,

a€e LP(Q).

\

Then, by Sobolev embedding theorem, the linear operator L defined in
W?2P(Q) attains its values into LP(2) and it is bounded. Moreover, as
proved in [15], one also infers an a priori estimate, some regularity prop-

erties and the solvability result. We just list them without proofs.

Lemma 3.1.1 Under (hy) and (Hs), then a positive constant ¢ exists

such that
ullw2e@) < ¢ ([|Lulle) + lullr@) — Yu € WP(Q)N WHP(Q),

c depends on 2, p, v, ||ai;||ze@), nlp(ai;)], llaillir @), lallwe@), wrlail,

wpla], where p(a;;) is an extension of a;; to R? of class L (R*)NV MO(R?).
Lemma 3.1.2 Under (hy) and (Hs), then any solution u of the problem
we W2QNWH(Q), with ¢ <p,
Lu e LP(Q),
belongs to W2P(Q).

Theorem 3.1.3 Under (hy) and (Hs), if essinfoa > 0, then problem

(3.2) is uniquely solvable in W*P(Q) and the solution u satisfies the a
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3.2. W?P- solvability in unbounded planar
domains

priori bound

[ullwzr@) < cllfllze@),

with ¢ € Ry depending on €, p, v, [|ag||L=), nlp(ay)], llaillro)
\al|r ), wrlai], wpla] and where p(a;;) is the extension of a;; to R* con-

sidered in Lemma 3.1.2.

3.2  W?P- solvability in unbounded planar
domains

Now let € be an unbounded uniformly-C*! open set in R? and, as
above, let p €]1,+oo[. Consider the differential operator L defined in

(3.3) and the following hypotheses on its coefficients:

CL'j = (ljz' € LOO(Q) N VMO]oc(Q>7 7'7] = 1727

(hh)
Jv e R, Zaw )66 > v|E? ae inQ, V¢ e R%;

1,7=1
there exist functions e;; and g and a constant u € Ry s. t.

(
ey =e; € L(Q)NVMOQ), i,j=1,2,
2
Z ngj Z M|§|2 a.e. in Q \VfGRQ
(h1) =
g e LOO(Q)

lim Z | |€1] g Q5 ’ |L°°(Q\Bp) 0
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(

a; € M"(Q), i =1,2

=

(Hs) where r>2 if p<2, r=pif p> 2,

a € MP(Q).

\

We like to stress that assumptions (h))-(h]) are weaker than the one
express by (h;) above when the underlying domain €2 is unbounded, as
exhibited in Section 6 of [10].

First we report an a priori estimate for solutions to (3.2) (see [17],
Theorem 3.2), by determining suitable localizations of the stated problem

in order to apply Lemma (3.1.2).

Lemma 3.2.1 Under (h))-(h]) and (H)), then there exist positive real

numbers pg, c such that
lullwzr@) < ¢ ([|Lulle@ + [lulle@) — Yu € W2P(Q)NWH(Q),

with ¢ depending only on Q, p, v, v, p, ||aij| =), |l€ij]z=@9), |lg]lz= @),

n[p(Cpoiz)l, nlp(eis)l, ovlai], Gplal.
Moreover, the following global regularity result holds

Lemma 3.2.2 Under (h))-(RY) and (H)), if u is a solution of the prob-

lem

w e W2(Q) N WE(Q) N Lo (Q), with ¢ € 11,p], g0 € [1,7],

loc loc

Lu € L*(Q),
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3.2. W?P- solvability in unbounded planar
domains

then u belongs to W2P(Q).

It is now possible to give answer to the strong solvability of (3.2). In
order to prove the uniqueness result is however necessary to handle with
a suitable maximum principle, established in [16] for arbitrary domains
of R", n > 2. It is well known, in fact, that the classical Aleksandrov-
Bakel’'man-Pucci principle requires the solution to belong to Wf)C"(Q) N
C(9Q).

Since in this case the assumptions on the coefficients are much

weaker, we prefer to write them down as

.

