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Chapter 1

The program of Einstein’s theory

of gravitation

1.1 Objections to the principles of Newtonian Me-

chanics and special Relativity

A) Special Relativity provides a space-time vision of the Universe in evolution, but
in the formulation of laws that allow to describe the physical phenomena uses,
as in Newtonian mechanics, a class of privileged physical references, so-called
“Galilean or inertial systems”, with respect to which the physical laws are ex-
pressed in the simplest form. One of them can be chosen with the origin in
a “fixed” star and the three-axis, mutually orthogonal, oriented toward three
other “fixed” stars of the same nebula. Such a choice does not have absolute

validity because the nebula in which the physical reference is chosen, (of course
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The program of Einstein’s theory of gravitation

our “milky way”) as any other nebula, is not really motionless; but we can
believe that its motion, taken as a whole, is essentially translational, and that
choice is acceptable to our considerations. It is specified then that the class
of inertial physical reference is constituted by all those references that are in
translational uniform rectilinear motion relative to each other and to that ini-
tially chosen and it states the “Principle of Special Relativity”:

“All physical laws have the same form in every inertial physical reference”.
The our choice of a class of privileged physical references, however, is justified
only if we attribute to space-time that physical property, considering the “abso-
lute space-time”, independent in its physical properties, having a physical effect
(the choice of a class of physical references) but not in turn influenced by the
physical phenomena that take place in it.

Einstein argues that to conceive the space-time with a physical effect, without

being able to act on it is not scientifically acceptable.

E. Mach already, in his critique of the Principles of Newtonian mechanics [?],
felt the need to remove the space as an active cause in the motion of bodies, say-
ing that any material particle in motion, such as near the Earth, is accelerated
on a suitably defined average of all the matter that makes up the Universe; so
between the forces acting on the particle must be included those performed by
the stars and galaxies, that have an accelerated motion with respect to Earth.
However, to develop this idea of Mach, which is already perceived and supported
by Bishop Berkeley in his dispute with Newton on the replacement of absolute
space with the material universe[?], and make the Mechanics self-consistent, it

considered the properties of space-time that determine the inertia as field prop-



Objections to the principles of Newtonian Mechanics and special Relativity 7

erty of space-time similar to what you do in the electromagnetic case, because
really matter consists of electrically charged particles and must be considered
itself as a part, indeed the principal part, of the electromagnetic field. The
Principles of Newtonian Mechanics and Special Relativity does not allow this
wider vision.

However E. Mach put out a substantial difference between the physical inertial
references (according to the fixed stars) and physical non-inertial references,
such as those that are in rotation with respect to the inertial references.

As is known, the fundamental law of motion, in its form valid in Newtonian

Mechanics and Special Relativity in the physical inertial references,

d
& (mu) = F (L.L.1)

is no longer valid in the physical references with accelerated motion with respect
to those inertial, unless so-called “apparent force fields” (driving and Coriolis’s
field)[?] are added to the field of forces F directly applied to the material point
in motion. It is so obvious a substantial difference between physical inertial
(or Galilean) references, indistinguishable from each other, and physical non-
inertial references in which, in general, there are two “apparent force fields”.

What physical circumstances allow such difference? The only great diversity,
already perceived by Berkeley, taken by E. Mach and further developed, is
therefore given by the presence and behavior of the vast quantity of matter
constituting the “fixed stars”, significantly at rest or in translational rectilinear

uniform motion in Galilean physical references, where to the law (??) should
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therefore be added the “apparent forces of the relative motion”.
Einstein ultimately accepts this view and states the following

General Principle of Relativity:

“All physical laws can be stated in a formally identical way in every physical
reference, provided in such laws the distribution and motion of all bodies mak-

ing up the universe in the same physical reference are taken into account. ”

B) The Law of Universal Gravitation, perceived by Newton, is the following

(1.1.2)

where M and m show the masses of any two bodies, significantly point (material
points) in the Universe, r is their distance, f is the gravitational constant!, F
indicates the vector force with which the two bodies attract each other. As you
can see, in this law is implicit the instantaneous propagation of the gravitational
field, since there isn’t dependence on time variable, while the Special Relativity
rules out that the speed of propagation of any physical action can exceed the
speed of light in vacuum.

The law (77?) is susceptible to the following generalizations:

Given N material points P; of respective masses M; (i =1,2,...,N), however

'With direct experience of laboratory in 1797 Cavendish led to the constant f value, expressed
in units of the c.g.s. system of measures

f=6,7-10"%grtem3sec™?

value subsequently obtained with other determinations carried out in an increasingly accurate.
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located in the Universe, P is a any other material point of mass m, and r; =
|PP;| are the distances from their material points P, of P; the (attraction)
gravitational action explicated by the N material points P, on the material

point P is defined as

F = fmZ%; (1.1.3)

whence it follows that the intensity of the gravitational field (ie the gravitational
force acting on unit mass of P), generated by the N material points P; in P

has the form

G = gradU, (1.1.4)
where
N
M,
= — 1.1.
U=f Z , (1.1.5)

is the corresponding gravitational potential.
If the gravitational field G is generated by a quantity of matters dealt with
continuously in a domain C of the Universe, with density u(Q), VQ € C, the

corresponding gravitational potential has the form

U(P) = f/c“(@dc. (1.1.6)

r
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As is well known[?], the potential U(P) satisfies the classical differential equa-

tion of Laplace-Poisson,

= 0in every empty portion of C (Laplace’s equation)
MsU(P) = —4r fu(P)

# 0in every portion of C with matter (Poisson’s equation)

(1.1.7)

With appropriate regularity conditions on the boundary of C the equation (?7?)
uniquely identifies the function U(P).

It is also in the differential formulation (?7?) absent the time variable, which, at
the most, acts as a parameter.

Therefore, the Law of Universal Gravitation requires a radical change in order

to take into account the finite speed of any physical action.

As we have said before, the enormous amount of matter consisting of the count-
less galaxies that are evolving away from each other, and distant from (our)
solar system, generates on each of the bodies of the solar system itself, and in
a not-inertial physical reference, two force fields called “apparent”, in addition
to the gravitational field generated by the sun and by the bodies of the solar
system different from that is considered. Are they two different types of in-
fluence? It’s desirable a conceptual unification of the two types of force fields,
the ones generated, in a non-inertial physical reference, by the masses of the
solar system, and those generated by all the galaxies (and other celestial bodies)
greatly distant from the solar system.

Try to examine their influences.
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Bearing in mind the mathematical expression of the two fields of apparent forces,
we note that the motion of a free material point, with the same initial condi-
tions, is independent of the value of its mass; it is precisely what happens also
for the gravitational field generated by the sun and other solar system bodies
on the same free material point.

The fact that the acceleration to a material point immersed in a gravitational
force field is independent of the value of its mass is a consequence of the equality

of inertial mass and gravitational mass of a particle, as Newton’s law clearly

shows [cfr.(?77), (77)]

(inertial mass) - acceleration = (gravitational mass) - gravitational field strength

(1.1.8)

or equivalently

M
2

(m)a= f—(m). (1.1.9)

Only the numerical equality between inertial mass [in the first member of (77?)]
and gravitational mass [in the second member of (??) from (?7)] ensures that
the acceleration of a free material point immersed in a gravitational force field
is independent of the value of its mass. This identity has also been accurately
demonstrated in laboratory [?] neglects only quantities of order of 10710,

So we found a property common to the fields of “apparent” forces and the

gravitational field generated by the sun and solar system bodies. But we can also
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detect the following difference in behavior: instead of considering a non-inertial
physical reference in which physical forces are “apparent”, we can think to
make a change from the previous physical reference to another inertial physical
reference (in which, as already mentioned, the “apparent” forces are zero). So
we eliminated all the “apparent” forces. We can not do the same for the solar
gravitational field (generated by the solar system), but you can do so only in
small regions of space. For example, in a small cabin freely gravitating near
the Earth, so only subject to a translational rectilinear uniform motion, with
acceleration generated by the solar gravitational field; the resulting force field
is zero: in fact if we consider a material point of mass m, free within the
cabin, therefore subject to the intensity of the solar field as the cabin, which
acceleration we denote by g, the equation of motion of the particle (free within

the cabin) is

mg—ma, =mg—ma, =0 (1.1.10)

being a, the dragging acceleration to which is subject the material point (ac-
celeration, by definition, is that of the point thought, moment by moment, in
tune with the cabin, then g).

Finally, even if restricted to small regions of space, we can consider identified

the gravitational fields generated by “nearby” sources and those generated from
extremely distant sources, whose total mass, that is not completely known, is
vastly larger than the mass of all bodies in the solar system.

Their diversity seems solely due to the distribution of masses that we can de-
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tect, as observers located within the solar system, and not to a different nature
between them.

Should also keep in mind the following analogy suggested by electromagnetism.
Let us consider a set of electric charges in translational uniform motion in a
Galilean physical reference R; as is well known that set generates a magnetic
field in the reference R, but if we examine the behavior of the same charges
in a Galilean physical reference R’ in which they are at rest, we find that the
magnetic field is zero in the reference R’.

However, if the electric charges are disorderly moving in a Galilean physical
reference R, where they generate a magnetic field, is no longer possible to iden-
tify a Galilean physical reference R’ # R in which it is entirely feasible the
elimination of this magnetic field.

Therefore, the identification now acquired, intimately connected with the iden-
tification of inertial mass with the gravitational, is what Einstein has called the
“Principle of equivalence”. The regions where we consider that the identifica-
tion is valid are called by Einstein “Galilean regions”. In them a free mass can
be considered subject to the action of the only inertia in a inertial physical ref-
erence, and simultaneously subject to inertia and gravitation in a non-inertial
physical reference. Therefore, in a “Galilean region” we can take a inertial phys-
ical reference or a non-inertial physical reference depending on the advantage

required by the particular problem of motion.
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1.2 Evolution of the Minkowski space-time

As we have seen, in Special Relativity the Universe is represented by a space-time
geometrically designed as a 4-dimensional Riemannian manifold, My, with pseudo-

Euclidean metric expressed by a indefinite quadratic form of type

ds® = (do')? + (dz?)? + (dz®)? — (dz*)*. (1.2.1)

In that space-time we could introduce a Galilean physical reference, R, in which
the introduced coordinates {xh} represent the generic event of My, and the scalar
ds?, invariant under Lorentz’s transformations, expresses the so-called “space-time

gap” between two infinitely neighbouring events,

E= (2 2% 2% 2 =ct), FE = (' +da', 2* +da?, 2® +da®, 2" + da?).

The General Relativity also takes a 4-dimensional Riemannian manifold, Vj, to
represent the totality of the events that make up the Universe in its evolution; but
this variety is reduced to a Minkowski space-time M, only if it is totally lacking in the
matter (and energy) and therefore lacks any gravitational field. Bearing in mind that
in a freely gravitating cabin the gravitational field is zero [cfr. (?7)], it makes sense to
admit that the manifold V has locally the structure of a Minkowski space-time, that
is in every point of the manifold V; the tangent space has Minkowskian structure.
It follows that the manifold V} is provided in each point of a metric that in general

coordinates {xh} has the form
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ds® = gpp(x)dadz” (1.2.2)

but that in any point of V, takes the algebraic structure of the Minkowski’s metric,

ds® = (w')? + (WH)? + (W*)? — (W) (1.2.3)

where the w” are appropriate linear differential forms

wh = Aldz” (1.2.4)

integrable only in the regions of Vj that are limited to Minkowskian regions 2.
Therefore we exclude that in Vj there is a coordinate system that allows to give to the
metric (??) the pseudo-Pythagorean expression (?7?) everywhere. This is equivalent
to saying that matter and energy constituents of the Universe in evolution make the
space-time a Riemannian manifold with curvature.

Let us now observe that by virtue of property attributed to the manifold V} of having
in each point the corresponding tangent space with Minkowskian structure we can
classify the vectors v and the directions u" outgoing from the generic point of V; in

three different ways, as in Special Relativity:

2Because of this characteristic of the metric (??) they say that it is normal hyperbolic according
to Hadamard, with signature + + + —.

3The gravitational field generated by matter and energy that constitute it translates into a
geometrical property of space-time. This fact, which is essentially a constraint imposed on the
manifold Vj, expresses the deletion in the Mechanics of the concept of force and its replacement with
the concept of constraint. It should be noted that the idea of replacing forces with fit constraints had
already been introduced by Hertz in the study of motion induced by constraints without friction,
time or no-time dependent. It is also in this case that we consider motions independent from the
value of the mass of the constrained body
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Timelike vectors and directions, with negative norm,

g <0, grpuu® < 0; (1.2.5)

Spacelike vectors and directions, with positive norm,

grev " > 0, grpuu® > 0; (1.2.6)

Lightlike vectors and directions, with null norm,

gt " =0, gt = 0. (1.2.7)

As in Special Relativity, the cone of the directions of lightlike versors u”, with
vertex in the generic point E € V, separates the events that are passed for E from
those present to future, and the history of each material particle can be represented
by a time-line with ds? < 0, while the element of proper time dr of the particle is

defined by the relation

1
dr* = —gdsz, [ds* = — (ch)Q} . (1.2.8)

Ultimately, always under the locally Minkowskian structure of the manifold V;, all
the quantities represented by scalars, vectors, tensors that can be defined in Special
Relativity can be introduced, in a legitimate way, in the manifold V}, as well as the
physical laws of algebraic or differential nature expressed tensorially.

This place, let us try to deepen what we have seen until now on the translation of
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the gravitational field, generated by matter and energy constituents the space-time,
in geometric properties of the space-time itself.

Let us ask in what ways physical phenomena that occur in V; and the same Vj
influence each other, ie, in equivalent terms, in what way the curvature of the manifold
V4 influences the evolution of physical phenomena, and vice versa in what way matter
and energy, which evolve constituting the manifold Vj, act on the curvature of the

space-time itself?

1.3 The curvature of the space-time V, and the
evolution of the physical phenomena

As we have said before, the physical laws that are valid in each point of Minkowski
space-time, are also confirmed in General Relativity. However, to take into account
that the physical phenomena take place in a space-time with curvature it is postulated

the following “Rule of transcription”:

[. Every physical law, valid in each point of Minkowski space-time, and with al-

gebraic structure, is unchanged in general Relativity;

II. every physical law which has differential character, formulated in special Rela-
tivity, in Galilean coordinates, is transformed into a law valid in general Rel-
ativity by replacing the partial derivative d;, with the covariant derivative V,,

the ordinary differentiation with the absolute differentiation,

O — Vi, d— D. (1.3.1)
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This assumption is acceptable because the manifold V} is locally Minkowskian and
we can then use local Cartesian coordinates in the neighborhood of each point of Vj
to write the differential laws valid in special Relativity; is therefore permitted the
transcription of these laws in general coordinates as indicated by (?7).

Having said this, we examine the law of motion of a free material point in special

Relativity and in Galilean coordinates; it has the form

dU" =0 (1.3.2)

where U" is the 4-velocity of the material point, defined through the relation

B dz™

h_
U_dT

(1.3.3)

and dr is the elementary proper time interval of the material point (or material
particle) invariant from the definition.
The equation (?7) expresses the law of inertia in M, and suggests that the time-line
of the material particle in M, is a straight.

Under the rule of transcription we deduce from (?7) the equation

DU =0 (1.3.4)

that expresses the law of motion of a free material point in the gravitational field
present in the manifold V}.
The equation (?7) suggests that the time-line of a free material point in Vj is a

geodesic. As the manifold V; has a curvature, the geodesic isn’t a straight line. We
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see thus that the effect of the gravitational field in this manifold V}, and acting on
the free material point in it, has been replaced by the curvature of the space-time in
which the free material point evolves.

Let us note that even when the manifold V, has a small curvature, which is reflected
in a small curvature of the geodesics, in the (3-dimensional) physical space these
geodesics are projected in space trajectories that can have even large curvatures.
Let us consider by analogy, for example, a finite right circular cylinder in ordinary
Euclidean space, and on the cylinder a helix with a pitch much greater than the radius
of the cylinder, and then curvature very small compared with the curvature of the
cylinder; projecting this helix into the plane that belongs to the base of the cylinder
we get a circumference, which owns a curvature, the same of the cylinder, which is
much larger than the helix .

Therefore, in general Relativity the gravitational field generated by the vast amount
of matter and energy that constitute the space-time Vj is used to give a Riemannian
structure to the space-time that is translated into (local) metric, and then in the
functions gpr which are therefore also called the gravitational potentials [cfr. (?7),
(77), (77)].

Let us now consider a body S consisting of disintegrated matter that evolves in the
space-time V,. Even in special Relativity, in the space-time M, we attributed to S

the material energy tensor

4Let us remember that if we indicate with @ the angle under which the helix intersects the
generatrices of the cylinder, with p the pitch, with ¢ the curvature of the helix, with r the radius of
the cylinder, these relations exist
sin20

p = 2mrcotgl, c= ,
r

and % gives the curvature of the cylinder.
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T = peUU* (1.3.5)

where /19 is the proper density of proper mass of the body &, and U” the 4-velocity
of the generic particle of § |, and we wrote the laws of evolution of §, in Galilean

coordinates, in the form

T = 0. (1.3.6)

This equation, under the law of transcription, is transformed into the equation

VT = 0. (1.3.7)

valid in the space-time V; and in general coordinates.
Obviously the equation (??) and its transformed (?7) also express into their respec-
tive manifolds My, V the law of evolution of a generic closed material system whose
energy tensor T has a structure less simple than the tensor written in (?7).
The condition imposed by equation (??) to the material energy tensor is called “con-

servation condition”.

1.4 The evolution of matter and energy and their

influence on the structure of the space-time V}

As we stated before, the evolution of matter and energy that make up the space-time

causes a curvature in it. We seek to deepen our understanding of this phenomena.
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We have already seen that the evolution of every material freely gravitating particle
describes a geodesic of the space-time Vj, and is then characterized by the structure of
V, and, taking into account the explicit form of the equation (??7), by the gravitational
potentials gp.

Besides remember that in Newtonian Mechanics the motion of a body immersed in a
gravitational field is identified by the gravitational potential of the field through the
Poisson equation (?77).

However, Einstein was led to accept, by analogy with the equation (?7), that in
general relativity the evolution of matter and energy must act on the gravitational
potentials too, and therefore on the structure of V; , and he formulated the following

criteria:

1. Matter and energy that generate evolving the space-time act on the gravitational
potentials g, by ordering that they should satisfy the second order differential
equations, linear in second derivatives; these equations, under the Principle
of general Relativity, must be invariant with respect to a generic coordinate

transformation.

2. In the regions of spacetime where there are no matter and energy the above-

mentioned equations reduce V, to portions of Minkowski space-time.

3. These equations admit as logical consequences the equations (??) that have
been written only by applying the rule of transcription to the equations (77?)

valid in Minkowski space-time.

Bearing in mind the conditions imposed by the criteria written now, the partial

differential equations that can satisfy them, need to involve material energy tensor
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T" that depends on the structure of Vj, and the Laplace-Poisson equation (??) must
be deducted, even approximately, by any of equations required. Well you can prove [?]
that the above criteria can uniquely determine the following gravitational equations,

written by Einstein

1
Ghi = Ruk — D) R gnie — Agnie = —XThk (1.4.1)

in which Ry is the contract curvature tensor and R = ¢"* Ry, is the scalar cur-
vature of the space-time Vj, A and x are two universal constants; the second related
to the Newton’s gravitational constant, T}, is the material energy tensor, whose
structure takes into account the density of energy of the electromagnetic field, the
ponderable matter and the gravitational field: we must keep in mind that the gravi-
tational field generated by matter and energy comunicates momentum and energy to
the same matter as exertes the forces on it and gives energy to it [?].
The equations (??) are ten as the functions gy, are linear in the second derivatives
of gnk, and the tensor G, has structure to satisfy the identity or “conservation con-

dition”

ViGr = 0. (1.4.2)

It follows from this identity the need to impose the “conservation condition” to

the material energy tensor

VT = 0. (1.4.3)
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We then verify if the equations now written are in accordance with experience,

and if in first approximation lead to the Newtonian theory.

Remark 1.4.1 In this chapter we wrote the law of motion of a free material point
and the law of evolution of a generic material system closed in the space-time Vy by the
Rule of transcription, as well as the equations of the gravitational field that Finstein,
after a sharp criticism mentioned in the preceding pages was induced to formulate.
The above-mentioned equations are written in absolute form, ie independently of any
reference system, in general coordinates.

In this regard we also recall the equations of the electromagnetic field set out by
Mazwell , which through the Rule of transcription assume the form, which is also

absolute:

a) non-homogeneous equations

Vi F'* = s (1.4.4)

b) homogeneous equations

ViuFuy + ViFy + Vi Fy = 0. (1.4.5)
In them Fyy, is the antisymmetric electromagnetic field tensor, which merges into a
single absolute entity the electric field E and the magnetic field H, s" is the 4-current

density vector, that is subject to the condition

shs, = —p? (1.4.6)
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and expresses by the formula

sh = (%,p) = pOUTh (1.4.7)

where UM = %, po s the proper charge density, which is an invariant, dt is the

elementary tnvariant proper time, in fact by definition:

ds* = —cdr® = gup da"da® (1.4.8)

is the fundamental invariant in Vy, gn is the metric tensor in Vy [cfr. (27)].

The absolute formulation is conceptually rigorous and rewarding; but when an observer
examines any natural phenomenon, he works in a well-defined physical reference. For
example by examining in a laboratory an electromagnetic phenomenon, there he is
able to deducte from the tensor field F"* the electric field E and magnetic field H; and
from the vector s" he is able to deducte the current density j and the charge density
p: all variables essentially depending on the physical reference in which the observer
works, ie all quantities associated to a physical frame in which the observer works.
Therefore arises, for the observer, the problem can deduce by absolute physical laws,
expressed in terms of absolute physical quantities, the corresponding relative physical
laws expressed on the basis of corresponding physical quantities relating to his partic-
ular reference. Indeed, as the observer can operate in physical references of various
kinds, it is appropriate to pose the problem in condition of the highest generality: “To
deduce from the absolute physical laws the corresponding physical laws related to more
general physical reference”.

To resolve this problem, after giving an accurate definition of physical reference in
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general Relativity, first we should develop a projection Technique in a 4—dimentional

Riemannian manifold Vy. We are doing that in the next chapter.
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Chapter 2

Projection tecnique in a
4-dimensional Riemannian

manifold V)

2.1 Definition of physical frame of reference. Nat-

ural decomposition of a vector

2.1.1 Definition of physical frame of reference in a normal

hyperbolic Riemannian manifold with signature +++—

Bearing in mind that, locally, the Riemannian manifold, spacetime of general Rela-
tivity, is mixed with an element of the tangent hyperplane, an element of Minkowski

space time, let us define in general the space time environment of every physical phe-

27
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nomenon as a 4-dimensional Riemannian manifold V}, with normal hyperbolic met-
ric, with signature + + + —!, in which a 3-dimentional infinity of “ideal particles”
trace (space-time) curves with regularity, constituting an “ideal fluid of reference”, a
time-like congruence I'>. This congruence will employ, from now in the future, as the
physical frame of reference, and let 7y be the field of unit vectors tangent to the stream
lines of the ideal particles, that is to the space-time lines of the fluid of reference, set

towards the future. Let us choose vector ol with the norm:

2]l = —1. (2.1.1)

Let us consider in a 4-dimensional normal hyperbolic Riemannian manifold V}, a

3 are three-parameter label space-like curves,

coordinate system {z"} where 2!, 2% x
constituting the ideal fluid of reference, and x* is a time-like parameter that describes
a co-ordinated time associated to a watch tied to every particles of the fluid of refer-
ence. These watchs have never stopped and two infinitely near events, not belonged
to the same time-line, have infinitely near time-lines and instants regulated by their
respective watchs.

This coordinate system haven’t a strictly physical meaning, although it’s suitable for
coordinate every events in the physical world.

When we choose a congruence I' in V}, we say that we introduce a “physical frame

of reference” S in V}. The coordinate system {z', 22 23 2%}, that can be general, is

“adapted to the frame S” if these following conditions are true:

IThe chosen signature is such that where ds? assumes pseudo-Euclidean form, there it is reduced
to the quadratic form (??) [cfr. chapter I, note 2].
2Tt should not hinder in any way the conduct of physical phenomena.
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a) the coordinate lines equations

¢ =const a=1,2,3

1’4 = var

coincide with the space-time lines of the particles of the fluid of reference. That

is these lines are temporal ones (ds? < 0);

b) the lines equations
¢ =wvar a=1,2,3

x* = const

are spatial lines (ds® > 0).

This coordinate system so introduced is said system of “physically admissible coor-
dinates”.

Let us consider 2 the temporal coordinate, except the velocity of light in vacuum c:

and the three-dimentional reference frame (z!, 22, %) identifies every particles of the
reference fluid and is constant respect them during their evolution (their space-time
lines).

By the admissible condition, we can deduce the following conditions:

ds* = gu (dz*)> <0 = gy <0 (2.1.2)
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ds® = ga,dz®dz” >0 a,p=1,2,3 2.1.3
0

If we think to make a general transformation of coordinates in Vj
=l (2t 2?, P 2t (2.1.4)

the time lines {x4l = var,z® = const} are generally different from the original ones in
the new coordinates, that means a change of physical reference generally takes place.
If we want that the transformation of coordinates (?77) lets unchanged the time lines
{z* = var}, that is an internal transformations at the physical reference S, we have

to choose the transformation of coordinates in the following way:

2 = zP(x', %, 2%) the name of the particles of the fluid is changed (2.1.5)

¥ = 1,4’(xl7 x27 CL’3, :E4)
This transformation is the product of the only spatial coordinates of a transformation
2 =2 (2t 22 2%) ot =2t (2.1.6)
for a transformation of this form:

o =P 2¥ =¥ (2 2?23 1Y) (2.1.7)

that modifies the coordinated clock of every particle of the fluid of reference.
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2.1.2 Natural decomposition of a vector

Let us consider a physical frame of reference S through a field of unitary vectors y(x),

with the norm [|y|| = —1, tangent to the stream lines of a time-like congruence I,

set towards the future. So, in every point—event P € V,, we introduce a natural basis

e, = 0;P in adapted coordinates with
Gk = €y - €, = OpP - Op P
So, in our system of adapted coordinates, we have:

v=7"es, |7 = 9"V = gua(r*)? = -1

thus

We deduce from these the following formulas:

9ha

T = gt = —

h=1,234.

(2.1.8)

(2.1.9)

(2.1.10)

(2.1.11)

In every general point—event P = {xh } € Vy, let us consider the hyperplane T,

tangent to V, as sum of two subspaces, supplementary of each other, 3, and O, with

©, 1-dimensional like-time space, tangent to the stream line 2* = var., and 3, 3

dimensional space orthogonal to ©,.We will say that ©, and X, give respectively the

temporal direction and the spatial platform locally associated to the physical frame
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of reference S. So, we can write:
T, =0, +Y, (2.1.12)

The vectors belonging to ©, are purely temporal vectors, while the vectors belonging
to X, are purely spatial ones. In adapted coordinates, every purely temporal vector

V, as z(x), has the first three controvariant components V? equal to zero, that is
Veo, V=0 p=1,2,3 (2.1.13)

while every purely spatial vector, being orthogonal to (), has the fourth covariant

component equal to zero, that is
Voy=9V,=4Vi=0=V,=0, Ve, (2.1.14)

Let us consider a general vector V € T); it can be uniquely decomposed into two
vectors for the (77)

V=Ve+Vy (2.1.15)

with
Vo=-(V2)y Vy=V-Ve=V+(1 )7 (2.1.16)

Vey=-V -9y 7=V-vy (2.1.17)
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these remarkable formulas follow:

Ve)n=—=V"y)m = —mnV" (2.1.18)

Ve =Va+ Vi v = 9w V" + Vv = (9o + %)V =30V (2.1.19)

where

Yhr = Ghr + YrYh (2120)

The eq.(??) is called natural decomposition of a general vector V. € T, and the

two component vectors Vg, Vs are respectively the temporal projection and the

spatial projection of the vector V. They are label as follows:

Voe=Pe(V) , Vy=Ps(V) (2.1.21)

From the egs. (?7) and (?7), we called the two tensors

=YY s VYhr = Ghr T VW Vh (2122)

time projector and space projector respectively. We can see that the following con-

dition is true for the tensor vy,

7471, - 07 U = ]-7 27 374 (2123)



34 Projection tecnique in a 4-dimensional Riemannian manifold V)

because

Gaugaa
—Y44

= 0.

Jau + YaYu = G4u +

The eqs. (??) and (??) remark the purely temporal character of the tensor —~v;,7,
and the purely spatial character of the tensor ~p,.

Let us now consider the norm of the vectors Vg and Vy,, we obtain:

Vel = 9 (Vo) Vo) = g (V)" (Vi) = ViV %gmy "y = = (V)

SO
Vel = = (VFn)* <0 (2.1.24)
Vsl = g (V)" (V)" = gyt VEEV? = gne (g + v ) (gL + 7)) VIVZ =
= (Gru + 1) VHGE + V1)V = 3 VEOL + 977V =
=9V VT () VIVE =, VIV
SO

Vgl = yVV" (2.1.25)

These two last formulas remark the purely temporal character of the tensor —v;7,
and the purely spatial character of the tensor 7, again. In eqs.(?7) (?7) they
act as time-projector and space-projector of the vector V respectively, while in the
eqs. (?7) (??7) they perform a metric function. For this reason, they are called

temporal metric tensor and spatial metric tensor respectively. Moreover these two

last equations suggest that the temporal norm of a vector is negative, while the spa-
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tial one is positive, in fact by eq.(??)

YV V=0, VEVE = (gap +77) VOV = gapVEVE + (72V)? > 0.

2.2 Natural decomposition of a general tensor

2.2.1 Time and space projections of a tensor

It’s known from the tensorial algebra that, if we consider the tensorial product of
T, for itself (or for its dual)[?] and, so, every double tensor in this tangent product
space, every general double tensor can be uniquely decomposed into the sum of four

tensors by the decomposition (?7):
T.0T, = (0, +%,)®(©,+%,)=0,00,4+0,0%,+X, 0, +X, %, (2.2.1)

By this decomposition formula, it follows that every general double tensor ¢, €
T, ® T, can be uniquely decomposed into the sum of four tensors belonging to the

four subspaces of the (?7?), that are orthogonal to each other:

the = Poo(thr) + Pox(thk) + Pso(tnr) + Pex(thk) (2.2.2)

This is called natural decomposition of the tensor t..
We must consider the egs. (?7?) (??) to project formally: we must use the time-
projector —y,7, to obtain the time projection, involving the only index r of the vector

V, written in controvariant position, to obtain the covariant component of index h;
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we must use the space-projector —v,, to obtain the space projection, involving the
only index r of the vector V', written in controvariant position, to obtain the covariant
component of index h.

We act on the indices of a double tensor in the same way: we will use the time-
projector —v,;7y; on both indexs of the tensor t,;, written in controvariant position,

to obtain the purely time projection:

thk

Poo (tnk) = (—7ivn) (—v76)t"" = %y (Vhyt™) = Tij (2.2.3)

We will use the time-projector —v;7; on the index h and the space-projector —v;; on

the index k£ to obtain

Pos(tur) = =yt vk = =iyt = 0y (2.2.4)

By this time, it’s obvious that:

Pro(twe) = vyt = oy (2.2.5)

Pos(tne) = ynvit"™ = sij. (2.2.6)

It’s clear that:

tij =Ty + Gij + 045 + Sij (227)
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in conseguence of:

Tij + 91-]- + O'Z'j -+ Sij =

= %YWt — Y vt™ — Yvevnt™ 4+ Yyt =

= Y16t — %ivn (g6 + Vi)t — v (gin + Yyt

It can sometimes be useful to decompose T, ® T, in the following way:
T.0T,=0,+%,)0T,=0,T, +XT, (2.2.8)

or

.7, =T, ®(0,+%,) =T, 0, +T,®%,. (2.2.9)

In these cases the general tensor ¢;; is uniquely decomposed into the sum of two tensors
orthogonal to each other: we act on the first index of ¢;; with the time-projector and
then we add a tensor derived acting on the first index with the space-projector; we

obtain:
tij - P@(tij) -+ Pz(tij) = —’yi’}/ht? + ’yihthj = —’yi’yhthj -+ ’Yiht?. (2210)

We use a point to indicate the index that is interested by the projector.

In the same way, from (77?), we have:

It’s now easy to extend the projection operations on the tensors of order > 2.

+ (gin + i) (g5r + 1)t = ti;.
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Besides, it’s advisable to remark the following assertions:

a) An index of ¢;; involved in a space projection verifies the condition that the
obtained tensor components which have that index in covariant position equal

to four are all null.

b) An index of ¢;; involved in a time projection verifies the condition that the
obtained tensor components which have that index in controvariant position

not equal to four are all null.

¢) A tensor with all spatial indices (which means that the components having the

indices in covariant position equal to four are all null) is called totally spatial tensor;

as an example the tensor v, (?7) is totally spatial tensor.

d) A tensor with all temporal indices (which means that the components having
the indices in controvariant position not equal to four are all null) is called

totally temporal tensor; as an example the tensor v, (?7) is totally temporal

tensor.

2.2.2 Remarkable algebraic properties of the projection op-

eration

It’s advisable to remark some properties of the projection operation that sometimes

allow to make calculations more quickly.
1) If the projection—© is applied on a spatial index, null components are obtained.

2) The projection—Y on a temporal index of a tensor gives null components.
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3) If a projection is applied on the indices of the product of two tensors (without
contractions), it’s possible to put the projection on the separate factors on

condition that we maintain order initially indicated; for example:
Pre(up,vy,) = Ps(up,)Pe(vy,), (2.2.12)
Pzz(uhkvlr) = PE(Uhk)Pz(Ulr)- (2.2.13)

4) Projection and sum are permutable to each other if the sum not involves the

indices interested in the projection operation:

Pg(uhkvkl) = PZ(Uhk)Ukl. (2.2.14)
5) Put:
)
t =yt
f;- = —v;xt"™  purely spatial vector

(2.2.15)

ti = =Yt

ti; = vinyixt"™® = s;;  purely spatial tensor

\

it can be useful in the calculations to rewrite the formula (??) in the following
way:

ti; = Yyt + vty + vt + T (2.2.16)

This last formula shows that all double tensor %, is totally characterized by a

scalar ¢, two purely spatial vectors f;» and t; and a totally spatial double tensor

k).
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7)

From (??) it’s drawn that if the tensor t;; is symmetric, the tensor #;; also
results symmetric while the two vectors #; and #; are the same; in that case the

Eq. (??7) becomes:
tiy =ty = iyt + ity + it + Ly (2.2.17)

If on the contrary the tensor ¢;; is antisymmetric(t;; = —tj;), also its totally

spatial projection fij is antisymmetric (fij = —fji) while the two spatial vectors

f; and ¢; are opposite

~

l; = Vet = —t;

and the scalar t is equal to zero. Therefore the natural decomposition of a

double antisymmetric tensor is:

When a purely spatial index becomes saturated with a purely temporal one and
they are in opposite position of variance, the result is zero and the other indices

that don’t involve in the saturation are not considered.

It’s immediate to verify that for the metric tensor of Vi, gnr = Yar — YnV%, the
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following conditions are true:

Poo(9ii) = =i
P@E(gij) = 0, PE@(QU) =0 (2219)
Prs(9i) = g

2.3 Transverse partial derivative. Longitudinal deriva-

tive. Lie derivative

2.3.1 Transverse partial derivative

Let us define a scalar field ¢(z) in a domain C of the manifold V; and let us consider in
every general point—event P = {xh} € C the set of vectors dP tangent to the spatial

platform ¥ in P; this condition translates into the following mathematical relation:

y(x) - dP = ~dz’ = 0 (2.3.1)

1
drt = —y,da’— = yy,dx?  p=1,2,3(uyt = —1). (2.3.2)
4
Now we can calculate the total differential of the scalar field p(z) performed according
to the vector dP; we obtain:

do = O;pdz’ = 0,pdx” + Oypdr* = 0,pda? + v*0ypy,dxr = (233

= (0,0 + 7,7 Oap) daP.
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So it’s introduced the operator:
ép = 8p + ’}/p’)/4a4 [54 = 84 -+ ’)/4’)/484 =0 (234)

that will be called transverse partial derivative, that allows to make the total differ-

ential of a scalar field p(z) according to a direction orthogonal to X
dp = D,pdx’. (2.3.5)

The quantities 5,030 are the covariant components of a vector orthogonal to v belonging

to the spatial platform in P, ¥p, that we will call the transverse gradient of the scalar

field ¢(x):

grady = d,p. (2.3.6)

It’s obvious that the operator 5,, is invariant under coordinate changes in the physical
frame of reference S, as the (?77) shows.

It’s easy to verify that the transverse partial differentiation has the formal properties
of the ordinary partial differentiation, as the derivative of a sum, of a product, of a
quotient; it can be also applied subsequently but the order of the following partial
differentiations is not permutable as it is not generally changed with the operator ;.
It’s immediate to point out that the projection of the vector grady = 0,p on the

spatial platform gives the spatial vector g7‘~adg0:

Ps(0np) = 10 = (6F + ") 0kp = Ohp + y*Osp = Onep. (2.3.7)
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2.3.2 Longitudinal derivative or Local temporal derivative

If we consider an orthogonal projection of the field grady on X,, we obtain the field

of purely temporal vectors [(?7), (?7)]

— Y Opp = =7 Oscp. (2.3.8)

We will call longitudinal derivative or local temporal derivative in the general point—

event P € C of the scalar fiel p(x) the quantity
040 (2.3.9)

This operator isn’t commutable, in general, with the operator 0y (h=1,2,3,4), as
it can verify directly.

Bearing in mind the invariance of the scalar

7 - gradp =" 0sp

we can affirm that the operator %9, is invariant with respect to every change of
coordinates in the physical frame of reference S.

In the following section we will show that the longitudinal derivative is a particular
case of an operation more general, the Lie derivative, when the physical system of
reference § is interpreted as the set of the trajectories of a group of one-parameter

transformations, having the field of vectors (z) with the norm —1 as generator field.
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2.3.3 Lie derivative of a tensor field

Let us assign an open domain C of a differential manifold V; with a system of local
coordinates ¥, when we define a field of timelike unit vectors u(z) and a system of
ordinary differential equations

d_p

= u"(z;) (2.3.10)

where 2" are functions of one parameter ¢ [z" =z} for ¢t = 0].

We suppose that the differential system (?7?) has a regular solution in C corresponding

with the initial data z",

vf = M(tat, 2%, 2% 2") h=1,2,3,4 (2.3.11)

which can be written in the condensed form

x, = Tix . (2.3.12)

We can observe that the Eqs. (??), which are invertible, define a transformation of
V} into itself in the domain C, for every ¢ that is |t| < n with n > 0, for every variation
of the z" in C.

On the contrary if we choose an initial point P = [xh,t = O} in C and change with
continuity the parameter ¢, we obtain a continuum set of points P, constituting a
straight line that can be interpreted as trajectory of a particle, initially in P, with in-
stantaneus velocity u(wz;) [da! = u”(z;)dt]. Concerning this, it’s advisable to remind
that the theory of the systems of ordinary differential equations assure the following

results:
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e For every point () € C it can to determinate a neighborhood I € C and a posi-
tive scalar 7 for them, for every P € I and [t| < ng, there is a transformation

Tix that has the following properties:|?]
2) TuTye = Tovw [P],107] < g, I¥]+ 1¢"] < ng
b) T, 'e =T
c) Tor = x.

This set of transformations is a group of local transformations of V; in C, with ¢
parameter, produced from the field of unit vectors u(t, z), {u"(z;) = u"(t|z)}. Let us

indicate this group with G (u) and call canonical parameter ¢, generator field u(t|z).

If from every point () € C we change with continuity the parameter ¢, it is gener-
ated a line, the trajectory of G(u) for @ in C. The set of the trajectories of G (u)
is a congruence I' of Vj in C. Every transformation 7; of G1(u) introduces an iso-
morphism between the vectorial spaces tangent to Vj respectively in x and in z;, and
consequently between the corresponding dual spaces. It follows that there are these
relations between two isomorphic vector fields u(z) and w(z;)

wh(zy) = T"(x) = Zafvh(x) [ =68 o", 0 = Zral)

wp(xy) = Tyop(x) = %xkvk(x) (v = 0% vy, OF, = %xh]

that can be synthesized using the only vector relation

w(zy) = Tw(x). (2.3.14)
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Now we can define Lie derivative of an assigned field of vectors v(z), defined into the
domain C, with respect to the group G1(u).