0y = @i € LE(Q) NV MOW(Q), i =1,...,m,

loc
a; € L (Q),i=1,...,n,

loc

where r >n ifp<n,r=pif p>n,
(hM) ac Lfoc<Q) )
e L2 (Q):v(x) >0 ae. in Q,

loc

Zaijfifj > v(z)[£]? ae. in Q, VEER™,

ij=1

for any open subset £ CC 2, essinfgy > 0, essinfga > 0.
\

Then we mention the following result (see [16], Theorem 4.1)

Theorem 3.2.3 Let 2 be an arbitrary open set in R™, n > 2. Suppose

that p > % and (har) holds. If u is a solution of the problem

ue W2P(Q), Lu> 0,
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then u does not have any positive relative mazimum in ).
As consequence it has been deduced

Corollary 3.2.4 Under the assumption of Theorem 3.2.3, the problem

(

we WrP(Q), Lu=0,

loc

lim u(z) =0 Yz, € 010,

T—To

lim wu(z)=0 if Q is unbounded,

\ |z[—+00

has only the zero solution.

Hence we are now in position to show contributions to the study
of strong solvability of (3.2) in unbounded planar domains in the fol-
lowing two theorems contained in [17]. We begin with the uniqueness
result, which turns out combining the regularity property of the differ-
ential operator L proved in Lemma (3.2.2) with the previous Corollary

(3.2.4).

Theorem 3.2.5 Assume (h}),(H)) and a > ag a.e. in Q for some

ap € Ry; if p < 2, suppose also (hY). Then the problem

u € Wk(Q) nWr(Q),
(D)

Lu =0,

admits only the zero solution in 2.
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3.2. W?P- solvability in unbounded planar
domains

Assuming

(

(eij)wha GiGMOT(Q), i,j,h:1,2,
where r > 2 if p<2, r=p if p> 2,

a =a + b, where ' € MP(2), b € L>(Q), b, = essinfgb > 0,

g € Lip(Q), g, = essinfqg > 0,
\
we conclude establishing

Theorem 3.2.6 If (b)), (k) hold and a > ag a.e. in Q for some

aop € Ry, then the Dirichlet problem

we W2 Q)N Whe(Q),
(Dy)
Lu=f, fe L),

15 uniquely solvable.

Remark 3.2.7 In order to illustrate that assumptions of Theorem 3.2.6
does not imply (a;;)s, to be into MP(SY), we sketch the following example.
Let Q :=] — 00, 00[x]| — 1,1] C R2. Define ay; := 25;; and

sin (1 + e‘x|2)

aij = Q5 + 1+ [7] ij 5

i ji=1,2.

Then the functions a;; verify the assumptions (h}), (hy), whereas (),

do not belong to M?(Q2) for any p € [1,400] and i,h = 1,2.
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Now, we are ready to introduce our results about W27 - solvability

on unbounded domains of the plane. At this aim, we start stating

3.3 A G(Q) - weigthed a priori estimate

Let © be an unbounded open subset of R? with the uniform C*!-
regularity property, and let p € |1, 4+00[, s € R. Consider in 2 the differ-

ential operator L (3.3) with the following conditions on the coefficients:

aij = aj; € L>(Q) N VMOIOC<Q)7 h,7=1,2,

(h1) 2
dJv>0 Zaij@éj > v|¢)? a.e. in Q, V& e R?,

1,j=1

there exist functions e;;, ¢,7 = 1,2, g and pu € R, such that

(

€ij = €jj - LOO(Q), (eij)xh S Mi(Q), i,j,h = 1,2,

2
Zeijfifj > plé> ae in Q, VEER?,
(hs) e 2
gGLOO<Q), lim Z ||eij—gaij||Loo(Q\Br) :0,

r—+00 4=
3,j=1

g€ Lip(Q), go = essQinfg >0,

aiEM(f(Q), i:1,2,

(hs)
a=a+b,ad € MI(Q), be L>®(Q), by :essﬂinfb> 0,
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3.3. A G(Q) - weigthed a priori estimate

where
t>2 if p<2, t=p if p>2.
Let us fix m € G(£2) such that (2.18) and

(hy) lim Tz + Our -0

|z|—+o0 o

hold.

We are able to prove the following a priori estimate.

Theorem 3.3.1 Suppose that the hypotheses (h}) - (hy) hold.

Then

there are a positive constant co and a bounded open subset Qg CC €

with the cone property such that:

llullyzr ) < co (I1Lul

ey ullr@y) , YV u e W2PQNWIP(Q).

(3.4)

PROOF — Notice that the boundedness of the operator L : W2?(Q) —

LP(€2) follows from Theorem 1.5.1.