For this reason we estimate the incremental quotient

T;t_ly(xtt) - Q(:E) (2315)

in the point x, because of T}, 'v(z;) is the image of the vector v(z;) in z [that is the
transformed vector in z of the vector v(z;) through the transformation 7, '].
We admit the existence of the incremental quotient for ¢ — 0 and obtain a vector,

defined in z, that is called Lie derivative with respect to the group G;(u) of v(z):

1 .
Lov = lim 2 4(E) —2(@) (2.3.16)

t—0 t
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In scalar form, working on the controvariant components v*,

Lo = lim T2t @)= @)
“ t—0 t

= %E%t {vF(zy) —v¥(z)} - %5%3 Qur (o) =

= 1%% {o*lam +ur(z)t + ] — ¥ (a")} - %(x)vh(x) =

= lim! {vk(:r") + gZ’: u”(zy)t — vk(x’")} — Ot =

so in conclusion:

L% =uwor —o"our  (r bk =1,2,3,4). (2.3.17)
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In a similar way, but working on the covariant components v, we obtain the formula:

L, = u"0pvg + v.0pu" (r,h,k=1,2,3,4). (2.3.18)

In particular for a scalar function f(x):

L,f(x) =u"0.f(x) (2.3.19)

Working on every tensor field of order > 2 in a similar way, for example on the field

of order 3 Aj},, we can establish the following formula:

L, AL, = w0, AL, + AT 0hu + AL 0w’ — AS,0". (2.3.20)

If the differential manifold V} is Riemannian too, and we suppose that it has a hy-

perbolic metric that is, according to Hadamard,

ds? = ghkdxhd:pk

with signature {4+ + +—1}, the Eqgs. (??), (??), (??7), that have a tensorial character
for their definitions, can be completed by the introdution of the covariant derivative.

It has to add and subtract in (??) and (?7) respectively

rrk .S TS
u' T 07, u'I' v
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to obtain

L8 =u [00F + TF v —vrdub — w Tk v =

=u'V, 0" — v ouf — u’T’;TUT =u'V, 0" — "V, uF
L% =u"V, 0" — 0"V, (2.3.21)

L,og =u" [Opvg — IS 0] + 0,.0pu” + 0TS 05 =
=u"V,v + v, [&Cur + upF;k] =u"V,v, +v.Viu"

Ly =u" Voo, + 0, Viu'. (2.3.22)

In a similar way, we have from (?7?)
LAy, =u’V A + AL Viu® + Ay Viu® — Ay, Vu'. (2.3.23)
Calculating, for example, the Lie derivative of the metric tensor gy, of V4, we obtain
Lugnk = UV s + g Vatl® + gns Vi’ = 0+ Vi (gartt®) + Vi(gnsu®)

Lougne = Viug + Viup = Ky (2.3.24)
We consider now the following properties of the Lie derivative:
a) The Lie derivative and the contraction are permutable operations;
b) The Lie derivative of the product of two tensors performs as covariant derivative;
¢) The Lie derivative and a transformation of the group G;(u) are permutable;

d) The Lie derivative performed on an antisymmetric covariant tensor field is per-

mutable with the operation of external differentiation;
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e) The Lie derivative and the projection operation are permutable.

We give now the definition of invariance of a vector field v(z) with respect to a group
G1(w).

If for every point P in a neighborhood I € C and |t| < 7 it results

T (z) = v""(xy) (2.3.25)

we call the vector field v () invariant with respect to the group Gy (u) or more brevity

u-invariant in C.

In that case it follows from (?7?)

L" =0. (2.3.26)

If, vice versa, the vector field v"(x) verifies the condition (??) and we calculate the

total derivative of the vector field T, *v"(z;), we get directly from the definition

“1yh (g )T Loh (2
a [jﬂflyh(gjt)] = hmTtJrs (e45)—T; (z) _

S

T Ty ol (e s) =T Tl (@) L, [Tt_lvh<xt)] -

that is

T, """ (2,) = constant varying ¢ and so equal to the

some expression calculated for ¢ = 0:
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Therefore we have obtained the following result:

Proposition 2.3.1 A vector field v"(z) is invariant with respect to a group Gy (u) in

C if and only if

L,0" =0 inC.

It’s immediate to verify from (??) the following identity:

Lk = u 0k (x) — u"0u(x) = 0. (2.3.27)

The definition of invariance with respect to a group Gp(u) can be generalized to a
tensor field of every order.

It’s also common to define the [-invariance for a tensor field in the following way:

Definition 2.3.2 A vector field is I'-invariant if it is invariant with respect to every
vector field v(x) = au(x) tangent to the congruence I', where a(x) is a general scalar

function.

Likewise the precedent case (the invariance with respect to a group), it can be demon-
strated that the necessary and sufficient condition for the I'-invariance of a vector field
v(x) is

Lo" =0 Va(z). (2.3.28)
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2.3.4 Systems of coordinates adapted to a congruence

As we have already seen, if we assign a group of transformations G;(u) in Vj then
it is individuated by a well established congruence I'. Introducing a system of local
coordinates, the field of unit vectors u(z) that generates the group has components
like that its norm is unitary. But we can choose coordinate systems that admit the

trajectories of I' as coordinate-lines, for example as lines of equations

P =const. p=1,2,3

(2.3.29)
zt = var.
In that case the vector field u(x) has components
u(z) =0, u*(x)#0 (2.3.30)

and the coordinate system is called I'-adapted.
More in particular if the coordinate system {xh} is like that the controvariant com-
ponents of the vector field u(x) verify the conditions

=0 p=1,2,3
(2.3.31)

=1

then this coordinate system is called u-adapted.

Using I'-adapted coordinates, the Eqs. (77), (?7), (?7) become respectively

L7 =u'Vf — o'V, (2.3.32)
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Lo, = uV o + 0, Viu" (2.3.33)
LA, = ulV AL + ALV + Ay Vieu® — A5 V" (2.3.34)
with
VvV, uF = duF + {rks} u’
and from there
4
V,uf = {rpél} ut, Vut=0ut + {7’4} ut. (2.3.35)

It can also be proved that there is an infinite set of systems of I'-adapted coordinates;

in fact, being

u’ =0z = utdx” =0
it follows that = have to verify the conditions
a4l‘p/ =0

hence the z*° have to be like that

/ /

o =2 (2!, 2%, 2%)

while for u?

/ ! /
ut =02t = ot

hence % has to be like that

b = x4l(x1,x2,x3,x4).

(2.3.36)

(2.3.37)

(2.3.38)
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In conclusion the transformations of I'-adapted coordinates are like that

o = (', 22, 2% p=1,2,3
( ) (2.3.39)

$4’ — 1‘4I(:1:1, $2, m?,’ :E4)

with ¥ and 2% arbitrary regular functions. In particular if we want move from a
system of I'-adapted coordinates to a system of u-adapted coordinates, we have to

consider the condition (?7) and the following condition [(?7?)]

' = urdat = ot (2.3.40)

So we have to choose the 2" like that

o =2 (2t 2%, 2% p=1,2,3

¥ = [[u(x)]"tda* + p(2t, 22, 2%)

(2.3.41)

where the #' (2!, 2%, 2%) and ¢(z!, 2%, 2°) are arbritary regular functions.
If then we want all the transformations that permit to change from u-adapted coor-
dinates to u-adapted coordinates, we have to consider the conditions

(9417’) ' =0

(2.3.42)
u = w0t = utot =1, 0t = 1.
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It follows that the transformations which take u-adapted coordinates are like that

o =z (', 2%, 2% p=1,2,3
( ) (2.3.43)

vV =2t + p(at, 22, 2%).

2.4 The Christoffel symbols and their formal pro-

jections

2.4.1 The Christoffel symbols

Let us consider a riemannian manifold V}, the Christoffel symbols of first and second
kind, known as coefficients of the riemannian connection of Vj too, are defined through

the metric tensor gy, from the following formulas:

(hk,i) = = (Ongri + Okgin — Oign.)  Christoffel symbols of first kind (2.4.1)

N —

l )
{hk} = ¢"(hk,i) Christoffel symbols of second kind. (2.4.2)

It can be proved that they are in biunivocal correspondence, in fact multiplying both

sides of (?7?) by g;s we obtain the Christoffel symbols of first kind:

! , .
Jis {hk} = glsg”(hk,i) = 0.(hk,i) = (hk,s)

and vice versa.
They act like tensors only in the class of the linear transformations; but they don’t

transform with tensorial law in a general coordinate change.
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In other word

i = OF 07 gy (2.4.3)

Ongri = |0%,0° + 92295] G + 080707 O gy where (07 = 9pa™) (2.4.4)
Now If we consider a circular permutation of the indices h, k,7 in (??), we obtain

akgih - [9;;102/ + 02;95] gi’h’ + 959592/&6/%%/

67;ghk == [elh}iellz” + 05;6;/] gn'k’ + Qllzlefleﬁlai/gh/k/

hence it follows

(hk,i) = 008 07 (WK i) + 0807 g (2.4.5)

From this last formula, we can see that only when the quantities 9,};' are constant,
that is when the coordinate transformation is linear, the Christoffel symbols act like
tensors.

We can also deduce the transformation law of the Christoffel symbols of second kind

in the following way

l . ;o Y

{hk} — OO0 (W) 4 010! g ] =
) (2.4.6)

— oo ;{h’k’}JrH’gkel,.
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The following symmetry properties are true for both symbols that we have introduced:

(hk, i) = (kh, i) {hlk;} _ {klh} | (2.4.7)

According to these properties the number of the different symbols both of first kind
and of second kind in Vj, are

42(441)

4-Cyo = 5

=40

as much as the different quantities 0,gx; are. It follows that these derivatives can be

expressed by the Christoffel symbols; in fact
8hg;ﬂ~ = (hk‘, Z) + (Zh, k‘) (248)

et cetera.

2.4.2 The projections of the Christoffel symbols

The projections on the tensor fields can be also make on geometric objects that are
different from tensors, as, for example, on the riemannian connection of the manifold
V4, which is expressed with the Christoffel symbols in local coordinates. It’s inter-
esting that the projections of the riemannian connection are traslated in algebraic
relations between geometric objects that characterize the geometric structure of the

physical frame of reference S introduced in V; with the congruence T'.
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For more detail, we can consider to calculate easily

Ik = Yuk + Vhk Vnk = —7VnVk (2.4.9)
so the Christoffel symbols of first kind can be written in the form
(hk,i) = (hk,i), + (hk, i), (2.4.10)

where

(hk, i)y = 5 (OnVri + OxYin — Oiynn) (2.4.11)
1
2

(hk,i), = 5 (Onliki + Oklin — Oilpy) -

It’s advisable to make the (??7); a total spatial equation. It’s possible with the use
of the transverse partial derivatives instead of the ordinary partial derivatives. From
(27)

9, = 5p — 7,,7434 (54 = O)

it follows from (?7),

(hk, 1)y = 5 [(511 - %74@4) Vi + <5k - %7484) Yin — <éi - 71‘7454) /th} =
= % [&{Y}m’ + 5k%’h - 5{th] - % [’Yhf(ki + ”ka(ih - %f(hk} =

= (h%v i) - % [’Yhf(ki + Y — ’Yikhk}
(2.4.12)

where

. ~ . 1rx N
Y 0u v = K, (hk,i)* = 5 [811'7/1@1‘ + OcYin — OiYhk | - (2.4.13)
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We can observe that the symbol (h%, i)* has all like spatial indices and the symmetric

tensor K}, too.

We can now interest in the relation (?7)s; we have:

Onvki = =0 (Weyi) = — [On i - i + Yk - Onvil
Okvin = =0k (vivn) = — [OkYi * Yn + Vi - Ok
Oivhe = —0i (k) = — [0V - Vi + Vi - Oivie]

so it follows

(hk, 1)y = 5 [= Oy — Ovn) — i (On ¥k + Oryn) — T (O — Biyi)] =

= —% [’Ythz' + Vi + %Qhk]

where

Wi = Oyi — Ok, Qi = Ok + Ok

Therefore the Eq. (??) can be written in the form

(2.4.14)

(2.4.15)

: ~ 1 - - -
(hk,i) = (hk,i)" — B Y (Kri + Qi) + o (Kpi + Qi) + i (Qns — th)] (2.4.16)

From this equation we can deduce that we have to do the projections of the quantities

Oy (with bk = 1,2,3,4) to complete the projections of the Christoffel symbols of

the first kind, according to the positions (??7). With this intention we observe that we

can obtain the following two relations projecting the index of partial differentiation,
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in adapted coordinates:

POy %) = 107 = (0 + ") = Oy + Wy Dam (2.4.17)
Po(Oy1k) = =y Oy = =y O 'y = —1 (2.4.18)

then
Ps(Oyve) = Oy — Pe (O ) (2.4.19)

The relations (?7), (??) aren’t purposeful for the future developments of the theory.
It’s more convenient to examine the formulas that obtain projecting the index of the

vector field ;. The spatial projection takes this remarkable form

Ps(On10) = WOnYr = 050w e + Y Onyr =

(2.4.20)
= Oy + (Y O na)
or, considering the following condition
Wy =yt = -1,
it follows
On(1a7") = Owya - 4 Oyt =0 (2.4.21)

and so we obtain

1
Ps(0nc) = Onve — W40y = Onye + Yva0h <7—> = 710 (%)
. 4

V4
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Ps(0n71c) = Va0h (%) : (2.4.22)
: 4

From (7?), we obtain
Po(Ong) = =Y Onvr = =17 Onva = Wva0™. (2.4.23)
In conclusion it’s true the relation
On Yk = Y40h, (%) + Yeya0ny* . (2.4.24)

It’s advisable to introduce the transverse partial derivatives in this formula too, so

we can write from (?7?)

Ok = |0 (2) = 10 (2) ]| + 3w (") = mr*u(v")] =

B B (2.4.25)
= 710 <§—fj> + Y04 (3—:) + 7200 + k07",
and applying a permutation of h with k
) - 3 Th Th N 4 4
i Vh = Y40k (7) + 0 (7) + Y40k + T k04Y " (2.4.26)
4 4

Through these two last formulas we can write the projections of the tensor 2
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and of the quantities Qpx expressed in (?77). We obtain

Qui, = Op Y — Ok = Y40, ( > Y04 ( ) + 11Oyt + Oy +
—740% < ) ViOs <1—) Ty — ”Yh’Ykaﬂ =

i (2) - )]+ ] () e (3) -

= Qui + 7740 (--) — 7,04 ( ) + Y40k ( ) + Y104 l) =

= O =0 [ah () + 00 (2) ]+ [ () + 00 (2 ;}

S0
Qne = Qi + %0 — 1 (2.4.27)
where
Ok = [éh (l> . (1‘)} (2.4.28)
Q= —710h (%) — O (%)
and
Qhk = Ve + Oy =
= [0 () + 0 (2)] + 2mmdr® +m [0 (74 -+ 0n (2)] +
+k [%@h ) + 04 ( )]
S0
Qnie = Qi + 1@k + 16 Qn + 2 0s* (2.4.29)
where

) (3{) (2.4.30)
)
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We can easily verify that the vector €, is the curvature vector of the lines of the

congruence I' (of equation 2* = var.); for this purpose we rewrite Qh:
Qh = 745}{74 + 84 (’}/h’}/4> = VY4 [8h’y4 + ’}/h’)/484’74] + 64 (’}/h’74> (2431)
Since
Yiye=—1, 04 (v*n) =70y + 107" =0 (2.4.32)

It follows from (?7)

Q= =071 — WwOxy* + 70w + mOxy* =7 (B4 — Owya) =

(2.4.33)
=" (aT’Vh - ah%“) =" (Vr’Yh - Vh%’) .
Since it results also
Vi (V) = 7"V + 5% V" =7"Varye 9" Vi = 29" Vi = 0
the Eq. (77) is reduced to the following equation:
Qn ="V, 7. (2.4.34)

So the curvature vector C}, of the general trajectory of the congruence I' is for definition,

as it is known,

DAy, dz”
O, — =V, - =~"V, 2.4.35
h ds Th ds i Th ( )

and it is equal to the vector €, expressed in (?7?).
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If now, through the (??), we make the Y-projection and the ©-projection of the

first index of the tensor {2, we obtain:

Pu(y,) = Qni + 7% = Qe + Chi

' (2.4.36)
Po(Shy,) = =m8% = = mCr

At this point we are able to write easily the projections of the two first indices of the

Christoffel symbols of the first kind given in (??). Considering the Eq. (?77?), we have

Pas(hk, i) = (hELi)* - %7’2{[%(@1{1; - f(hk)] - (2.4.37)
= (hk,1)* = 57%(Qne — Knr)
Poo(k,i) = —1 {7329 [’yk (f(hi + thﬂ + %PE@(Qhk>} =
=1 {fykf(m» + v Ps (th + %Qh - “Yh@i>} +
~3 {25Pse (@ + Qi + M@y + 20 | =
=1 {%f{hi + i + 17 + Vk%@h} -
= —Lly {f(m + Qi + 70, + %Qh} :

Since it results

~ N /1 3
Vi (Qh + Qh) = —27;740n (i) = 2772007

it follows

) 1 ~ ~ ~
Pso(hk, i) = =57 [Kni + Qi + 2772007 | - (2.4.38)
2

Inverting the two projections ¥ and O, it results

) 1 - ~ N
Pos(hk, i) = _5% [Kki + Qi + 2’7i748k’74] . (2.4.39)
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In conclusion the following relation is valid [cfr. (?7), (?7?), (?7)]

Poo(hk,i) = —3 [’YhP@(Qki) +7Po () + 7iPoe (@nr)| =
= —5 [ (= Ci) + 2 (=1 Ci) + 7 - 29 00y*] = (2.4.40)

= YnVk (Ci - %‘3474> .

It can be useful to have the totally spatial projection of the two Christoffel symbols,

so we make this calculus; from (??) it follows:

Poss(lk, i) = (hk,1)"; (2.4.41)

Pz {hk} = {hlk} = Ps(g") Pas (b, r) =

= ’yiTPEZ(hka T) =
= 4" (hk,r)* — %%‘7322(@]@1_{ - Khl_{)V” =
= 7" (W, 7)* = 397" (Qui — Ki) =

= " (hk,r)*
that is .
Prss {hk:} — T (W, 1) = {hk} . (2.4.42)
The symbol ~ means that it makes the transverse derivatives and the symbol * is

to remember the metric tensor is the spatial one 7.
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2.5 The covariant transverse derivative of a field
of totally spatial tensors and its formal prop-

erties

2.5.1 The covariant transverse derivative of a field of totally

spatial tensors

Let us consider a general field of spatial vectors v(z) in Vj, it’s valid the condition
vy =0 (2.5.1)

for them. Let us make them the covariant derivative Vv, and then consider the

totally spatial projection of this derivative, that we say covariant transverse derivative

of the field of spatial vectors v(x), and we can write:
P (Vivg) = @ka (2.5.2)

We estimate the explicit expression of this derivative; it results:

Pss (Vivg) = Pss {@wk — {hfk} Ur:| = v0,vp — Psy Hhrk} Ur] =
= (08 + ") Opv, — Psx (g7 (hk, 1)v,] =
= Opvr + WY Osvr — Pes [(hk, i)v'] =
= Opvg — V' {(h%, i)* — 37 (Qur — f(hk)} =
= 5hvk — Ui(h%, ’l)*
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So we deduce the formula [cfr. (?7)]

Vive = Opvp — v (hk, )" (2.5.3)

Put

{huk} — A (hE, )" (2.5.4)

the (?7) takes the form

—~— %

@;‘Z’Uk = 5hvk - {huk?} Uy - (255)

—_—~—— X

It’s easy to verify that both the transverse Christoffel symbols (h%,i), {huk:}
and the covariant transverse derivative (7?) are totally spatial objects; it only has to
assign the value 4 to an index in covariant position to discover that the corresponding
term is equal to zero.