S

Denote by Lj the principal part of the operator, that is

82

ij=1

Let us fix u € W2P(Q)N Vf/i”(Q) By means of the topological
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isomorphism (1.4.4) we have that
o € W2P(Q)N WHP(Q) .

Applying Theorem 5.2 of [17] and the bounded inverse theorem (see

Theorem 3.8 of [44]) to the operator Ly + b, we get

o w0y < ex (1(Lo + b)(0°u)|| o)

where c; is a constant independent of u. Using again the topological

isomorphism (1.4.4), with simple calculations, we have:

2

et Y (llowos,o%l
ij=1

2
Lg(sz)) + Z ||y, |
i—1

lully2e ) < C2(HLU| w2y + 100,06 e |l pe)+

+ l|02,0,07 p@ + @), (35)

where ¢ is independent of u. From Corollary 1.5.3 and (1.6) in [50] we
deduce that for any € € Ry and 7,7 = 1,2 there exist ¢;(¢), ca(€), c3(€) €
R, and some bounded open subsets Q(¢), Qa(c), Q3(e) CC 2 with the

cone property such that

102, 00,0"ul |20y < ellull2o() + cr(Elullr@ue) - (3.6)
llow,0 ™ [ 2ace) < ellullzoq) + c2(8) e, o) (3.7)
10wia,0 ™ ull 20y < ellullyzeiq) + es(E)lull Loy » (3-8)
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3.3. A G(Q) - weigthed a priori estimate

where ¢ (€), ca(g), e3(€), Q1 (g), Qa(e), Q3(e) are dependent only on €, 2, p,
m, s.

Applying again Corollary 1.5.3 we have that there exist ¢4(¢), c5(e) €
R, and some bounded open subsets €4(¢), 25(¢) CC Q with the cone

property such that:

lasts, || 2i) < 5||u||wfvp(9) + ca(@)z, || oo » (3.9)

lla"ull Lz < ellully2eq) + cs(E)ull s » (3.10)

where c4(¢) and Q4(g) depend on €, Q, p, m, s, t, 0p[a;], and c5(¢) and Qs5(e)
depend on g,9Q, p,m, s,t,09ld’].

Combining the above estimates (3.5) - (3.10), we obtain

Hul W2P(Q) < Cg(HLuHLg(Q) + €Hu]|wsz,p(m—|—

+ co(e) (|[ul| r(as(e)) + ||ux||Lp(96(s)))> : (3.11)

where c3 is independent of u, cg(¢) and Qg(e) depend only on €, Q, p, m, s,
t7 00 [ai]a 0o [CL/] :

On the other hand, by the Gagliardo - Nirenberg inequality

1 1
ol v @i < €00 (taalEo g o 8l + ldllir@ucen ) 5 (312)

with ¢7(e) € R,y dependent on ¢, and p. So (3.11), (3.12) and (1.20)

lead to:
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iz < s (11 ullz@y + el 2o+

1 1
+ CS@)(H“MA|z§(96(5))||u| 25(96(5)) + ||u||LP(Qs(s)))> , (3.13)

with cg(e) € Ry dependent on €, p,m, s,t, opla;], oold’].
Now, if we choose € = QL and use the Young’s inequality, from (3.13)
3
we get the result. O

Now, we can display

3.4 W?2P-solvability on unbounded domains

of the plane

We begin this section with the uniqueness theorem for the homoge-

neous Dirichlet problem in the plane.

Theorem 3.4.1 Suppose that the hypotheses (h) - (hy) hold. Then the
problem
u e W2r(Q) N W (Q)
(3.14)
Lu =0,
has only the zero solution.
PROOF — The proof is similar to that given in 2.3.1, taking into account

to apply Theorem 5.2 in [17] in place of Theorem 4.3 in [11]. O
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3.4. W2P_solvability on unbounded domains
of the plane

Lemma 3.4.2 Assume that (hy) is true. Then the Dirichlet problem

ue W2(Q)N Wh(Q),

(3.15)
—Au+tcu=f, fell(Q),
where
2 o2 ‘o .
C:1+‘—5(8+1)§0—;+S;T, (316)

15 uniquely solvable.

PROOF — Note that u is a solution of the problem (3.15) if and only if

w = o°u is a solution of the problem

w e W2P(Q) N Wh(Q),
2 (3.17)
— Z(a‘sw)xixi +cecofw=f, fell(Q).

i=1

Since, for any ¢ € {1,2}
(07°W)pye = 0  Wa, — 250 oy w,, + (s + 1)o 202 w +

—s—1
— SO Og,z; W,

then (3.17) is equivalent to the problem

w € W2P(Q) N WP(Q),

n (3.18)
—Aw + Zaiwzi +aw=0°f,
i=1
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where

a; = 28 , 1=1,2,
o
2 0_2 2 o
azc—s(s—i—l)g ?—l—sg =
- o - o
=1 =1

By Theorem 5.2 of [17], (1.6) of [50] and (1.24), we obtain that (3.18) is
uniquely solvable and then the problem (3.15) is uniquely solvable too.

O

The obtained results up to here allow to prove the existence and

uniqueness theorem for the solution of the Dirichlet problem in the plane.

Theorem 3.4.3 Suppose that the conditions (h}) - (h4) hold. Then the
problem

ue W2(Q)N Wh(Q),
(3.19)
Lu=f, feLrQ),

s uniquely solvable.

PROOF — For each 7 € [0, 1] we put
L.=7L+(1—-7)(-A+¢),

where c is the function defined by (3.16). From Theorem 1.5.1 the oper-
ator

7 e [0,1] — L, € B(W*(Q)N Wh2(Q), LI (Q))

is continuous. By Theorem 3.3.1 we can say that the operator L, has

closed range and by Theorem 3.4.1 it has the kernel null. Then, applying
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3.4. W2P_solvability on unbounded domains
of the plane

Lemma 4.1 of [11], there exists a positive real number ¢; such that

HUHWSQ’Z’(Q) < ClHLTUHLI;(Q) ) (3.20)

Yu e W2 Q)N W(Q), vrelo,1].

Therefore, Lemma 3.4.2 and the estimate (3.20) allow to use the
method of continuity along a parameter (see, e.g., Theorem 5.2 of [23])

in order to prove that the problem (3.19) is uniquely solvable. O
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Chapter 4

The Dirichlet problem in C*(Q) -

weighted Sobolev spaces

In this chapter, we obtain some a priori bounds in W22 space for a
class of uniformly elliptic second order differential operators, before in a
no weighted case after in a C%(Q) weighted case. We deduce a uniqueness
and existence theorem for the associated Dirichlet weighted problem on

unbounded domains of R",n > 2,

we W22(Q)n W2(Q),
(4.1)

Lu=f, feLiQ),

o

where s € R, W22(Q), Wh?(Q2) and L?(9) are weighted Sobolev spaces

S

where the weight p® is power of a function p : Q — R, of class C*(Q2).
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4.1. A no weighted a priori bound

4.1 A no weighted a priori bound
We want to prove a W22-bound for an uniformly elliptic second order
linear differential operator.

Let us start proving an useful lemma. For reader’s convenience, we

recall here some results proved in [14], adapted to our needs.

Lemma 4.1.1 IfQ is an open subset of R" having the cone property and
g€ M™Q), withr >2 and A =0 if n =2, andr €]2,n] and A\ =n —r
if n> 2, then

u— gu (4.2)

is a bounded operator from W12(Q) to L*(2). Moreover, there exists a

constant c € R, such that

lgullz2) < ellgllamar@) lullwrz@) (4.3)

with ¢ = ¢(Q,n,r).
Furthermore, if g € MM(Q), then for any € > 0 there exists a constant

c- € Ry, such that

lgullz2) < e llullwrz@) + collull 2@, (4.4)

with c. = c.(e,Q,n,r,0™g]). Ifg € M“(Q), witht > 2 and p > n—2t,

then the operator in (4.2) is bounded from W*2(Q) to L*(2). Moreover,
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Chapter 4. The Dirichlet problem in C?(Q)) - weighted Sobolev
spaces

there exists a constant ¢ € R, such that

lg wllz2@) < € llgllareney llullw22(@) , (4.5)

with ¢ = (Q,n,t, 1).
Furthermore, if g € MW(Q), then for any € > 0 there exists a constant

c. € Ry, such that

lgullze) < € llullwe2) + cllull 2o, (4.6)

with C,6 - 0/5(57 Qunut’ :U’vg-t’ﬂ[g])'

PROOF — The proof easily follows from Theorem 3.2 and Corollary 3.3

of [14]. 0

From now on we assume that 2 is an unbounded open subset of
R", n > 2, with the uniform C'!-regularity property.