For example it results

DN | —

Let us now consider a field of double totally spatial tensors vpx (v4r = vpa) and

extend the covariant transverse derivative to this field. For this purpose it only has
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to make the totally spatial projection of the field of triple tensors V,vpx; we obtain

Vivw, = Psss (Vivns) = Psss {@‘Uhk - {Z?L} Uply — {27}%’} Uhr:| =
= Py (om) = Pows [(ih, w)g™va] — Prss [(ik, u)g™ vn] =
ok — Pss [(ih, w)op] — Ps [(ik, u)vp] =
= Jom = [0, w) = $7u(@in — Kan) | v+
= |(Fw) = 37l @ax = Kan) | 0 =

= 5ivhk; - (Zﬁv U)U% - (z%, U)U}f =

= Dy — (Zh: W)Y g — (1%7 )Y Uy

in conclusion

~ * ~ *

@fvhk = 5ivhk - {Z?L} Urk — {Z?{} Vhy- (257)

In this formula it’s evident that the covariant transverse derivative performs them-
self like the ordinary covariant derivative, with the only replacement of the transverse
partial derivative instead of the ordinary partial derivative and of the transverse
Christoffel symbols made with the metric spatial tensor 7, and the transverse par-
tial derivative instead of the space-time metric tensor g, and the ordinary partial
derivative.

It’s obvious that we can do similar operations if we replace a field of tensors > 2 with

a field of double tensors.
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2.5.2 The more easy formal properties of the covariant trans-

verse derivative

It’s easy to verify that the covariant transverse differentiation has the following formal

properties. Let us enunciate some of these:

a)

The covariant transverse derivative of the sum of more totally spatial tensors is

equal to the sum of the covariant transverse derivatives of the single tensors;

The covariant transverse derivative of the product of two or more totally spatial

tensors is like the ordinary covariant derivative;

The covariant transverse differentiation commutes with the saturation operation

as long as it involves two purely spatial indices;

It is valid the Ricci Theorem for the covariant transverse derivative:

the spatial metric tensor v, has covariant transverse derivative equal to zero,

Viwi = 0. (2.5.8)

It’s so noticed the fundamental character of the spatial metric tensor ~,; as the

space-time metric tensor gpy.

In general two successive covariant transverse differentiations cannot invert each

other as two successive covariant differentiations.
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2.6 Some differential properties of the like-time

congruences of a Riemannian manifold V)

2.6.1 Differential properties of the first order of a physical

frame of reference in Vj

In Einstein’s general Relativity and in a 4-dimensional normal hyperbolic Riemannian
manifold V}, the like-time congruences that represent physical frame of reference are
very important. For this reason now we will look over which informations we can
draw from the application of the theory of the projections.

In a manifold V} let us consider a like-time congruence I" that locates a physical frame
of reference § in Vj, and suppose to choose a system of local coordinates {xh} adapted
to the congruence I' (cfr. sect. 1). Since this congruence is univocally defined by
the field of unit vectors y(z) tangent to its space-time trajectories, we can analyze
the covariant derivative of the field of the vectors y(x), V,vy, with the projection

technique, and more in detail the field of double symmetric tensors
K = Ve + Vi Killing tensor (2.6.1)
and the field of double antisymmetric tensors

Qe = Ve — Vieyn = Ou vk — Ok Yn. (2-6-2)
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Let us decompose V7 bearing in mind the (?77?), (?77?); we obtain the relation

Vv = Oy — (hk,m)y" = Opye — 'y"(h%, r)+
+57" [% (Kkr + ri) + Yk (f(hr + Qhr) + (Qhk — th)] =
= On Yk — 397 Kk + 3 [y Qer + Y Qi — Q] =
= 1K + 30" + 390" + (On e — 3Qmi) =
1
2

Ky + Qhk) + 3 (%" + V"] (Qnk = On Ve — Ok n)

from (??) and (?7?) it follows

Ve =3 [f(hk + Qi+ 1Ch — ’Yth] +

+1 [% (ri + 7, Cr — kaT) Y4 Ve (Qhr +7%Ch — ’m@) vr]

171~ ~
Ve =35 [th: + Qhkz] — M C- (2.6.3)

We can observe that this last formula shows clearly the spatial character of the index
k of the tensor Vj7; . Besides we can draw the decomposition formula for the Killing
tensor

th = f(hk — f)/th — ”kah (264)

It’s so evident that the tensor Ky, = ¥4V [cfr. (?77?)] is the totally spatial projection
of the Killing tensor.
Now we go back to the tensor {2 and its formula of decomposition (??) that we

rewrite in consideration of (?7),

Qpi, = Qhk + %Ch — 1Ch (2.6.5)
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and are more precise about the totally spatial tensor [cfr. (?77)]

N O RTE

is called spatial vortex tensor or transverse rotor of the congruence I'.

The reason of this denomination is in the interpretation of the physical frame of
reference § associated to the congruence I' as generated by an ideal fluid in motion
(the trajectories of I' as current lines of the fluid), next to the antisymmetric spatial

tensor Qhk in the subspace ¥, we can locally consider the added vector

«

w® = napano_ (o, p,0 =1,2,3 0 antisymmetrical Ricci tensor in %)

N | —

(2.6.7)
that, multiplying for %c (for dimentional motives) gives (like in the classical fluid
mechanics) the local angular velocity of the ideal fluid that generates the reference S.

The space-time antisymmetric tensor {25, is called, in consequence, space-time vortex tensor

of S.

If in all reference S it results

Qur = 0 (and then w® =0) (2.6.8)

the motion of the fluid of reference is called irrotational.

If in addition to the condition (??) we add the other condition

Ch =0 VP e S (2.6.9)
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the motion of the fluid of reference is called irrotational and geodetic.

In this case the space-time vortex tensor {2 is identically null.

2.6.2 Some differential properties about the geometric struc-

ture of a physical frame of reference in V)

Let us now deepen the geometric meaning of the tensors Qhk, K ni- We start consid-
ering the condition (??) which characterizes an irrotational physical frame. Choosing
local coordinates {xh} adapted to the congruence I', associated to the physical frame
of reference S, in general the components gs, = g1 (p = 1,2,3) of the space-time
metric tensor of V aren’t all null. But if it happens, the lines of the congruence,
of equation z* = war. 2 = const. could verify the following condition: being dP
an elementary vector tangent to a line of I (or space-time trajectory of the associ-
ated physical frame of reference S); it has controvariant components {0, 0,0, dz*}.
Another vector §P, tangent to the hypersurface of equation z* = const. (both with

origin in the same point-event of §), that has for this reason controvariant components

{62,622 62,0}, multlyplied inner by dP gives
dP - 6P = gprda"oz" = g4,dadx” = 0, (g, =0,p=1,2,3). (2.6.10)

If this happens in every point of I' the lines of I' are orthogonal to the hypersurfaces
of equations z* = const.

Let us suppose that in the local coordinates {a:k} adapted to the congruence I' the
components g4,(x) aren’t all equal to zero and ask ourselves if we can individuate

another system of local coordinates {xk'} adapted to the congruence I', that allows
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to satisfy the conditions

Qurp = 0, VP eT. (2.6.11)

For this reason we remember that an internal transformation in the physical frame
of reference S is in the form (??) and it is the product of a transformation like (?7?)[
that leaves unchanged the hypersurfaces of equation x* = const.] for one of the form
(??7), that introduces an only arbitrary function; this arbitrariness can’t, in general,
allows to satisfy the three conditions (77?).

Really, for a transformation of the form (?7), that we rewrite for convenience
o =z (2, 2% 2%) 2t =2t (2.6.12)

it results

I ) / ’ 31‘4/
Gap = 04 0% grne = 03 0% guy = 0% guy (93‘ = W) (2.6.13)

and it’s visible that the components g4, of the space-time metric tensor of V; transform
themselves like the components of a vector; this is equivalent to maintain that if they
aren’t all equal to zero in a coordinate system then they cannot become all null by a
transformation like (?7).

For a transformation of the form (?7) that we rewrite for convenience
o =P 2¥ =¥ (2! 2% 23 1) (2.6.14)

we obtain

_ gl gk’ — oM pr gy =
91p = 0505 g = 0307 gy + 0570, gwar = (2.6.15)

= 0405 gy + 0103 guw = 0 guy + 010, gura
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! / / 2
a4 = 92 91; gn'k = (03) garar, (2616)

that is

’ aZLA/ +044
o = — =,/ . 2.6.17
4 81’4 Guy ( )

Gry = —1, (2.6.18)

As we can put

from (??) it follows that we can choose the function z% (2!, 22, 2%, 2) so that it

results

4 = /w/—_g44dx4 + F (2", 2%, 2°) (2.6.19)

with F' an arbitrary regular function of the spatial coordinates z', 22, 2.

Besides the Eq. (?7) suggests that if we want all the components g44 equal to zero,

considering the position (?7?), it must result

g1p = —0103; (2.6.20)

4 Yp>

this last equation, considering the Eq. (??), assumes the form

(‘93/)2 s 944

4/
91p = =0, ~p p v
0, 0,



76 Projection tecnique in a 4-dimensional Riemannian manifold V)

that can be translated in the other

0,27 — 229,44 = 0. (2.6.21)
44

If now we remember the formulas (??); that we rewrite,

G4n 94 Ve

the Eq. (?77) becomes

Dt — %&@4, = 0,a" + 7,7 02" =0 (2.6.23)
4

that is [cfr. (77)]

2t = 0. (2.6.24)

Therefore if we want that the conditions (??) are identically satisfied the coordi-

nate trasformation in the physical frame of reference S (?77)-(??) must be such that
the function z%' (2!, 22, 23, 2?) satisfies the conditions (??), what is in general not to
come.
On the contrary if it happens, that is every physical frame of reference S admits a
system of local coordinates {xh} for which the components g4, of the space-time met-
ric tensor of Vj are identically equal to zero, § is called frame of reference “orthogonal
time” since the trajectories of the physical frame of reference S result orthogonal to
the hypersurfaces of equation % = const., as we have already seen.

At this point we have the following problem:



Some differential properties of the like-time congruences of a Riemannian manifold
Vi 7

What conditions must be satisfied so that the physical frame of reference S is
orthogonal-time, and then the function % satisfies the conditions (??)? From the
analytical point of view what are the compatibility conditions of the system of partial

differential equations (?7)?

For this purpose we can observe that if the Eqs.(??) are satisfied then the other

conditions must be satisfied too

10,2 =0 (p,7=1,2,3) (2.6.25)

And obviously the conditions that follow from (??7) changing p to 7 must be true

too, so these following equations must be valid

3 plA/ _ p(§7—374/ _ 07 <p77- — 1’2,3). (2.6.26)

Since in general two different transverse differentiations aren’t permutable with

/ .
4 must submit

each other, the (??) gives an effective condition which the function z
to; it introduces the operator 57&, — 5,)57 which can be expressed by the tensor Qm.
We'll see this.

Let us consider a general regular function f(x!, 22 2% 2%) in V, and calculate the

second partial transverse derivative 5[,57 f; we obtain:
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p0r [ = 0y (Or f + 477 0uf) + 7,7 00 (Or f + 477" 0uf) =
= 0p0r f + 0y Ouf + V20,7 Ouf + 77" 0,04 f +
Yo7 [040: f 4 Oxyr v Ouf + 17047 Os f + 770404 f] =
= 0,0-f + 770,04 f + 9,7 010, f + V7 (v1) Da0uf+
+Ouf |0yt + 20,0 + 7, (V) Oare + %%740474] =

= 0,0-f + V7 0,0uf + 9 040 f + 3,0 (V) 0a0uf + 04D, (17
(2.6.27)

inverting p and 7, it follows from (?7?)

0-0,f = 0:0,f + 7,7 0Ouf + 127 040, f + 727 (V1) 0404 f + 04 f 0y (7,71 . (2.6.28)

Estimating the difference 5/,5 f— o) L f it follows

0,0rf = 0:0,f = uf |3, (v:1") = 3 (37| =

—o,f F ) () - 0. (j—;4)l = (2.6.29)

considering the definition (??); di Qu the (??) can become

0,0, f — 0,0,f = —Qr 7 0uf. (2.6.30)

So the condition (7?), considering the (??) becomes
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Q 7t 042" = 0. (2.6.31)

To obtain this last identity, we can consider directly the function ¥ (2!, 22, 3, z%),

instead of a general function f(z!, 2% 23, 24).

So a physical frame of reference S is orthogonal-time if the double totally spatial

tensor Qm is identically equal to zero

Q=0 VP el (2.6.32)
It’s easy to verify that this condition is also sufficient, so we can state that

Theorem 2.6.1 A physical frame of reference S is orthogonal-time (and so the as-
sociated congruence I' results normal) if and only if the correspondent spatial vortex

tensor is identically equal to zero.

Let us now consider the symmetric totally spatial tensor Ky = 704y [cfr. (?2)]
and look for what happens to the physical frame of reference if it becomes equal to
Zero.

For this purpose let us consider the vector dP = {dwh} that joins two infinitely

neighbouring events and consider the spatial norm

do® = v,,dz’da’; (2.6.33)

that can be interpretated as the square of the distance between two infinitely

neighbouring particles of the (ideal) fluid that generates the reference S (both taken
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on the same hypersurface of eq. x% = const.). If we want that this distance is
invariable along the space-time trajectories of the two particles we must impose the

following condition to the spatial norm do?

v*04 (do®) =0 (2.6.34)

that becomes in explicit form

Y04 (Yprda’dz”™) = 0 (2.6.35)

Since the only coordinate z* varies along the space-time trajectories of the two
particles, the spatial components dx” of the vector dP result constant, it follows that

the condition (??) becomes

7484%7 cdxPdx” = f(mdxpdf =0. (2.6.36)

This condition is valid for all pair of particles of the fluid of reference if it follows
from (?77)

K,=0 VP € S. (2.6.37)

This last condition characterizes the invariability of the spatial distance between
two general trajectories of the physical frame of reference S and says that the fluid that
generates the physical frame of reference S is in “Born rigid motion”. For this reason

the tensor K o7 is called Born spatial tensor or deformation tensor of the physical frame

of reference S, since the motion of the fluid isn’t rigid but it is subjected to a defor-

mation if it is not equal to zero. In conclusion if the tensor Vv is identically equal
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to zero in the physical frame S, from the natural decomposition formula (??) must be
identically equal to zero the tensors K Wk s Qhk, C}, then the motion of the fluid of refer-

ence is rigid, irrotational and geodetic, so it is called uniform, traslatory, rigid motion.

2.6.3 Geometric characteristics of the class of frames of refer-
ence associated to Levi-Civita’s curvature coordinates

and gaussian polar coordinates
Levi-Civita’s curvature coordinates

Let us choose a metric of the following form:
ds? = 20 ar? Y2 (1) dQ? — > ar? (2.6.38)

where d? = db? + sen?0dp?.
Using Levi-Civita’s curvature coordinates the metric (?7), as it is well known, can be

given the form3:

ds? = 20 ar? 4 r2d0? — 20D qt? (2.6.39)

by using the following transformation of coordinates:
re=Y(rt), =0, ¢=p, t.=E[Y(rt),t (2.6.40)

where ¢ is a solution of 2= = 0, see [?].

This change is not always internal to the original physical frame of reference, since

3We prefer the exponential form instead of Levi-Civita’s one
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the function Y'(r,t) is, in general, also time dependent. Therefore, not all reference
frames admit curvature coordinates. Being furthermore possible to see, [?], that there
are no transformations that leave unchanged the form of the metric and are external
to R., we conclude: there is one and only one frame of reference associated to the

chosen curvature coordinates.

With regard to the geometrical properties of R.., we observe that a system of curva-
ture coordinates can be constructed, in a frame of reference R, if and only if the trans-
formation r. = Y (r,t) is time-independent: that is to say if and only if the distance
between the neighbouring points with coordinates (r, 0, ¢, t) and (r,0 + df, ¢ + dp, t)

is time-independent.

Gaussian polar coordinates

Let (p, 0, ,t) be a system of gaussian polar coordinates. The form of the correspon-

dent metric is:

ds® = dp® + Y?dO? — *'dt? (2.6.41)

It is not difficult to see that not all systems of reference admits these coordinates.
The metric (??), in fact, can be given the form (??), throught an internal change of

coordinates, only if the first invariant parameter 4 does not depend on time.

4We recall that the orthogonal form of the metric on a hypersurface § =const ¢ =const:

g11dr? — gaadt?
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This circumstance cannot be always true if the function A (r,¢) depends both on r
and .

It can also be proved that there are infinite frames of reference, different from each
other, associated to gaussian polar coordinates. In fact, let (p, 0, p,t) be a system of
gaussian polar coordinates and R, an associated frame of reference.

Another frame of reference, both different from R, and associated to gaussian polar

coordinates, can be obtained by considering a transformation of the type:

o= filp,t) t'=fa(p,t) (2.6.42)

with A1 fy = F(p) A1 (fifz) =0.

These transformations are possible and can be constructed in infinite ways, by
choosing as coordinates lines on the hypersurfaces ¢ =const ¢ =const, an orthogonal
net whose lines ¢’ =var are geodesic. Therefore, there are infinite different systems of
reference R, associated to gaussian polar coordinates. A frame of reference belongs
to R, if and only if A = 0: ie. if and only if the distance between the neighbouring

points with coordinates (p, 0, ¢,t) and (p + dp, 0, ¢, t) is time independent.

is transformed by an orthogonal transformation of the type:

= fi(r,t); t'=fo(r,t); Ai(fife) =0
into the:

1 2 1 2
Aqf1 dr® — Al fa dt
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2.6.4 Geometric characteristics of the class of frames of refer-
ence associated to isotropic coordinates and harmonic

coordinates
Isotropic coordinates

Let (r;,0, ¢, t) be a system of isotropic coordinates. In the case of spherical symmetry,

the form of the correspondent metric is °

ds? = Y2 (r,1) dQ? + 2D dr? — o2t gy (2.6.43)

d2? = dh* + sen*0dp*

Then we get: Y = re; where the r-coordinate is defined up to a trasformation
r; = 1/7;. Accordingly, ¢* tranforms in the following way: e* = e*/r?. It is not
difficult to see that not all systems of reference admit these coordinates. In fact,
the line-element (??) can be given the form Y = re*, through an internal change of
coordinates, if and only if the ratio e*/Y is not dependent of the radius.

It can also be proved that there are infinite systems of reference, different from
each other, associated to isotropic coordinates. Let (r;,0,p,t) be, in fact, a system
of isotropic coordinates and R; an associated system of reference. Another system
of reference, both different from R; and associated to isotropic coordinates, can be

obtained by considering a trasformation of the type:

T; = f1(ri,t), t = fa(ri,t) (2.6.44)

5 In order to make the reading easier,we will follow, as much as possible, the notations of reference

[7].




Some differential properties of the like-time congruences of a Riemannian manifold
Vi 85

with 6/\/Y =F (7”1'>, Al (f1f2> =0.
These transformations are possible and can be constructed in infinite ways, by choos-
ing as coordinates lines on the hypersurfaces 6§ = const. ¢ = const., an orthogonal

. U .
net whose lines t = var are geodesics.

Let R; be the class we have thus established. In the following we shall discuss
fluid distributions comoving with R;, in other words fluid distribution comoving with
isotropic coordinates. Two immediate consequences of this assumption, respectively
of kinematical and dynamical nature, are the following:

In the first place the isotropic coordinates are comoving, as it is well know, if and
only if the shear vanished: i.e. if and only if A = %

In the second place, the shear free condition and the conservation equation written
: e’ Y
A=—=0,|— 2.6.45
Y’ < ev ) ( )

=Yel® (2.6.46)

in the equivalent form [?]

give:

where f(t) is an integration function. This relation is the well know velocity-distance
relation (Hubble’s law) valid in newtonian as well as in relativistic cosmology. On the
contrary, one can see, in view of Eq. (??), that the shear vanishes where the Hubble’s
law is valid (provided Y’ # 0). Since a solution with Y = const. is irregular at the

origin, we can conclude:

Proposition 2.6.2 The shear free motions of a spherically symmetric distribution

in general relativity, being reqular at the origin, are the ones and only the ones for
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which the Hubble’s law holds.

Harmonic coordinates

Let 2" be a system of harmonic coordinates and g;; the coefficient of the corresponding
line-element; the condition of harmonicity can be expressed either by the use of the
following equations:

Vil =0 (2.6.47)

where V is the invariant d’Alembertian; or by the use of the following equations:

=0 (2.6.48)

T

where I'" = ¢ ' being the Christoffel symbols.

Denoted with R the class of the systems of reference associated to harmonic co-
ordinates, we are going to prove that this class is formed neither by only one system
of reference nor by the totality of possible physical systems.