We consider the differential operator
L=— i ———— P =— , 4.7
ijzzlajaxiﬁxj+;a 8xl+a ( )

with the following conditions on the coefficients:

aij:ajiELoo(Q), i,jzl,...,n,

(h1) n
>0 Y a;&& > vEP ae in Q, VEER,

ij=1
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4.1. A no weighted a priori bound

(
(a/ij)xj,a/i E ]\4:;’)‘(S2)7 Z,j = ]_’ . ,n7

(h2) withr >2and A=0ifn =2,

with r €]2,n] and A=n—rifn > 2,

\

a€M"(Q), with t >2and p>n—2t,
(hs)

essQinf a=ag > 0.

We explictly observe that under the assumptions (hy) - (hs) the operator
L:W?%(Q) — L*() is bounded, as a consequence of Lemma 4.1.1. We

are now in position to prove the above mentioned a priori estimate.
Theorem 4.1.2 Let L be defined in (4.7). Under hypotheses (hy)-(hs),

there exists a constant ¢ € Ry such that

||U||W2,2(Q) S C||LU||L2(Q), Yu € W272(Q) N W1’2(Q) s (48)

~

with ¢ = c(Q,n,v,1,t, 1, ||aij|| L= (@), 75 (35)a;], 05 as], 0#[a], ag).
PROOF — Let us put

n 82
LOZ—Z&Z']'M

ij=1

and fix u € W22(Q) N I/?/IQ(Q). Lemma 1 being true, Lemma 3.1 of [17]

(for n = 2) and Theorem 5.1 of [14] (for n > 2) apply, so that there exists
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Chapter 4. The Dirichlet problem in C?(Q)) - weighted Sobolev
spaces

a constant ¢; € Ry such that

||U||W2v2(9) < Cl(||L0U||L2(Q) + ||U||L2(Q)),

with ¢; = ¢1(,n, v, ||aij||L°°(Q)aUJ’A[<aij)$j])' Therefore,

ullw22) < er(||Lul2) + [Jull2)+

(4.9)
> icn laiuz, |22 + llaul r2())-
On the other hand, from Lemma 4.1.1 one has
¢
|aita, |2y < ellullwz2) + cellva; || 2@,
(4.10)

\ laullz2) < ellullwz2) + ¢cllull2@),

with c. = c.(,Q,n,r,00*a;]) and . = c.(g,Q,n,t, u, ol#(a)).

Furthermore, classical interpolation results give that there exists a con-

stant K € R, such that
K
|zl z2) < Kellullwz22q) + = |ull 22 (0 (4.11)

with K = K(£2). Combining (4.9), (4.10) and (4.11) we conclude that
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4.1. A no weighted a priori bound

there exists co € R, such that

ullw22q) < co(l|LullL2) + (vl L2@)), (4.12)

~

with ¢o = c2(Q,n, v, 7t 1, ||aij] | L= ), 00 (i), ], 00 ai], o+ [al).

To show (4.8) it remains to estimate [jul[z2(q). To this aim let us

rewrite our operator in divergence form

Lu = — i (@ijua,;)e; + Z Z i) +ai)uxi + au, (4.13)
=1 =

ij=1

in order to adapt to our framework some known results concerning opera-
tors in variational form. Following along the lines the proofs of Theorem
4.3 of [49] (for n = 2) and of Theorem 4.2 of [52]| (for n > 2), with op-
portune modifications - we explicitly observe that the continuity of the
bilinear form associated to (4.13) in our case is an immediate consequence

of Lemma 4.1.1 - we obtain that
HuHLz < 03HLuHL2 (4.14)

with ¢z = c3(n, v, 7, 05 [(aij)s,], 007 [as], ag). Putting together (4.12) and
(4.14) we obtain (4.8).

The W22-bound obtained in Theorem 4.8 allows us to show an a
priori estimate in the weighted case. At this aim, let us introduce the

following
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4.2 Preliminary results

Let us consider the class of C¥(Q) - weight functions, as in section
1.3, with & = 2. Let be a weight p : Q — R, p € C?(Q) and such that

(1.9) is satisfied (for k = 2). Moreover, we assume that

Lim <P($)+L>=+oo and lim 2@ F Peal®)

- o) Sim () =0. (4.15)

An example of a function verifying our hypotheses is given by
plx) = (1+z[)', teR\{0}.

We associate to p a function o defined by

o=p ifp—+4oo for|z| — 400,
(4.16)
.
c=—- ifp—0 for |z| — 4o0.
p
Clearly o verifies (1.9) and
lim o(r) = 400, lim 2@ F=@) o0
|z|—4o00 |x| =400 O'(JZ)

Now, let us fix a cutoff function f € C>°(R,) such that

0<f<1, ft)=1if te0,1], f(t)=0 if t€[2 4o
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4.2. Preliminary results

Then, set

Ck::cGQ—>f<$), keN

and

QG ={2e€eQ: o)<k}, kel (4.18)

By our definition it follows that ¢, € C=°(Q) and
0< ¢ <1, Ckzlonﬁk, Ckzoonm, k € N.
Finally, we introduce the sequence
e x € Q — 2k G(z) + (1 — G(z))o(x), keN.

For any k € N, one has

mw = GRk—o0)+o>0 in Qop,  (4.19)
2k .
m < 2%k+o < #1)o=(cc+ Do in T, (420)
mfﬁa
N = 0 in \ ng, (421)

where ¢, € R, depends only on k. This entails that

o~ N, Vk € N. (4.22)
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Concerning the derivatives, easy calculations give that, for any k£ € N,

(nk)x = Oy, (nk)m: = Ogzg in Q \ ng, (4.24)

02 e e
(nk)x < 0, (nk)xx < (?:c + sz) 1 Q2k \ Qk, (425)

with ¢; and ¢y positive constants independent of z and k.

From (4.19), (4.21), (4.23), (4.24) and (4.25), we obtain, for any

keN,
ey O in Q, (4.26)
Mk g
2
(1) < %t 0% e in (4.27)
Nk o

where ¢| and ¢} are positive constants independent of x and k.

Combining (4.23), (4.26) and (4.27) we have also, for any k € N,

(k). < ¢} sup %o in Q, (4.28)
1Tk o, 7
2
()22 < ¢ sup Lgam in Q. (4.29)
Tk 0, o

We conclude this section proving the following lemma:

Lemma 4.2.1 Let o0 and Qy, k € N, be defined by (4.16) and (4.18),
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4.2. Preliminary results

respectively. Then

Ii = 0. 4.30
s = (430
PROOF — Set
0:(x) + 042 () _
p(x) = @ “€ Q

and

Y = supp, keN.
0N

By the second relation in (4.17) the supremum of ¢ over Q\€, is actually
a maximum, thus, for every k£ € N, there exists z; € m such that
U, = ().

To prove (4.30) we have to show that limy_, o ¢, = 0.

We proceed by contradiction. Hence, let us assume that there exists

€0 > 0 such that, for any & € N, there exists n; > k such that ¢, =

o(Tn,) > eo.

If the sequence (2, )ren is bounded, there exists a subsequence (7, )ren
converging to a limit # € Q, and by the continuity of o, (o(27,,))keN con-
verges to o(z). On the other hand, 2, € O\ Qy, thus o(x;, ) > ng, which
is in contrast with the fact that (o (2], ))ren is a convergent sequence.

Therefore (2, )ren is unbounded, so that there exists a subsequence
(zy, Jken such that limy ., |27, | = 4+o00. Thus, by the second relation

in (4.17) one has limy ., (25, ) = 0. This gives the contradiction since

go(x;;k) > . O
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4.3 A weighted a priori bound

Now, we are in the position to state a W2?2(2)- a priori bound for an

uniformly elliptic second order linear differential operator.

Theorem 4.3.1 Let L be defined in (4.7). Under hypotheses (h1)-(hs),

there exists a constant ¢ € Ry such that

wee < cllullizg, Yue W2(Q)n WH(Q), (4.31)

[l

with ¢ = C(Q,TL,S,I/, T, s Haij||L°°(Q)7 ||ai||M“>‘(Q)7O-On/\[(aij>zj]70-o ’

~

a'lal, ap).

PROOF — Fix u € W23(Q)N I/(ID/?(Q) In the sequel, for sake of sim-
plicity, we will write n, = n, for a fixed k£ € N. Observe that n satisfies
(1.9), as a consequence of (4.26) and (4.27), so that Lemma 1.3.6 applies
giving that n°u € W2%(Q)N I/f/l’Q(Q). Therefore, in view of Theorem

4.1.2, there exists ¢y € R, such that

[1n° ullw220) < col [IL(n°u)[ 20, (4.32)
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4.3. A weighted a priori bound

with Co = CO(Q)n7V7T7t7lua||aij||L°°(Q)7UOT’A[(aij)ijUor’)\[ai],gt’u[a],a(]).