In order to prove the first part of this assertion, let us start from an harmonic
system of reference R’. It is sufficient to show the existence of coordinates transforma-
tions, external to R’, that enable one to pass from a system of harmonic coordinates
to another of the same type. On this purpose, let us recall the transformatareion

equations of the quantities I'* in any coordinates transformation ¢ — 2’ :

ax/l i . aQI/l

F/l
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Writing these equations for two systems of harmonic coordinates (i.e. I'* = I = 0)

we obtain:
82m/l
oo™

Consequently, it is sufficient to take a linear transformation, involving spatial and
temporal coordinates, in order to obtain a transformation that is external to R’ and
preserves the harmonic character of R'.

In order to prove the second part of the above assertion, let us consider a reference
frame R which is not harmonic. We are going to show that it is not always possible to

construct, inside R, a system of admissible harmonic coordinates. On this purpose,

let us observe that an internal transformation of coordinates

xa — :L,a(x/a> (L’4 — $4($/4,$/a)
inside R, from coordinates z! to harmonic coordinates ', must satisfy the following
equations (see (??) for I = 0):

ax/l . . an/l

The coefficients of these equations generally depend also on time coordinate. Hence,

Egs. (?77?) admit no always solutions of the type

% = z%(2") ot = 2t (2™, ).



88 Projection tecnique in a 4-dimensional Riemannian manifold V)

Hence a frame of reference admits harmonic coordinates (in other words, a frame
of reference is harmonic) if and only if Eqs (??) hold for unknowns z® = x%(z'%),

$4 — 1‘4(1’/4, I/a).



Chapter 3

Particle dynamics in a general

physical frame of reference

3.1 Relative standard quantities for a material par-

ticle

As it is well known, in relativistic Cynematics the absolute fundamental quantities of

a material particle, without an internal structure, are the following:

proper mass mg, constant; (3.1.1)

1
proper time elementary interval dr = —v/ —ds?; (3.1.2)
c

89
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4-velocity U" da” da” t t to the time-line of the particl

—veloci = =c angent to the time-line of the particle;
(3.1.3)

DU"
4-acceleration A" = ; (3.1.4)
dr
spatial norm of the vector dz”
(3.1.5)
do? = yprda"dz® = ~,,dz*dz? (a,p=1,2,3);
relative standard time interval between two infinitely neighbouring
events {mh} , {xh + d:ph} (3.1.6)

dl' = —%yhda:h;

where 7 is versor tangent to a line of the congruence I', or equivalently to a line
of the physical frame of reference associated to I'.
The scalar (?77?) isn’t generally an exact differential and this prevents the interlock of
the standard clocks in S, unless the reference S doesn’t result irrotational and geode-

tic [Que = e — Ok =0  — v, = Onf, where f is a regular scalar function].

Moreover we can define, for the particle,

relative standard velocity
(3.1.7)
VP = % =P (2t 2?23, )
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spatial vector, which (spatial) norm is

dx® dxP do?

— 2 _ [ _ _ .
loll = v* = apv*v” = Yap o o = Zr (3.1.8)
relative standard momentum
da®
ph = Ps(Py) =y P* = M0V (3.1.9)
where P, is the 4—absolute momentum myU of the particle;
relative standard material energy
d h
E = —cy,Ph = —mgcvhdi. (3.1.10)
T

Let us observe that the proper time elementary interval dr and the relative stan-
dard time interval dT" are defined throughout the world lines of the material particles;

but, beside them, the coordinate time interval dt is also defined

dx?
dt = —, (3.1.11)
c
which doesn’t have a real physical sense. Moreover let us observe that the quanti-

ties do? and dT are invariant with respect to every coordinate transformations into the

chosen physical frame of reference S, that is indispensable for a correct formulation
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of the physical laws. This invariance allows to use the formulas *

in every system of adapted coordinates in the fixed physical frame of reference &

ds* = do* — 2dT? = (—c2dr?) (3.1.12)
T 1
Cfi— = —F— (3.1.13)
T v
1- (%)
1 v?
it _ 1 e (3.1.14)

ﬁ vV Y44

If we introduce the relative standard mass m of the particle by the formula

m=—— (3.1.15)

the relative standard material energy defined in (77?), considering (??) and (?7?)

as well as (?7?) and (??7) becomes

1

3

2 23m2 2 2. 2 _ do® _ 2 2 (dr\2 v dr\2
do? = 2dT? — 2dr?;, V=95 =32-32 (%) = %=1-(%) =

ar _ 1.
T

dT = —2ypda’ = —Lyydat — 1y,dar = —yadt — %%%dT’

C

dT' + 'VpﬁdT = —ydt — dT (1 + ’yp%) = —yudt —

(&

i _ 1t 1+7P%(??)
ar —V4 V—gas \* 0

2
ds* = gprda"dz® = (Y, — yay) da"da® = ypeda"da® — (ypda")
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dxh dT
E = —mOC’yhi = —myc | —c— | = mc? (3.1.16)
dr dt

and the relative standard momentum (?7) becomes

dx* dT
Dh = mO%kdiTE = mypo" = muy,. (3.1.17)

The (??) can be replaced with the following expression

E=—-cy'P,=—cy'Py = c%

(3.1.18)
(in adapted coordinates ~” =0, ~ty, = —1)
Being besides
k 1 E
Po(Pr) = —myP" = =y Pa = T (3.1.19)
or also
E

V' Pi=—— (3.1.20)

c

we can establish that the orthogonal projection onto 7 of P coincides, unless the

sign, with the quantity
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3.2 Relative law of motion for a material particle

As it is well known, the absolute law of motion for a freely gravitating material

particle, with constant proper mass mq has the form

DP"

0. 3.2.1
. (3.2.1)

Being

_ h _ h — 2,2 h _ 0y2 A
||£||—Php —moUh'moU —mOUhU —moghk?'ﬁ—

_ 2 2
= —mgc”.

This equation is the generalization of the inertia’s law of the special Relativity
to the Riemannian manifold V; and expresses that the time-line of the particle is
a geodetic of the manifold V}, space-time environment of every physical phenomena

[cfr. n.1].
Being true the relation [cfr. (77?), (77)]

E
Py = Ps(Py) + Po(Pr) = pn + ~ (3.2.2)

the equation (?7), or the equivalent

DP,
— = 2.
o7 0 (3.2.3)

becomes
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DP, D E D 1dE
—— -——=0. 2.4
7 = gpPrt gt =0 (3.2.4)
Projecting onto Y this last equation we get
DP, D E D
_ = = _= = 2.
Pe < a7 ) Ps (dTph> TP (dT%) 0 (3:2:5)
so it follows, being p, a spatial vector,
Ps (DPh) Ps <vkph > + 7)2 (th dT> =
- | (o = (i} ) ] ¢ 20 (00— () ) 4
' (3.2.6)

= Px %ph — (kh, s) gsrpr%] + %7)2 (Vk’Yh%) =

= <Lpy — P (kh, s) psi@? > <Vk’7h(ff—;> =0

If now we consider the relations (?7), (??7), (??7), (??), these following equations

Ps (Kb, s) Pscf;?:p = (kh, s)* pSC;xT ’YkKhsdez — 3P <’7th8)

Ps (’Yk9h5> = %Ps <th> = Yk [th + ’Yth}

Ps (th> =3 [Kkh + Qkh] — 1%Ch
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are valid and hence the equation (??) can assume the form

Ps (B) = 45pn — [(kﬁ, 8)* = 2 EKns — 3 (th + ’Yth>] Pl
+£ [% (f(kh + Qkh) - %Ch} & =
= Lpn — (kh, )P + Iy Knap® e + 2 Qunep® L

+2 <Kkh+§2kh)c§c_;__ deCh—O

so it follows, considering (??) and (?7?), (??)

Ps (5) = dopn — (kh,s)'p e + 5Ky S — 5Qusp’et
—l—% (Kkh + Qkh) % + ECy, =
= fpn — (KD, 5)p 9 + LRpemu*(—c) + dmeKv* — L0y.cmvs+

+2£C + Qkhvk + EC}L =

= o~ (6 )0 — e+ el + B, =

- [%ph — (kh, s)p* Cﬁ?f] — meQpsv* + mc*Cy, = 0.
(3.2.7)
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We have to point out that the expression
d  da®
— kh 3.2.8
arPr ~ Whe s (3.28)
can be rewritten in the form
Oron e — (kh, )" p* % = (0, — 970 ) u — (kb s)'p* iy =
= 0o — (%) v 0upr — (kh, s)"p sl =
- {% — (rh, s)*ps} G V' 0apn = (3:2.9)
= D.pn — (r%, s)*vsupu} d“; + cytoupn =
= O,pn — {rh} Pu| &+ ey Oupn = Vipne + cy*Ospn.
Put
Dpn = Vipn“% + cy*Oapn
(3.2.10)
Gy = Qv° — A0,
the equation (?7) assumes the remarkable form
D
——Ph = mGp,. (3.2.11)

dr
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Let us observe that the first member of this equation, which its explicit form
is given by (?7), expresses a real derivative since it follows the particle throughout
its world line (its time-line); it is invariant respect to every transformation into the
chosen physical frame of reference S.

The second member represents the product of the relative standard mass [cfr.(?7)]

for the vector G, which expresses the standard gravitational field into the physical

frame of reference S; such force field, by virtue of (??), results the sum of two spatial

vectors, invariant into the frame S,

—2CL =G, v® =G (3.2.12)

If the particle is at rest into the physical frame of reference S, it results v* = 0, and
hence the standard gravitational field is given by the only vector G, that is, unless
the factor —c?, equal to the curvature vector of the line of the reference described

by the particle; for this reason it’s fair to call G} the dragging gravitational field

by analogy with the newtonian Mechanics. Therefore also in general Relativity the
dragging gravitational field expresses, unless the sign, the absolute acceleration of the
particle of the fluid of reference on which, at the general instant 7', stays the material
particle that is taken in consideration (the dragging acceleration).

So we can put also

Gl = —Ap. (3.2.13)

With regards to G expressed in (??),, if we remember the added vector of

in 3, [cfr. (77)]
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WO — Znaﬁwgm o, B,7v=1,23 (3.2.14)

and use locally euclidean coordinates in the spatial platform >, thus the anti-

symmetrical Ricci tensor

0N = —e (3.2.15)

is equal to

NP = P = +1 (3.2.16)

and we obtain

.

2 (W —w?) =2(w x v); = —¢ (le?}2 + Q13U3)

2 (Wl —wl?) =2(w x v), = —c (levl + Q23v3> (3.2.17)

2 (wlv2 — wQUl) =2(w x 2)3 = —C (Q:ﬂ?fl + Q32U2>

\

In conclusion it results

"

h="2(wxuv), (3.2.18)

typical expression of the Coriolis gravitational field in newtonian Mechanics, so

it’s fair to extend the same denomination to the (??); and the equation (??) can

assume the remarkable formula
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~

D
JpPn = —mA —2m(w x v). (3.2.19)

It suggests that the relative law of motion for a freely gravitating material par-
ticle coincides formally with the law of newtonian motion of a material particle
subjected just to an “apparent field”. Therefore the equation (?7) expresses the

equivalence principle between “apparent fields” and “real fields” introduced into gen-

eral Relativity.
Also we can observe that the gravitational drag G), can assume the other following

form [cfr. (?7)q, (77), (77)]

G, = —c*Cy = =YV, = —¢2 {74(§h74 + O (7h74)} -
(3.2.20)

S {5hlog (—74) — Oy (1—2)} = —POplog (—v4) + 20, (1—2)

where if we put

U = —c*log\/—Guu, (3.2.21)

it’s evident that G, is the sum of a term that depends on the scalar potential U

(by transverse partial derivation) and a term that depends on the vectorial potential

22
V4

This situation reminds the electromagnetic case in which the 4-density of driving
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force generated by a electromagnetic field results sum of two alike terms, as it is

expressed by the space-time divergence of the energy tensor of the electromagnetic
field Sy
fh = —8k52 = —8pS,f - 845%

However let us observe that the two terms that break the field G}, in the (?7) are
just invariant with respect to a trasformation of purely spatial coordinates into the
physical frame of reference S, while G}, and G} are invariant with respect to every

transformation of coordinates into the physical frame of reference S.

3.3 Energy law for a freely gravitating material

particle

Let us now consider the time projection of the equation (??), that is the equation

DP, .
Po (W) — 0; (3.3.1)

considering the decomposition (?7?) it assumes the form

DP, 1 dFE
—Yn— =20 3.3.2
P () + 2uy =0 (332
since the vector % is spatial, being 7" D7, = 0; hence from (??) it follows
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u de” 1 dF d de” 1 dFE
Orpn — S Th ¢ Py —Yp— = — — h, s)p’— + —y,— = 0.
Pe [ P {7” }P 1 T Po (dTph) Pe(rh, s)p T
But the vector %ph is purely spatial, so its time projection is equal to zero, and

the equation before becomes

de" 1 dE
Y 33.3
ar T (3.3.3)

_PG (Th, S)ps

In addition this equation can be transformed using the decomposition (??); con-

sidering (?7), (??) we obtain

3 [% (f(rs + Qrs) + 1 Po(ly,) + VSP@(QhT)] PO+ % =

N |—=

_'Yh (f(r‘s + Qr8> + 77‘7)9(9}‘15)] ps% + %Vh% =

N

_’Vh (f(rs + Q’rs + ’YSC’I‘ - IVTCS> + Ve (_,YhCS):| ps% + %,yhil_? -

N

_’yh (Krs + Qrs) ps% — 2*}/}105/}/7‘%])8] + %'Yh% _
— %’yh (krs + Qrs) ps% _ fyhcsps(_c> + %”)/h% _ 0.

In conclusion from this last equation, dividing by 74,
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dE 1/~ ~ dzx”
o, T 5§ Krs QTS) B —c SS
T =3 (Koot Q) a0 = Cup
or
dE 1 ~ ~ dxf dx° dx?
@ (K, Q(,)_ — mc2C,—— 3.3.4
g = 3" (Foo + O) G =~ meC (3:3.4)
Since the spatial tensorial field ng is antisymmetrical, it results
ngvpv" =0
and the (?77), remembering the (?77?), becomes
dFE 1 -
= mG ,v° — imcKmv”v". (3.3.5)

This equation also shows a strict analogy with the energy equation in the newto-
nian Mechanics: the first member expresses the derivative of the relative energy of
material respect to the relative standard time; the second member is the power of the
standard gravitational field G, multiplied for the relative mass of the particle (like in

the newtonian case) plus the term

_Z [C 2)PaC
2mcKmv v

which expresses the product of the relative mass of the particle for the power of
the tensor K oo = 7*017,0 that characterizes the deformation of the physical frame of

reference S
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This term gives the energy given in the unit of relative standard time to the
evolution of the particle by the deformation of the physical frame of reference S; it is
null if the physical frame of reference S is rigid (f( »o = 0), as it happens in newtonian
Mechanics where the physical reference is rigid. However if it considers the motion
of a material particle subjected to a constrain depending on the time, in newtonian

Mechanics there is also in the energy equation the work performed by the action of

the constrain [?].

In particular let us suppose that the chosen physical frame of reference S is station-
ary, that is it admitts a system of adapted coordinates {xh} for which the following

conditions are valid

0
Ik = 0 (3.3.6)

and hence the others too

0 0 N

i e =0 5 =0, Ky =0. (3.3.7)

Let us consider the equation (?7?) that can assume the form too

ar ™ ar T ar o,

DP DP, DP, DP
'%<d;):—%¢ E S =0 (338

or equivalently
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DPy

since the ratios 772 cannot be all equal to zero.

We can also substitute the following equation for (?7?)

DP, = dP; — (4h,r) P"dxz" = 0. (3.3.10)

In consideration of the vector P is tangent to the time-line of the particle, it’s

valid the condition

P" = ada" (ais a scalar) (3.3.11)

the (?77?) can be written in the following way:

APy — % (a4ghr + ahg4r - rg4h) Phdxr =

= dPy — 3049, P"dz" — 30,94, P"d" + 50,945 P da™ =

=dP, — %84ghrPhdx" — %a@hg4rdxhd:1:’" + %a@rg4hdxhd:p7" =

= dP4 — %84ghrPhda:T =0

that, considering (??), becomes
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dPy =0 (3.3.12)

so it follows

Py = const. (3.3.13)

along the time-line of the freely gravitating material particle.

If we now introduce the relative total energy of the particle with the function

H=—-cP,=—-Ev, (3.3.14)

the (?7) suggests that for the material particle there is the first integral of the

relative total energy

H = const. (3.3.15)

since the function H contains not only the relative material energy E = mc? but
also the potential energy of the gravitational field: in fact, if the physical reference S
is stationary, what it has been assumed, the gravitational drag Gj, expressed by (77?)

now takes the form

G}, = —c*Ohlog (—4) (3.3.16)

and therefore depends on the scalar potential (??7), which for convenience we

rewrite,
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U= —c%log () (3.3.17)

whence it follows

= U (3.3.18)

Therefore the first integral (??7) becomes

moc
H=mce V¢ = 27U/ — const. (3.3.19)
assuming the particle motion very slowly, so the restrictions are valid

U
e - (3.3.20)
c C

. . . . 2 2
and considerig expansion series 1/1 — (%) e U/ we get

1 2 U
H =~ myc? ll + = (f) } (1 — —) = const.,
2 \c c?

1
H >~ myc® + §m01)2 — moU = const. (3.3.21)

which does not differ formally from the Newtonian case: the sum of the rest energy

moc?, of the kinetic energy %m(ﬂ)Q and of the potential energy —mU is constant.
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3.4 The evolution of a free photon in a gravita-

tional field

Let us consider the photon as a null proper mass particle, and therefore, with a

4-momentum P” of norm equal to zero; put

Ph = qdz" (ais a scalar function, P"tangent to the time-line of the photon)
(3.4.1)

is therefore assumed to

1P| = a® gnpda"dz® = 0 (3.4.2)

what is to admit that the time-line of the photon (we indicate it with [) is zero-
length. If now we consider two infinitely neighbouring events on [, both the corre-
sponding relative standard time interval d7" and the corresponding space projection
do of the interval dl between the two events will be nonzero. Let us assume as charac-
teristic property of the photon to have a (relative) wavelength, and with dn indicating
the number of wave crests in the (elementary) range of lenght do contained, we can

put the relations

d
A= d—g, relative wavelength of the photon; (3.4.3)
n
dn
v = —, frequency of the photon. (3.4.4)

dr
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It follows from them, because of [ has zero length (ds?* = do?* — ¢*dT? = 0)

do dn do

As defined in (77?) the wavelength A will be assessed along the spatial trajectory
of the photon and, by virtue of the local Minkowskian character of the manifold V, if
we allow to pass a physical reference to another, or, equivalently, to vary locally the
vector field v, as in special relativity A and dT" undergo a Lorentzian change for which
the product must be invariant to varying local of the physical reference: therefore,

we must admit that it is

AdT absolute invariant. (3.4.6)

This fact leads us to define the 4—momentum of the photon with the formula

h dxz"
Pr=—.
cA dT

(h, Planck’s constant) (3.4.7)

which, by virtue of the (?7?), becomes

_@ dz"
2 4T

I

(3.4.8)

Attributed to a photon a 4-momentum, as the material particle, we can define a

relative standard energy; we put exactly

E = —cy P, (3.4.9)
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that we call the relative standard light energy.

Taking into account the (??) to (??) we can replace

hv dx” hv dx”

EF=—-yvv——=——7— = hv 3.4.10
“IeEgr ¢ "aT g ( )
Consequently we define the relative standard mass
E  hv h
- = = 3.4.11
mTa2T 2T o ( )
and the relative standard momentum
h
p’ =P’ = —2va = mv”. (3.4.12)
c

In particular, in a stationary physical reference and adapted coordinates, we can

introduce, even for the free photon, the relative total energy

H = —CP4 = E’)/4 = hl/\/ —3a4. (3413)

At this point it is permissible for the photon free to take as fundamental equation

of the evolution the equation [(?7)]

DP, =0 r=1,2,3,4. (3.4.14)

It states, with (??), which the photon describes a geodesic of length zero in the
physical reference §; thus it is noted that in a gravitational field a light beam is

configured as a geodesic of Vy; from (??) we can also draw another remarkable result
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if the physical reference is stationary. In fact it follows, in general, from (?7) and

(?7?)
DP, =V, Pydx" = [0,P, — (rd, s)g*“P,] dx" =
= dPy — % (0,945 + Ougsy — Osgra) Poda” =
= APy — 101gs P*da’ — 10,1, P*da” + 10,9, Pda” =

=dP, — %(‘94gSTPdeT — %a&,g4sdxsdx’” + %a@sgr4dx8dxr

that is

1
dP4 — 584gsrPsda:7" = O; (3415)

if, in particular, the physical reference S is stationary [(?77), eqref17.4], the equa-

tion (?7) reduces to

dPy =0 = P, = const. along the time line of the photon.

And then the relative total energy occurs on the condition

H = —cP; = hv\/—g4y = const. along the time line of the photon. (3.4.16)

If we take into account two different positions of the photon along its time-line



112 Particle dynamics in a general physical frame of reference

and indicate them with symbols (1), (2), from (??) we deduce

hv(1)y/ —g1a(1) = hv(2)\/—gaa(2) (3.4.17)

or equivalently

v() _ [9u(2) (3.4.18)

v(2) gaa(1)’

This relation suggests that the photon, free in a gravitational field, changes its
frequency along its time line, that is the spectral lines of a light beam undergoes a

shift under the action of a gravitational field.

Remark 3.4.1 At the end of this paragraph, we can say that the introduction of
the relative quantities, in addition to absolute, in a general physical reference S, has
resulted in this reference the equation of evolution of a freely gravitating material par-
ticle expressing the equivalence between “real fields” and “apparent fiels” as a principle
enunciated in the manifold Vy, an energy theorem formally similar to the Newtonian;
and if the physical reference S is stationary, the first integral of the total energy of
the particle.

It also allowed to follow the evolution of a free photon in a gravitational field as a
particle with nonzero relative mass, nonzero 4—quantum; and in the particular case
that the physical reference is stationary it allowed to detect the shift of spectral lines

of a light beam under the action of a gravitational field.
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3.5 Formal identification of the laws of evolution
of a material particle and a photon through

the use of an affine parameter

The evolution law of a free photon in a gravitational field can have the same form as

the parallel law for a freely gravitating material particle

DP"

5.1
T =0 (3.5.1)

with 4-momentum P” of norm equal to zero expressed in (?7?) and (77).
From (?7) follows the geodesic character of the time line of the photon /. In fact,
considering (?7?), making explicit the absolute derivation we get the following equa-

tions

D [dx" d 1\ do”

Acting the relative standard time 7" as a parameter and considering

d 1
we can write
D [dx" dx”
dT <dT> AT (3:54)

At this point, changing the parameter in this way [?]
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du = Kel #MTqr (K, arbitrary constant)
K K
du = —dT = = \aT (3.5.5)
m h

we can give to (??) the simplified form

D (dx"
— = 0. 5.6
du ( du ) 0 (3:5.6)

The (??) emphasizes that, interpreting a geodesic of zero length in a Einsteinian

space-time as time line for a free photon, its affine parameters, invariant with respect
to any change of physical reference, are obtained by means of two relative parameters,
the wavelength \ of the photon and the elementary interval of relative standard time
drT'.

The constant factor K corresponds to the arbitrariness of the initial wavelength of
several photons that can be thought of along the same geodesic of zero length. Notice
how, through the use of the affine parameter and setting K = 1 into (?7?), the (?7?)
and (??7) can be written respectively

dz” DP" B

Pr=
du’ du

0. (3.5.7)

It’s straightforward to verify that for a material particle of constant proper mass
the 4—momentum P” and the law of motion (??) have essentially the form (?7).

In fact, the 4-momentum P" for a material particle of proper mass mg is
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d T
P =me s (3.5.8)
dr
Introducing into (??) the affine parameter u = -, we obtain
dx”
P = . 3.5.9
T (3.5.9)

We can therefore conclude that the use of the affine parameter allows to unify
in the form (??) the definition of momentum and the absolute law of motion for a

material particle and a photon.

3.6 Principle of stationary action and Fermat’s prin-
ciple

Let us consider in a stationary space-time Vj a system of coordinates {.Th} adapted
to the stationarity, ie such that the potentials are all independent of the coordinate
x*. So it is identified a stationary physical reference, in which the space-manifolds of
equation z* = const. are all isometric to each other [?].

In such a physical reference we consider an arc [ of a time-line of a free material
particle of proper mass constant, and sign with u an affine parameter along it and
consider P, = z"(u;), P, = "(uy) the extremes of the arc, €, €5 the two lines of
the physical reference to which P, = z"(u1), P, = z"(us) belong respectively. We
consider a set I; of other like-time arcs, infinitely little varied compared to [, whose

extremes orderly belong to €1, €.
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Let us consider the integral

= dxt
F = C/T1 (mc2 —mv® — Hﬁ) ar (3.6.1)

where dT', v* and H are respectively defined in (?7), (??) and (??) and Ty, Tb
are the values took in the ends of each arc from the corresponding relative standard
time.
Therefore the integral (??) is defined on [ and on each arc of the set ;.
Let us evaluate the expression of the first variation that the functional (?7) suffers
when it change from the arc [ to any other arcs of ;. We represent these arcs

depending on the common parameter u

o = 7"(u) + 62" (u) (h=1,2,3,4) (3.6.2)

with u; < u < ug, 62" (u) infinitesimal functions of class C? subject to the condi-

tion

dzP(uy) = daP(ug) =0 (p=1,2,3). (3.6.3)

Taking into account that on each arc

dxh

the (??7) becomes
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U h 2 h k 1/2 4
F = cfuf moc? l(yhddiu) — ’th%%} — H‘fiiu du =

(3.6.5)
= [,7[L(x, %) — Hi"| du
where
gt = do
du ’
N 2 -h\2 “hook 1/2
L(z, &) = moc [(fyhx ) — Y }
The first variation of F is
OF = fuulz oL — fuulz SHdx* — f;f Hd(6z) = (3.6.6)
= [ [2Eoah + SLoiM) du — [ 0Hdx* — [HOx'],? + [ 6x*dH.
Since the equation
“OoL ..  ["OL mo | OL Wl “2d (0L B
is valid, considering (?7?), the (??) becomes
OF = [o (5 — & ()] oa"du + [Fox] [ +
(3.6.7)
— [P oHdx" — [Hox'],2 + [2 da'dH.
where
OL 2 haelTY2
9 = moc? [(7h:vh) — vhwhxk} V& 4. (3.6.8)
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Let us suppose that the arc [ belong to an integral line of the Lagrangian system

Mz_i(mv oL _, (3.6.9)

du \9ih ] 2t
and assume as affine parameter the proper time 7. As we have seen the relative

total energy of a freely gravitating material particle (?7?) is constant, so it follows

OF = — / SHdx*. (3.6.10)

T1
If then we consider only those arcs on which the relative total energy H is always
equal to the same constant value, the first variation will be equal to zero. So we have
the complete equivalence between the Lagrangian system (??) and the variational

equation

5y F = 0. (3.6.11)

which expresses that the isoenergetic variations of the functional (??) are identi-
cally equal to zero.

The Lagrangian system (?7) is also equivalent to the variational equation

15
5 [ L(x,#)dT =0

T1

that is the relative expression of the equations of motion of a free material particle in
a gravitational field also non-stationary. Therefore the (?7?) expresses another relative

variational formulation of the laws of motion of a material particle.
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Since it has
do dzt  c4y°

do _ _ 3.6.12
ar ~ " T o (3.6.12)

the functional (??) becomes

QQ ,UQ 1 Q2 ’Up
F = {mc3 (1 - —) —mc*(c+ fypvp)} —do = —c/ (mv + mc'yp—) do
v 1 v

Q1
(3.6.13)

where (1 and () represent the intersections of the time-lines €; and ey with any

4

of the spatial manifold of equation x* = const..

So (??) becomes

Q: »
6H/ (mv + mc*yp—> do = 0. (3.6.14)
v
1

If we suppose that the manifold Vj is static and with adapted coordinates, (77?)

becomes

Q2
oy mudo = 0. (3.6.15)
Q1

So in a static space-time the variational principle (?7?) formally coincides with the
classical Maupertuis’s principle.
If the space-time Vj reduces to a pseudo-Euclidean manifold with Galilean coordi-
nates, it would 4 = —1, 7, = 0, from (?7) we get the first integral v = const and the

(??) becomes
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Q2
5H/ do = 0
Q1

and then represent the variational expression of the law of inertia.

(3.6.16)

Let us now draw on the functional (??) and suppose that the space-time arc of

trajectory [ and every arc of the set I; are light kind, that is

ds® = yhkdxhdxk — (q/hdxh)Q =do?—cdT? =0
So it follows, as it is known, v = ¢, then (??7) becomes

T>
F=- Hdz*

T

So, since H is constant, its variation can assume the following form

5H/d.7}4—0

From (7?7) we get the spatial expression

1
dz* = _’y_ [yhdxh + (thdxhdxk)l/z]
4

and (?7) has the purely spatial form

Q2 Q q dx" dz" dz* 1/2
) Lz, ¢)du =6 — —_ —_— du = 0.
/Q1 (v, 2)du /Q1 - l% Ju + (%k Ju du) u

(3.6.17)

(3.6.18)

(3.6.19)

(3.6.20)

(3.6.21)
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where we consider only the spatial trajectory of the photon and don’t take into

account its total energy.

d (9L

We will show that the eurelians associated to the variational principle (??) [L (2£) — 2£&

du

are equal to the differential equations of the trajectory of the photon in the physical
space.

In fact we have
1/2
or _ 1 (o dtart )P et
ozP Y4 Thk g “du Yhk gy
1/2
o _ 0 () dt arar\'? o (1
OxP ~— OzP (74) du + (’th du du OxP \ Y4 +

—1/2
4 1 dzh dx / o) ( )drh dzk
274 nk du du oxP nk du du

and if \ is an arc of integral curve of the eurelians associated to the (??) and we

assume the abscissa curvilinea o as parameter instead of u, we get

dxh dak

Therefore the eurelians of the variational principle (??) become

d (2 4 1, d®) 0 (n)da® 0 (1
do (74 + ’y4fyhk da) OxP (74) do OxP \ 4 +

or putting 0, = 8%,,, the other following equation

:0}
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1 |d dx® 1 dah dz® | _
74[% (%k%) 300k G do | =

(3.6.23)
_ d (7 d 1 da dah 1
£ ()-£ () 0 (2) £ 40 ()
If we consider that the physical reference and the chosen system of coordinates

are adapted to the stationary of the space-time, that is

ap’th = 5p7hka Va4 |:ap (%) — Oh (k)] =4 {5,0 <%) — 5}1 (ﬁ)} = Qph,
gz! V4 V4 V4
multlipling both of sides of (?7?) for 74 and putting \? = %, the first member is

DX d 1~
dap = %(”th)\k) 3 kA AP

and the second becomes

V4 [3,) (i> -4 <L> ’th:)\k} + QA = —08,log(—a)+

Y4

+0log(—ya) N A, + QA" = —0log(—a) (08 — MEX,) 4+ QA

We can write (?7) in the following way

A

D),
do

= —0Olog(—7a) (85 — NA,) + QA" (3.6.24)

These last equations represent the equations of the spatial trajectory of a photon



Principle of stationary action and Fermat’s principle 123

in a stationary physical reference.

It is thus demonstrated that the spatial trajectories of a photon gravitating in a
stationary space-time satisfy the variational principle of minimum coordinated time
§ [ dx* =0, put even in purely spatial form (?7?).

This coordinated time has a physical sense because it represents the coordinated
time that makes the stationarity of Vj; therefore, the principle (??) means essentially
Fermat’s principle in a stationary universe.

In conclusion the Fermat’s principle can assume the following form

Q2
5H/ m (¢ + v,0") do = 0. (3.6.25)

if we consider the expression (??7) of the principle of stationary action, putting

vV =C.
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Chapter 4

Einsteinian gravitational field
equations and their translation

into a generic physical reference

4.1 Gravitational field equations in vacuum and
relative formulation of conservation conditions

for a chosen physical reference

4.1.1 Relative formulation of gravitational field equations in
vacuum

Let {xh} be a system of physically admissible coordinated, and so an assigned physical

frame of reference S, in an einsteinian space-time manifold Vj. Let us consider natural

125
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projection of the contracted curvature tensor R, [?]
( ~ ~ . ~ ~ ~ . ~ . ~
Prs(Rjm) = Rl + LK (ij + Qmj> _1 (K:n + Q;L) jrom
37201 (Ko + Qg ) + 30 = CiC = V3,
Pro(Rjm) = |3 { VK] = Vi, (Kb + ) } + ]
(4.1.1)
Pos(fjm) = [% {@sz(f - Vi (Kfn + Qiﬂ)} + Ci@im}
Poo(Rjm) = Vij[—%74a4-f(f - ikijkij"i_
\ +100Q,; + CC; + Vi
and observe that the scalar curvature
R = ¢ (Pss + Pso + Pox. + Poo) Rjm
as a result of the (?7?) takes the expression
- ~ N\ 2 ~ o
(4.1.2)

10, (KP) = 2(Vict+ Cicy)
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where

(ﬁgﬁz()zzﬁurzzﬁyj (4.1.3)

Pam -, &} <3, (o (@) {do} + (i) (@)

At this point, let us determine the natural projections of the gravitational equations

1
If we put
(
Sjm = Pss(Rjm) (845 =0), Pso(Rjm) = Sivm
So=3[Va (K1) - Vi (RE+ QL) + 000 (S4=0)  (4.15)

~ 2 ~ ~ ~ ~
KI:%RKQ —KWKw+%WMW]

we obtain the following natural projections of the gravitational equations
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Pes(Gim) = Yip (05, + 1my*) Gif = 138G, + 136G = Sjm — 3R jm

Pso(Gim) = Pso(Rjm) = —1m 7 71i5G4 = YmS;

Pos:(Gjm) = Pos(Rjm) = 7jSm

P@G)(Gjm) = 747TG27]'7m = % (é* +I) ViYm
(4.1.6)

So the gravitational equations (?7?) are equivalent to the following system of three

tensorial equations:

So =0 (4.1.7)

\ R*+7=0.

4.1.2 Relative formulation of the conservation equations of

gravitational tensor

Bearing in mind the so-called “conservations conditions”of the gravitational tensor:

VGl =0 (4.1.8)
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let us perform the natural projection of the vector V;GY . From (?7?) it follows

G%Es%—§R%;+7W9%~W&n+§(R*+I>M%n (4.1.9)
and by decomposition formulas [?] it follows

Vsl = @;sfn +1 (f(jr + er> S Y + Chsh |

Vi, = 3K + Co,

V;57 = V387 + Cy5", (4.1.10)
VS = 71038 — 3 (Kot + Q) S + G5,
A (7j7m) = % ~3'Vm + Chns

7W4#+ﬂz¢mﬁwi)

So the egs. (?7?) assume the following relative formulation:
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reference

( . ~ -
Vish, + Cust, — LRC, — 1V% R+ LK2S,,+

7 04Sm + QunS" + 3 (B +T) 0 )

1 (f(ﬂ + Qﬂ) s’ — LRKS + Vi8I + 20,87+
iR (R4 T) + o (R +T) =0,

4.1.3 Other form of the gravitational equations in the empty

space
As is well known
i T 1

so the (?7?) are equivalent to the equations

Rjp = 0. (4.1.12)

But it is easy to verify that the equations (?7) are also equivalent to the system

of tensorial equations *

!t suffices to show that the (??) are a consequence of the (77).
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.

Saf = ’YoszZ + ’75747apRZ =0

Sa = _74704PRZ = _'74 (ROA + 70174R44) =0 (4'1'13)

| § (R +2) =965 =" (By - §Rgs) = 0.

From (??) and (?7?), this system assumes the following expression:

Sapg = R:ﬁ + %K; <f(/ga + an> - % (Ké + Qk) [(ia"‘f_

+%74a4kaﬂ - @2011 + %7484Qﬁa + %Qgﬁzﬁ —Calp =0
(4.1.14)
Sy =5 |Vki = Vi (K + )| + 0 = 0

~ ~ ~ \2 ~ ~ ~ ~
R+T=R+1 {(K) — KR4+ 39&5%4 — 0.
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4.2 The gravitational field equations in a perfect
fluid, their relative formulation, conservation

conditions of the energy-momentum tensor

4.2.1 Relative formulation of the gravitational field equations

in a perfect fluid

As is well known the system of gravitational field equations for a perfect fluid can be

written as

1
Gz’k = Rzk — iRgzk = _XTz'k (421)

If we consider the natural projections of the symmetrical energy-momentum tensor

Tix = [pogir. + (o€ + po) Yivk] we obtain

PEZ(ij) = PoYjm
Pso(Tim) = Pos(Tjm) =0 (4.2.2)

Poo(Tjm) = 10C*YiVm

By the (?77?), we deduce that the gravitational equations (?7?) are equivalent to the

following system of three tensorial equations:
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p
Sap — %Rﬁ)/ap = —XPoVap

Sa=0 (4.2.3)

\ R* +T = —2yuoc?.

4.2.2 Relative formulation of the conservation equations of

the energy-momentum tensor

By (??), we deduce the following “conservations equations” for the energy-momentum

tensor:

V,T) =0 (4.2.4)

Let us consider the natural projections of the vector V,T7:

Vi (007! + po®i7’) = Vi (p07?) + 010 - 7y’ + 1oc®y Vi + poc® 3 Viy? = 0

that are equivalent to the natural projections of the gravitational tensor and so

to its relative formulation expressed by (77?).

They also give the momentum conservation equation for projection [?] [?]

(51‘170 +p00i) dSy = —poc®C; - dSy (4.2.5)
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and the material energy conservation equation

1 -~
704 (1oc®dSy) = —5PoKgdSy (4.2.6)

where dSj is the proper volume element of the fluid.

If we consider the following formulas:

. 1~
C; = ’74 (O47vi — Oia) K = 7454%3‘7 7434 (dSo) = §K§d50

the previous conservation equations assume the following form:

Oao + (po + MOC2) Y (04 — Ouya) =0 (4.2.7)

1
Y0y (poc®) + 5 (po + poc®) Y4 04Yap = 0. (4.2.8)

4.2.3 A different expression of the gravitational field equa-

tions in the “perfect fluid” scheme

By (??), we have

G=Gi=—-R=—x(3po — puoc?) (4.2.9)

and deduce

1
R = —5X [(110¢® = o) YVjm + (o€ + 3p0) V¥m) (4.2.10)
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and vice versa.

If we consider the natural projections of both sides of the equation (?7), we obtain

(

Sag = —3X (1o¢® — Do) Yap

S. =0 (4.2.11)

| Poo(Rim) = =X (10 + 3p0) 7iYm-
So the equations (?77) are equivalent to the equations (?7?), and to the relative

equations expressed by (??) and (77?).

By (?7) we can obtain the new system of equations

;

Sag = — 35X (10€® — Do) Yap

S =0 (4.2.12)

Poo(Gjm) = 1 (R* +I> Vi Ym = —XHoC*Vj Vm-

\

Taking into account the following formulas:
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,

Sap = Yoo (95 +787") BY = Yoo BG + Yoo - 167 RY

§ Sa = —YVarRY = =74 (R + Yoy Rus) (4.2.13)

Poo(Gim) = vivm1y* (R — $Rg})

The following identity can be deduced from (77),

YapRl =0 = R = 0. (4.2.14)

So the equations (??); and (?7?)3 become respectively

1
Saﬁ - ’YapR[g == _EX (,UJOC2 - pO) 70&57 (4215)

1/~ 1
3 (R* ~|—I> = v (RQ - ERgZ) = —xpoc. (4.2.16)

Multiplying both sides of the equation (??) by 7%, we obtain

1
R} = —5X (10¢® — po) 65 (4.2.17)

Substituting into the equation (??), we deduce

1
R = 5X (1o€® + 3po) (4.2.18)

and considerig (?7), (?77?), (??), we can write
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R =x (3po — puoc?) . (4.2.19)

Taking into account this last identity and the equation (?7)s, the equation (?77);

is a consequence of the equation

1
Poo(Rjm) = Poo(Gjm) + §RP@@(gjm)- (4.2.20)
We can then choose the equations

( . 1 2
Sap = —5X (H0C” — Do) Vas

S. =0 (4.2.21)

{ R* + T = —2x 1o

as other relative expression of the gravitational field equations in the “perfect

fluid” scheme.