Easy computations give

L(T’Su) = nsLu — S Z Qij ((5 — 1)775*277%77%“ + nsjlnxizju +

ij=1

n 2773_17]%%]_) +5 am
1=1

Putting together (4.32) and (4.33) we deduce that

7° ullwez@) < 01(||778LU||L2(Q)+Z(||778_27Imi77xju||L2(Q)

ij=1

+ ||n8_1nxixju||L2(Q) + ||778_177ziuxj||L2(Q))+

+ Z||aﬂ75_177xiu||L2(Q)),
=1

where c¢; € R, depends on the same parameters as ¢y and on s.

On the other hand, from Lemma 4.1.1 and (4.28) we get

B g
i’ ne,ul|L2) < e sup == [ai]|arr ol I7°ul w20,
o, 7
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with ¢ = ¢2(Q,n,r). Combining (4.28), (4.29), (4.34) and (4.35), with

simple calculations we obtain the bound

s s 0923 + 004
In° ullwa2@) < e {HT} Lul[r2(0) + (Sup ———+ (4.36)
O\ a

(o
+ sup — | [|7° ul[w22q) |,
N

where c3 depends on the same parameters as ¢; and on ||a;||pra(q)-

By Lemma 4.2.1, it follows that there exists k, € N such that
0 + 0o Jm 1
sup —————+ sup — |< — (4.37)

Now, if we still denote by 1 the function 7, , from (4.36) and (4.37)
we deduce that

|17 ullw=2z20) < 2¢s]|n° Lul|12(0). (4.38)

Then, by Lemma 1.3.3 and by (4.22), written for & = k,, we have

> 1o 0%ul |20y < eallo® Lul| 2o (4.39)

|a|<2

with ¢, depending on the same parameters as c3 and on k,.

This last estimate being true for every s € R, we also have

> o0l 2y < esllo Lul| 20 (4.40)

|a|<2
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4.4. Uniqueness and existence results

The bounds in (4.39) and (4.40) together with the definition (4.16) of o,

give estimate (4.3.1). O

4.4 Uniqueness and existence results

This section is devoted to the proof of the solvability of the Dirichlet

problem (4.1).

Lemma 4.4.1 The Dirichlet problem

/

ue W22(Q)n WA(Q),

(4.41)

—Au+bu=f, felL*Q)),

\

where

)

" o2 " Oy,
bzl—l—’—s(s—kl)g ;2’+SE f
i=1

=1

18 uniquely solvable.

PROOF — Observe that u is a solution of problem (4.41) if and only if

w = o°u is a solution of the problem

(

w e W22(Q)n WH2(Q),

(4.42)

—A(o™*w) +bo 5w = f, feL*Q).

\
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Clearly, for any ¢ € {1,--- ,n},

82
522

)

- - —s—1 —s—2 2 —s—1
0 W) = 0 Weyp,—250 T 04, Wy, +8(s )0 S0 w50 040w,

then (4.42) is equivalent to the problem

(4.43)
\—Aw + >, +aw=g, ge L*Q),
where
Op. o2 L O
a; = 2s al i=1,--,n, a:b_8<8+1)i21 0214—5;#, g=0o°f.

Using Theorem 5.2 in [17] (for n = 2), Theorem 4.3 of [11] (for n > 2),
(1.6) of [50] and the hypotheses on o, we obtain that (4.43) is uniquely

solvable and then problem (4.41) is uniquely solvable too. O

Theorem 4.4.2 Let L be defined in (4.7). Under hypotheses (hy) — (hs),

the problem

(

w e W22(Q) N Wh2(9Q),

(4.44)

Lu=f, feLiQ),

s uniquely solvable.
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4.4. Uniqueness and existence results

PROOF — For each 7 € [0, 1] we put
L,=7(L)+(1—-7)(—A+Db).
In view of Theorem 4.3.1

[lullwz2 0y < ellLrullz,

Yu € W2A(Q)N WH(Q), Vr € [0,1].

Thus, taking into account the result of Lemma 4.4.1 and using the
method of continuity along a parameter (see, e.g., Theorem 5.2 of [23]),

we obtain the claimed result. O
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