4.2.4 Relative formulation of the gravitational field equations
and conservation conditions of the momentum in the

pure matter scheme

In the pure matter scheme the pressure tensor is zero, so the system (?7) becomes
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p
_ 1 2
Sim = _§X/LUC Yjm

{ S.=0 (4.2.22)

\ R+ 7T = —2xpuc?

and the momentum conservation equation (??) becomes

COé = ,yr (vrfyoe - Va/yr) = 74 (64’}/() - 80/74) — O (4223)

and we can say that the current lines of pure matter are geodesic of the metric

universe. Finally,the material energy conservation equation (?7) becomes

1 ~
70y (1oc®) = _éuocﬁ(g. (4.2.24)

4.3 The Maxwell-Einstein equations in the empty

space

4.3.1 Relative formulation of the Maxwell equations

Let V} be the riemannian manifold of normal hyperbolic type with signature (+-++—)
and y(z) the field of unitary vectors tangent to the congruence of the world lines of
the particles oriented towards the future.

The Maxwell equations are in the empty space:
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F; =V,F; =0, (4.3.1)

F; =VF; =0, (4.3.2)

where F;; is the antisymmetrical electromagnetic field tensor and F;; is the odd

dual antisymmetrical tensor of F;

. 1 m
Fij=(CF),; = énz‘jlmFl (4.3.3)

where 7jim = \/g€ijim is the antisymmetrical Ricci tensor.

Now we refer to the natural decomposition of Fj; [?]:

where H;; = v;,7,sF"° is the magnetic fied tensor and F; = v,;,7,F"* is the electric

field vector.
Let us introduce the magnetic field spatial vector

1_
HCY - (*H>a = §napTHpT (H4 = 0)(435)

where 7),,, is the antisymmetrical Ricci tensor of the three-dimensional spatial

platform ,.
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By naturally decomposing equations (??) and (??) we obtain the following relative

Maxwell equations:

PE(F’]) = ﬁ; = 2’71877]'”@:7'{71 + QWjTﬁrhaChHa - "}/484Ej + KZ]EW - %f(;EJ =0 <F4 = O)

Po(F}) = Fyy; = (@fEi - %WaHa) 7 =0
(4.3.6)

Fi = =290 ViE" = 29, Ch By — 7' 04 + KiyH! — §KIH; = 0 <F4 = O)

i
N
I

(4.3.7)
where w, = iﬁ"‘ﬁ”@m is the local angular velocity of the frame.

On the other hand, as is known, the vectors F; and Fj, first members of the
Maxwell equations, have zero divergence for the antisymmetry of the electromagnetic

field tensor Fj; and its dual tensor JF;;; so it follows the following conditions:

ViFi = \/%61‘ (\/ _gFi) = #fga’i [\/ —gV, (nirmn}_mn)] =
- #e"m"&a,’fmn =0

2v-9

(4.3.8)

V. F' = 0. (4.3.9)



The Maxwell-Einstein equations in the empty space 141

and their relative formulations 2:

V,F' = ¢*V, (Fk + Fe%)
I (o . i i (4.3.10)
= 180, Fg — v OsFp — P = {aﬁ} * Fy + CoF™ + JFp K =0

o (o . o (4.3.11)
= PO, F5 — 04 Fp — vaﬁ{aﬁ} * Fo+ CoFo + 1FyK3 =0

4.3.2 Relative formulation of the gravitational field equations

in a pure electromagnetic field

Let us consider the Einstein equations in a pure electromagnetic field:

1
Gy = Ry — 5Rgi; = —xT; (4.3.12)

where T}; = ngE-les — % gijFlmFlm is the Maxwell symmetrical energy-momentum

tensor for which

T =g"T; =0. (4.3.13)

—_

ViF; = 0;F; — {ZZ} « Fp+ % (Xz’r +Qir> Fry; + [% (th +th> Fh —’74841?‘1} — ChFMyir;,

Vi (Foy;) = %Fg (R” + QZ]) Fh 4 5¢F0 v — Foyj - C5 + Y20, Fy - ViV



FEinsteinian gravitational field equations and their translation into a generic physical
142 reference

We give the following definitions [?]:

P = Tij = YirVjsl"® relative standard density of momentum current (Poynting tensor)
P = — iy T relative standard density of energy current (Poynting vector)
h=T =~~T"* relative standard density of energy

(4.3.14)

Taking into account the natural projections of the symmetrical tensors G;; and
R;; (see (??7) and (??7)) and these definitions, the gravitational equations (??) are
equivalent to the following system of three tensorial equations relative to the rest

reference S:

Sy = —1xP, (P,=0) (4.3.15)

| R+ =—-2xh.

On the other hand, by (??) and (?7?)

G=G.=-R=—x¢"T; =0 (4.3.16)

so the relative form of gravitational equations (??) can be expressed by the fol-

lowing system:
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Se=—xP, (P,=0) (4.3.17)

| B +7=-2¢h.

4.4 Gravitational field equations, their relative form
and conservation conditions for the energy-
momentum tensor in a charged perfect fluid

4.4.1 Relative formulation of the gravitational field equations

in a charged perfect fluid

As is well known, the gravitational equations for a charged perfect fluid, without

induction, in a four-dimentional riemannian manifold V are:

1
Gir = Ry — §Rgik = —XTii = =X [pogir + (ko + Do) Ve + Tir] (4.4.1)

where

1
Tik = ElF]i - ZlgikﬂmFlm (4-4-2)

is the electromagnetic energy-tensor.
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In this case, the Maxwell equations can be written as:

F, =V,F = J, Fr=V.F, =0, (4.4.3)

where J is the world current density vector and, with vanishing conductivity, is:

gk = L (4.4.4)
C

with p* proper charged density and U* 4-velocity of the fluid.
By (??) and (??), if det ||| # 0, there is a biunivocal correspondence between
the electromagnetic field tensor F"® and the two spatial vectorial fields F; and H;.
Besides:
Tas = Yas V3T = FarF"'"v8 — 170 Fim F™™;
Ta = =Y Vsl = —Eq;
T =T =Y FF + (R P
If we consider the natural projections of the symmetrical energy-momentum tensor

Tir. = [pogir + (HoC® + po) Vi + Tir] we obtain

P (Ti) = Py = poyir + T

Pso(Ti) = 1Py, = i (4.45)
Pos(Tix) = T

Poo(Tir) = hvyivi = (poc® + 7) Y

\
where, in this case, the relative standard density of momentum current (Poynting
tensor) Py, the relative standard density of energy current (Poynting vector) P; and

the relative standard density of energy h can be expressed by the following formulas:
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(

Py = Ty, = poyir + T

=
Il

T = poc® + 7

Taking into account the natural projections of the symmetrical tensors G;; and
R;; (see (7?7) and (?7)) and (?7?), the gravitational equations (??) are equivalent to

the following system of three tensorial equations relative to the rest reference S:

S, = —1xP, (4.4.7)

| B+ =—-2xh.

If we now consider the natural decomposition of the world current density vector

Jki

Ji = Ps(Ji) + Po(Jk) = —wved" = pyi (4.4.8)

the Maxwell equations (?7) are equivalent to the following relative Maxwell equa-

tions:
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FB = 2’}/2'8775%@?7'” + 2’76r77]ThaOhHa - 7484E[3 + KZ@EZ - %K;Eg =0

Fg = @:E’L — %wa’Ho‘ = P«

Fp = —29"135,VIE" — 295, C), B, — v*0sHp + KogH® — LKSHz = 0

Fo = VEHY + 2w, B = 0.
(4.4.9)

4.4.2 Relative formulation of the conservation conditions of

the energy-momentum tensor

Now we consider the conservation equations and we provide their relative form.

In this regard, we consider the differential identity of the Einstein tensor
VGl =0. (4.4.10)

As a conseguence of which, the energy tensor, appearing in the second member of the

equation (?77?), must satisfy the condition

vV, T =V, (pofyf + poc®viy’) + V7l =0. (4.4.11)

7
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Taking into account the Maxwell equations, we should be noted that the electromag-

netic energy-tensor verifies the equation
V1l = FJ! (4.4.12)
so it follows the conservation equation
V; (po! + poc®yiy?) + FuJ' = 0. (4.4.13)

By naturally projecting, the identity (??) assumes the relative formulation expressed
by (??). By naturally projecting (??) and considering Fj;J! = —p, E;, we can write

the relative conservation quations:

9;po + (po + poc?) Cs — po B = 0
ipo + (Po + 10c”) P (4.4.14)

Y104 (poc?) + L (po + poc?) K& =0

Finally, the relative formulation of the conditions V;F* = 0 and V;F* = 0 is expressed

by the system consists of (?7) and (77).

4.4.3 A different expression of the Einstein field equations

Taking into account (?7?), the equations (??) become

1
Ry, = —§X [(M002 - Po) Yik + ([L()CQ + 3p0) YiVe + QTik} (4.4.15)

and their relative form is
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Sag = — X [(0C* = Do) Yap + 27as)

| Poo(Rix) = —35x [(10€® + 3po) Yive + 277i] -

This system is equivalent to the system (?7).

By (?7?) and (??), the equation

(R* +I> Vi vm = =X (0 + T) Yjm

| =

P@@(Gjm) =

can replace the equation (?7?)3; and we can choose the equations

/

Sag = —5X [(0C® = Do) Yap + 27ag)

S, = —x7 (4.4.17)

| B+ =—2x(noc® +7)

as a different relative expression of the Einstein equations.

4.4.4 Summary of the foundamental equations

At the conclusion of the our analysis, we should rewrite the foundamental equations
for the relativistic study of a charged perfect fluid in the absence of induction and

conductivity. In a physical reference in which the time-lines are the stream-lines of
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the fluid, the foundamental equations consist of (??) and (?7), and the conservation

equations (77?):

Sap = —3X [(10C® = Do) Vap + 2Tag]

Sa = —XTa

R+ 7T = —2x (io® + 7)

Fy = 2705, ViH" + 275,57 CHo — V101 Eg + KigE' — JKIE5 =0

Fy = ViE — tw,HY = p,

Fs = =290 Vi E" — 295,07 ChEy — v 0sHp + KogH® — $KSH5 =0
Fo=ViH + dw, B =0

d;po + (po + ,UOCZ) Ci—psE; =0

Y10u (poc?) + & (po + poc?) K¢ =0
(4.4.18)

4.5 The gravitational field equations in a “contin-
uum system subjected to reversible transfor-

mations”. Their relative formulation

4.5.1 The deformation tensor

As is known, the space-time ambient of the gravitational and electromagnetic phe-

nomena is a 4-dimensional normal hyperbolic Riemannian manifold Vj, where 2" are

local coordinates or eulerian coordinates and + + +— its signature.
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Let us suppose that the Riemannian structure of the variety Vj is determined by the
regular evolution, in a its region, of a continuous material system &, which we denote
by C the general configuration and by C* a well-defined reference configuration. Let

C be the variable configuration with equation
2t = const (4.5.1)
and let C* be the reference configuration with equation
zt =0. (4.5.2)

Let us introduce in V; a second local coordinate system, material coordinates or
lagrangian coordinates y*, with y* = 2* and ', %2 vy> coordinates of the generic
particle P* € C*.

Every material point P € C has the eulerian coordinates
P = (o 2% 2% 2" = oY), (4.5.3)
and the material coordinates
P =y vy, (4.5.4)

since a homeomorphism exists among the 3-manifolds C* and every C; consequently

the relation

oz"
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is locally satisfied.

Let us now consider the stream lines of the material points P of the system S as the
time-like congruence { L} that we will employ, from now in the future, as the physical
frame of reference, and let the vector u be tangent to the stream lines, set towards
the future, with the norm

[uf] = —1

and the controvariant eulerian components

@) — — 18 i) —
N=E .7l

where 0, denotes the partial derivatives with respect to y* (84 = %).

Besides we put

P 5P
u (y) = uk(:c)% = m =0 (456)
i (1) = ¢ =
L Ox NEN

to indicate the image of the tensor fields gx (), u*(z) on the fixed reference config-
uration C*. Moreover we introduce the vector space T tangent, at every point P, to

V4 as product of two orthogonal subspaces ¥p, Op :

T = @p X ZP (457)
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where ©p is 1-dimensional like—time space, tangent to the steam line for P, while ¥p
a 3—dimensional space orthogonal to ©p at P [?].

The tensor field

Yrr = Pss(ghr) = Gnr + unty (4.5.8)

obtained by means two projections on the 3—space ¥ p, is the metric tensor of X p or

the space projector, or the space metric tensor; in addition

*

Vir ) =90 W)+ Wty (V2= 0) (4.5.9)

are its lagrangian covariant components.

Let us remark that the lagrangian coordinates y* satisfy the following conditions:
y” = const., y* = wariable on every stream line ; (4.5.10)

therefore we will say the lagrangian coordinates are adapted to the congruence {L}.

After that we will pose

*

mi (' 2 0°) =Tne (097,95, 0); (4.5.11)

namely my,. is the metric tensor in the reference configuration C*. That put before,
we will call local deformation tensor Enr (y) of the system S the symmetric space
tensor [?]

*
Epr =

(G = 0707 mas) (4.5.12)

N | —
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Let us point out that the congruence {L} is the family of trajectories of a one-
parameter transformation group of which the vector field u is the generator field.

According to this idea, by the operator £, (Lie derivative) we have:

;

Loghr = Vpu, + Vyou, = Ky, (Killing tensor)

Loy = Pex(Ky) = K, (the rate of deformation tensor) (4.5.13)

L »Cughr -

and analogously, as image on C*,
( * * ok * %
ﬁu ghr == thr + Vruh

Lo V=1 04 Yhr (4514)

* x4 * 1 *
L ‘Cu Epr =U 848hr: §£u7hr .

4.5.2 Conservation Law of Pure Matter. Stress Tensor.

Let us denote by u the pure matter density in C and by dV the proper volume of its
generic element C' € C; by /*1 the pure matter density of S in the reference configuration
C* and by dV* the proper volume of its generic element C* corresponding to C'.

The conservation law of pure matter has the following lagrangian form:

pdV =jt dV*. (4.5.15)
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By the formulas

AV = ﬁdyldy2dy3, AV* = Jmdy'dy?dy?, (4.5.16)

where

m = detl|lmyol| , = det]| Vo |

the equation (?7) is equivalent to

| L =i (4.5.17)
m

The conservation law of pure matter is then to take the following eulerian form:

Vi(pu") = 0. (4.5.18)

Now consider the specific effort ¢,, and limit ourselves to the case where the explicit
actions on the boundary dC of C' of the elements of S neighbour of C' are subject to

the following condition

1
limcqpa D dOC' = finite value # 0. (4.5.19)

acC
Let us choose as element C' of S, an infinitesimal tetrahedron of ¥p with one
vertex in P and three edges in P parallel to the vectors €,; we denote by n = n“e,
a like-space vector, of norm 1, orthogonal to the 2-face of the tetrahedron opposite

to the vertex P, by ¢, the specific effort related to that 2-face, and by ¢V, ¢, ¢



The gravitational field equations in a “continuum system subjected to reversible
transformations”. Their relative formulation 155

respectively the specific efforts related to the 2-faces of the tetrahedron whose joints

are those identified by the pair (és,€3), (€3, €1), (€1, €2). If we place also

& =y"e, @=\[e[=\ pr=123 (4.5.20)

¢ = pPer, (4.5.21)

by (??) we obtain the following Cauchy formula
On(P) =0y, p=1,2,3. (4.5.22)
We can define at every point P € C the lagrangian components of the stress tensor
Y=g 6.  pr=1,23 (4.5.23)
This tensor is a tensor in Xp for which we postulate the symmetry relations

Y =YY", p, T =123 (4.5.24)

We can think of stress as a purely spatial symmetric tensor of V. At this purpose

we introduce a a purely spatial symmetric tensor Y"* (r;s = 1,2,3,4) related to
the physical reference {L}. This definition requires to the tensor Y* the conditions
Y™ = 0 (4.5.25)

that is
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yot =yt oyt oyl oy el (4.5.26)
Uy Uy (ug)?

These relations show that the components of stress Y"® can be expressed with the

six distinct components Y?7. That fact is also highlighted by the formula

yhk — <5'p¢ - j;@> (5’: - 5{;?) Yo (4.5.27)

Uyg Uy

Finally, we can define at every point P € C the eulerian components of the stress

tensor

(4.5.28)

4.5.3 Reversible systems. Energy-momentum tensor

We will consider only reversible systems, that are the systems for which it is possible to

define a state function s, the specific entropy of the system S, satisfying the condition

dq
ds—?,

where OJq is the heat absorbed in the algebraic sense by the unity of mass for an
infinitesimal transformation of &, and T' is the absolute temperature of that mass.
As we know, the equation

% = Los-dyt (4.5.29)
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where s is the entropy density, characterizes the locally reversible processes for which

it is possible to define the free energy density
F=u—EsT (4.5.30)

where w is the internal energy density and F the mechanical equivalent of heat. We

can note thet the free energy density F satisfies the equation

*

4 WA 4
pu O4F = =Y P u Osepe — Eppsu 04T (4.5.31)

consequence of the first and second principle of thermodynamics. Consequently, we

can define a proper energy density of pure matter
me

and its thermodynamic proper energy density
HW

where w represents F in the isothermal transformations and w represents F in the
isentropic transformations.

It follows that we must attribute to S the proper mass density

u (1 + %) . (4.5.32)

If we add the hypothesis that there is no exchange of heat among contiguous
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elements of the system S, the energy—momentum tensor of S has the eulerian con-

trovariant components
hk WN h ok hk
ThE — (2 (”g) wtub + X (4.5.33)
or the equivalent lagrangian components

« hk wh sk
T = (1 + 3) R (4.5.34)

4.5.4 Conservation conditions of the energy-momentum ten-

sor and their relative formulations.

Let us remember that the energy-momentum tensor must satisfy the condition

* « hk
ViT =0 (4.5.35)
that is, by (?7?)
* shxk
Vi {cm (1 + %) ey +th} — 0. (4.5.36)

It follows from obvious transformations and (?7?)

* « hk 9 sk *  4h shxk * * hk
ViT = (C+w)pu Viu +puu Viw+ VY™ =0. (4.5.37)
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We will evaluate the local spatial and temporal-projection of this conservation equa-

tion. At this purpose, we put

* * * «hk * % x X «hk
Sp =Y Vi T Np= —wu, Vi T (4.5.38)

and we interest in the equation

S, =0 (84 = O) ) (4.5.39)
By the condition
* «h
Yo =0 (4.5.40)
we deduce
* 9 ok * ¥ yh * * hi
S, = u (c —|—w) U Vo Ve + Vop VY™ = 0. (4.5.41)

that is the spatial projection of the conservation conditions of the energy-momentum

tensor.

Now we consider its temporal projection that is the equation

Noe= — i, Vi T = 0. (4.5.42)

By the conditions
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*h* *
Vk<uuh>:2uhvku:0
(4.5.43)

i, VY™ = = 1Y (Tl 4 V) = YR

the equation (??) becomes

*k 1 ~ 1 * x4
pu Viw = —§thth = —éyh’%u Ve = p1 U Oqw. (4.5.44)

4.5.5 First and second undefined vectorial equation of a con-

tinuos system

Taking into account the identities [?], the equation (77)

Viu' = 1 (K +Q), C, =u"Vyu, (Cy=0)
Uk%th = Crv uk’YThQZ = Cr (4545>
:;'rh vkyhk - @k)/rk‘i_ 57’ Y;«T
the equation (?7) becomes
* w * * ~
S, =u (1 + 6—2) A+ C- Y +VYT =0 (Si=0). (4.5.46)

If we remember (??) and (?7), we can rewrite (??) in the following expression:

w y * T = T
" (1 + C—2> A= — O Y] = VY], (4.5.47)

where the space vector A is the 4-absolute acceleration of an infinitesimal volume

of 8 at the point P and C' is the curvature vector of the stream line for P and V. is
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the covariant derivative with respect the space metric tensor vy.

If now we consider the integral equation:

_ /C [M <1 n z”_2> Ae o, Y”Tép} 1C + | 6.d0C =0, (4.5.48)

by the Cauchy formula (??) and divergence theorem, it follows the lagrangian

expression of the equation (?7?). In fact, being

Joc 0ndOC =[5 ¢771,dOC =

L ) ) (4.5.49)
=~ Jo e (V109 ) dC = [ ¥,y edC,
Y
the equation (??) becomes
w *x P * ~ _
- / n(1+5) A + Y]+ VY| gde = 0. (4.5.50)
c
This equation is verified VC' € C, so it follows the local equation
u (1 n 20—2) A= — C Y] =V, Y. (4.5.51)

that is the lagrangian equation (?7). For this reason the equation (?7), or the
equivalent (?7?), is called the main equation ( or the first undefined equation) of the
relativistic mechanics of continuous, and the equation (?7) is denoted as the first
cardinal equation of the relativistic mechanics of continuous. Besides, the symmetry

relations (?7) are called the second undefined vectorial equation of the relativistic
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mechanics of continuous, that can also be written in the following form

Y?é, Né, = 0. (4.5.52)

4.5.6 Symbolic equation of relativistic mechanics of a re-

versible continuos system
Taking into account the main equation (??) and the boundary conditions:
Yhn, = f*h (Q) VQeaC (4.5.53)
with f(Q) is the spatial projection of the 4-force density F(Q) applying at every point

Q@ of AC, we introduce the vectorial fiels

* P ~ *
V(P)=—p(1+%)PC é — V,YP¢,— C\ Y™, YPeC

(4.5.54)
W(Q) =f— dn, V@ € oC
and considering the functional
J(z) = / V.zdC+ [ W-zdoc (4.5.55)
c aC

where z is an arbitrary regular vectorial field defined in the configuration C, C'
is a field interior to C. It is possible to demonstrate that J(z) = 0 Vz; vice versa if

J(z) = 0 Vz then
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V(P)=0 VP eC
(4.5.56)
W(Q) =0 YQ € dC.

This is easy to demonstrate proceeding by contradiction and considering the con-
tinuity of the vectorial fields V(P) and W(Q) in their respective domain [?]. If we
substitute the corresponding expressions (??) in the equation (?7) in V and W and

take into account the identities [?]

Oplog\/ 7 =17, 0,6, = f"\T €x
o ! T (4.5.57)
\}y%( WCDP) =V, Y. e,
the equation
J(z) =0 (4.5.58)
takes the form
J(Z)E—/u( A de—/ (\/11)”) -zdC +
c f (4.5.59)

— [ CA Y3, dC +/ f.2d0C — /(I)pﬁp-zd(‘?C — 0.
oC C

Taking into account the following transformation [?]
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/\[ (\/@P) zdc—/\[ (\[cbﬂ z>d6—/c¢ﬂ-épz-dcz

—/ O -z -7,z dOC — /cbﬂ-épz-dc,
oC C

the equation (??) becomes

J(z)z—/u(l%—%)Ade+/<I>p-5pz~dC+
c ¢ c

Cx Y2, dC +/ f.2d0C = 0.
(& aC

(4.5.60)
Now we choose as vectorial field z an arbitrary infinitesimal displacement
~ 4 _
z = udy'+ dP = u O4Pdy* + dy" e, (4.5.61)

and we note that form the scalar equation (?7) takes. We obtain from the sym-

metry of the stress tensor

. . 1 . .
/ O - Dz dC = / YPé, - 8,2-dC = - / Y (8- Oyz 6+ By2) dC; (4.5.62)
c c 2 Jc
Substituting the expression (??) in z, we obtain
Yre (ép . 50.2 + €5 - 5pz) =

o ~ wd ~ - N
= Y77 6 0 0,00P + 5 - 1 GyO0P| dyt + Y77 [y 0y + 8- Dy dy
(4.5.63)
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because the identities

0y04P - ¢, = 040,P - ¢, (4.5.64)

are valid, the expression (?7) becomes

AT opT

~ ~ *4 * ad
Y07 (& 02+ 5 - yn) == 2 (Y770 0o - dy* + V(T dy ) (4.5.65)

so the equation (??) takes the form

w ~ *4 * T
_/c” <1+ g) A -dPdC + dy* /OY”"u a4gpadc+/CY;P;Tdy dC +
(4.5.66)

—/Y/\pé’pdy’\dc+/ f-dP = 0
C oC

where every integral has a physical meaning into the frame of reference:

oL™ = — / 1 (1 + %) A - dPdC infinitesimal work of the forces of inertia;
c
c

(4.5.67)

oLY) = / f. dPdC infinitesimal work of the surface forces; (4.5.68)
aC
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OLY = dy4/ Y?Pu 04 pedC infinitesimal work of the interior forces; (4.5.69)
c

oL = / Yff;TdyT dc infinitesimal complementary work; (4.5.70)
c
oL = — / YY é’ pdyA dc infinitesimal work of the interection forces.
c
(4.5.71)
Consequently, the equation (?7) can be written as
oL™ + 9oL + oL +oL™ +oLY) = 0. (4.5.72)

We will call this equation symbolic equation of relativistic mechanics of the con-

tinuous systems.

4.5.7 Constitutive equations

Taking into account the equation (?7), we can translate the first law of thermody-

namics for the generic element C' of C in the following equation:

Epdq-dC = pdy*Lyu-dC + YP LuE,dy*dC (4.5.73)

where 0q indicates the amount of heat absorbed from the mass of the body in
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the transition from one configuration to an infinitely near, L u - dy* expresses the

corresponding change in internal energy and
N = Y Loz rdy?

the corresponding work of deformation of the interior forces per unit volume. As we

know, in the locally reversible processes the equation

% = Lys - dy*; (4.5.74)

where s is the entropy density, characterizes the locally reversible processes for which

it is possible to define the free energy density

F=u— FEsT

where u is the internal energy density and E the mechanical equivalent of heat.

It is possible to deduce from (??) the equation

*4 *4 * *4
pu O4F = =Y " u Osepy — Eppsu 04T (4.5.75)

that, supposed known the free energy F, can be rewritten in the following form

OF x4 _ « OF x4 w4k x4
P ——u Os€py + 7Y O T| = =Y u 046,y — Epnsu 04T (4.5.76)
€ pr

and allows us to deduce the relations
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1
Y = —uaaf, s = _Eg_]T: (4.5.77)
Epr

As in the classical case, the thermodynamic potential F must verify the Helmholtz’s

postulate to have physical sense, and must therefore satisfy the limitation

PF

s < 0. (4.5.78)

If, on the contrary, we assume known the internal energy density u, from (7?) and

(??) we deduce the equation

u Ogu-dy* = —=Y " u Ose,r - dy” + ETu O4s-dy (4.5.79)
1

and consequently the relations

5 10
YT = o T = Ea_z' (4.5.80)
O€pr

As in the classical case, the internal energy density u must satisfy the limitation

2
% > 0. (4.5.81)

At this point, substituting in the equation (??) the corresponding expressions of

Y™ deduced from (??) and (??), we obtain the constitutive equations for a reversible

system S:

* *T 9
Yk = —p (52 - 52?) <5f — 523—) 9F (isothermal processes)  (4.5.82)

*
Uy Uy Epr
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* *T a
Yt — —y (5;‘ — Z?) <6f — fg—) *u (isoentropic processes) — (4.5.83)

Uy Uy Epr

4.5.8 Further analysis of the relative formulation of the con-
servation conditions of the energy-momentum tensor

The constitutive equations for a reversible system S allow us to complete the analysis

of equation (?7) that we rewrite

*4 1 * *4 *
L Ow = —EY’)Tﬁu Vpr= =YY" u Ose), (4.5.84)

In fact, substituting in (??) the expressions

ow

YT = —pu—
O€pr

(4.5.85)

where w, proper thermodynamic energy density, coincides with F in the isothermal
processes, with u in the isoentropic processes, it follows the identity
A w0z, 4 Ow

4
pu Ogw = pu — - =puu —. 4.5.86
! O ,r oy* oy* ( )

Therefore, the temporal projection (??) in the case of reversible processes for

continuous systems reduces to an identity.
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Chapter 5

The Cauchy problem for the
Einsteinian gravitational field
equations and its relative
formulation in an assigned physical

reference

5.1 Gravitational field - empty space

5.1.1 Analysis for the relative system of equations

The gravitational equations (?7) constitute a system of ten equations in the ten

unknown functions v;, 7.5(= Ysa); but only six scalar equations are indipendent,

171



The Cauchy problem for the Einsteinian gravitational field equations and its relative
172 formulation in an assigned physical reference

because the boundary conditions (7?) give four differential identities among the ten
unknown functions.

We must determine which equations are appropriate to choose to solve the Cauchy
problem (?77?) , so we assign to the manifold Vj, which is to be a differentiable manifold,
a hypersurface ¥ and a coordinate system {ZL’h} for which * = 0 on ¥. Let us suppose
that in a 4-dimentional neighborhood W C ¥ there are a field of symmetric double
tensors k(74 = 0) and a field of covariant vectors «; such that, assigned to V} the

metric tensor g;x = Vi — ViVk, the tensorial equation (?7?); is valid. So we have
. N2 .
V805 = 55 = R* + § <K3) — 3K Kot
+1999940; (Ko + Qa ) = C*Ca = V30 + 3099005 = 0

so, taking into account (?7?), (?77); and the following easily verified identity

K% = —~49,78 (5.1.1)

we obtain

R=— (R*+I>. (5.1.2)
Besides, it follows from (?77?)
V10150 =~V (R +T) = $RES. - QnaS™ = (R +7) Co

110, (R + ) = V35— 20,5% - 1y (R + 7). (5.1.3)



Gravitational field - empty space 173

The equations (?7), interpreted as partial differential equations in the unknown
functions S,, R*+Z, can be transformed into normal form with respect to the variable
.

In fact, if we put

Ho(2) = 300 (R* +T) = 3R}S0+ QunS" — (R + 1) Cy

~ *

p ~ ~
N(z) = —v*P0,S5 + fyaﬁ{aﬁ} S, —2C,8% — K¢ (R* —|—I>

_ 71*1aHs+N(z)
D(z) = 1=7*Pya7s

the (?7) assume the following form:

4
Y04S0 = —Va D + H,
! (5.1.4)

410, (R* + I> _2p

5.1.2 The initial condition problem

The problem of initial conditions consists in obtaining potentials g,g and their first
derivatives on an initial space-like manifold V3. At this purpose, let us observe that
the equations (?7?) constitute a system of four partial differential equations of first
order, linear and homogeneous in the four unknown functions S,, R* + Z, of normal
form with respect to the variable z*. They are satisfied in the neighborhood W C ¥

of course the zero solution
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and we know that this is the only one which vanishes on the hypersurface ¥ if the
coefficients have continuous first derivatives [?].
We have thus established that if in a 4-dimentional neighborhood W C ¥ exist two
tensor fields v;x (74 = 0) and 7; which satisfy the equation tensor (??); and also the
(?7), and (??); on the hypersurface 3, in the same neighborhood they represent a
solution of the entire system (77?).

Furthermore, if we assume that the vector field v satisfies on £ the condition

Yo (2",0) = 0 (5.1.5)

the (7?), and (??)3 assume the following form on &

N——

Vi () = ViRy

Re=-1 {(@)2 B f(“ﬁf(ag] | (5.1.6)

The (77?), in which the transverse partial derivatives are replaced by ordinary
derivaties, express a differential link between the tensors v¢, Vir, 7*Os7i-
Therefore, we conclude, according to Lichnerowicz, that the study of the Cauchy
problem for the system (??) can be done by solving first the problem of initial con-
ditions (??7), and then taking into account the results obtained by performing the

integration of the system (??); (problem of evolution).

5.1.3 The problem of the restricted evolution

At this point, we are able to enunciate the intrinsic formulation of the evolution

problem for the gravitational equations (?77?).



Gravitational field - empty space 175

In a differentiable manifold V}, we assign:
1) a field of controvariant vectors 7*;
2) a field of covariant vectors n;, which verify n;v* = —1;
3) a hypersurface ¥ to which the field 4 is not tangent at any point.

Let us choice a bounded 3-dimentional set D in X, a generic point Q € D and
the 3-dimentional vectorial space g tangent to ¥ in Q. In D we assign two fiels of
double symmetric tensors 7;;, ¢;; belonging to the product space 79 ® 7 for each

point Q and there verifying the conditions

Y7 =0, @iy’ =0 in X (5.1.7)

and

3 €' >0 with £ € 7. (5.1.8)

The fiels 7,;(Q) and ¢;;(Q) are called “Cauchy data”.
In these hypotheses we choose in V} a system of coordinates z* adapted to the vector
field 4* and to the hypersurface ¥ (z® = const., #* = var, and 2* = 0 in %).
Our aim is to determinate, in a 4-dimentional neighborhood W C ¥, a double sym-

metric tensor field ;; subjected to the conditions

i =0  VQeZ, (5.1.9)

and from (77?); satisfying the equations
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(

2 o8 loa
(") (0404708 — M08V 01047 ps + V7 N (100104780 + 130104 Ve — No01017ap)] =

= ,ypa [apaalyaﬁ + 80;8,8'7/)0 - 8/)857040 - apaoﬂ/ﬁa + np74 (80847045 - 8684'7040 - aaazf)/ﬁa)] +

+7977 [1ay* (0304Ype — 0p01780) + 187" (0aO1Vpe — 0p0sVaw)| +

+has (0, v, 01, sy, D50, Yijs 8r%‘j)

(5.1.10)

(with h,p rational functions of the indicated arguments) and verifying the condi-

tions in &
A (5.1.11)
Y 847” 901]
being in D
@* S\ — @* iz
B (90#) M ( ﬁ) (5.1.12>

where in (??) the tensor field K, is replaced by the tensor field @gp.
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5.1.4 Existence and uniqueness of solution for the restricted

evolution problem

The system (??7) consists of six partial differential equations in the six unknown
functions 7,4 and, since by hypothesis 74 # 0, can be written in normal form with
respect to the variable z*.

If we assume analytical all the data of the problem, by virtue of Cauchy-Kowalesky’s
theorem, it admits a unique solution that satisfies the conditions (??) (??) on 2.
When the Cauchy data are not analytical, the problem of evolution can still be solved
uniquely.

In fact, for arbitrary field of covariant vectors 7; in Vj, we can choose the first three
components 7, equal to zero.

So the system (??) becomes

173,05 Yap + (V1) 010470 + 77700 (8150 — 10570p) +
(5.1.13)

+7paaﬁ (aa’yap - %aa’ypa) - haﬁ = 0.

In this case there are the equalities

U

1 *
VY Yop = 0, 57"0857,,0 = {ﬁy} = Oglog\/7 (v = det ||Vasll) (5.1.14)

so (?77?) assume the following form
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—7770,05Yap + (74)2 0404Yap — (V800at” + Yap0pu’) — ang = 0. (5.1.15)

where u? = %8,) (\/'7 . 'yp") and a,p are functions that depend on only the first

derivatives of v,,.

The system (?7) has the same structure as that considered by Y. Bruhat [?][?],

that we can write as follows

1 1
ij = _5 Tsarasgjm N 5 (gmn@jun + gjnamun) - Hjm =0 (5116)

where u" = \/ng&a (v—g-¢"") and Hj,, are polynomials in g¢,,, ¢"* and their first
derivatives.
Taking into account the Bruhat’s results, the tensorial field 7;; that satisfies the
problem of evolution is uniquely determined in V4 and so the metric tensor g;; =
Yir — Nk with the field of covariant vectors n; previously chosen. It is immediate to
verify that the field of covariant vectors 7); provides a representation of the covariant

vector field 7.
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5.2 Gravitational field - perfect fluid

5.2.1 Conditions to uniquely solve the Cauchy problem

The analysis of the fundamental equations (??), (??7), (??) shows that the equations
(?7)a, (?77)3 give the conditions for compatibility of Cauchy, and the other equations
(7?), (?7?), (??); reflect properly the problem of evolution.

The conditions to uniquely solve the Cauchy problem for equations (?7), (??), (??)

near a hypersurface ¥ by local equation z* = 0, are:

a) must be tangent in any of its points, or the corresponding elementary cone or

a current-line of fluid;
b) should not be a wave hypersurface hydrodynamic.

Being ) any point, if we call g the vector space tangent to 3 in @, just that we

have on ¥
(vik — i) £€F >0 V& e g, v =yt =-1 (5.2.1)

the condition a) is verified.

For the condition b), giving to the equation (??) the following form [?]

1 1~ )
57" 0nvep = 5K = Vi, (5.2.2)

the system of equations (??7) (??) can be written as



The Cauchy problem for the Einsteinian gravitational field equations and its relative
180 formulation in an assigned physical reference

Qo + (po + poc?) 7"Vt = 0
Y 0 (0 Ho )’Y Y (5.2.3)

704 (poc?) + (po + poc®) Viy' = 0

where py = po (1o) is the state equation of the fluid.
By the conditions of compatibility of Hugoniot applied to the longitudinal derivative

of py, to the transvers gradient of py and to the tensor V;+¢,

. d N , .
A (7454/%) = A0,z A <5apo> oy Waz; A (Vﬂ]) =9z (5.2.4)
where A®, A() are the characteristic parameters of discontinuities and

z (xl, x2,x3, $4) = const.

the equation of 3, we deduce from (??) the characteristic equation

d L
(674842)2 = d—i?)yaﬂﬁaz - Opz. (5.2.5)

So for z = x*, we obtain the condition

’yaﬁ’ya’m — (074)2 . d_o #0 (5.2.6)

which must be satisfied on ¥ by the given conditions of Cauchy, to exclude that

3, of local equations z* = 0 is a wave hypersurface hydrodynamic.
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5.2.2 Analysis of the fundamental equations

Taking into account the differential relations (?7) and (??) from which we deduce the

equation

V; (G, + xT3,) = 0; (5.2.7)

and the equations (?7?), (??) and (?7?), this equation gives rise to the following

equations related to a physical reference S:

Vi Cunst = (51 = xpo) Con = O (3R = xmo) +

] ! i (5.2.8)
+55m K 4+ 7" 04Sm + Qjm S + [% (R* + I) + xuocQ] Cm =0,

3 (f(jT - er> $"Ym — (3R — xpo) + SKS9m + (@;Sj - QChSh) Y+ (5.2.9)
+ [% (ﬁ’* +I> - K8, + 10, [% (R* +I) + Xuocz] Y = 0. B

Let us consider a differentiable manifold V, and a field of controvariant vectors

7¢(z), which is no point @ are tangent to the hypersurface ¥, and a field of covariant

vectors 7;(x), two scalar functions ug(x), po(z), a field of covariant symmetric tensors

vik(x) such that, given the metric tensor of Vy gir, = vVix —ViVk, the following equations

are verified in the same neighborhood of 3:



The Cauchy problem for the Einsteinian gravitational field equations and its relative

182 formulation in an assigned physical reference
( .
=1
Sjmrym =0
Sag = —%X (NOC2 — po) Yap (5210)

Dapo + (po + 10¢?) V! (0470 — Oaya) =0

Y04 (oc?) + £ (po + 10®) ¥*P7*0svap = 0

\

and on Y the conditions

(Sa)s =0, (f?* +I+ 2xu062)2 =0. (5.2.11)

It can be shown as if we admit the existence of the tensor and scalar functions in

the same neighborhood of ¥, then the condition (??) are verified also in X, so

Sa =0, R* + T + 2xuoc® = 0. (5.2.12)
To this end, it should be stated first that the assumptions

a) the last two equations (??) are nothing more than the translation of the equation
(??) in the form related to the physical reference determined by the field of

vectors '
b) the field of vectors v; is the covariant representation of the field of vectors 7*;
c) for [?], we have

~ ~ 2 ~ ~ ~ ~
sy = R (Ke) = 3R Rap + 57700 (Ko + Q) +

—CPCy = V5C° + 309 Qu5 = —5x (10¢® — po) ,
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and, consequently, by virtue of the identities

R= Rty |(Re) o KR4 000 400 (R2) - 2 (F207 4 07C,).

(5.2.13)
K = —~4%9,7° (5.2.14)

we deduce
R=— R +T+3x (oc® - po)} . (5.2.15)

That said, the identities (?7), (??) become

v204Sy = —%5(1 [R* + 7+ 2X,uoc2} - [R* + 7+ QXMOCQ} Cy — %f(/gSa —Q8S;,

40, []:2* +7+ 2)(#002} = — [ﬁ’* +7+ 2xu002] f(g —2 <@;SP + 2C’,,S”) .
(5.2.16)

The linear partial differential equations in the unknown functions S,, RB* + 7 +

2xpoc? can be written in normal form with respect to the variable z?, a condition

that has [see (?77)]

Y*Pyays # 1 (5.2.17)

and admit the unique solution
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S, =0, R*+7T+ 2x o> = 0

which becomes null on the hypersurface 3.
So, it is clear that the Cauchy problem for a perfect fluid can be split into two

different problems:

1) the initial data problem;

2) and, after solving the initial data problem, the restricted evolution problem.

5.2.3 Formulation of initial data problem

Let us suppose given, in the differentiable four-dimentional manifold Vj:
a) a part of regular hypersurface ¥;
b) a three dimensional domain D on ¥;

c) VQ € D two scalar functions jig(Q), po(fig) and a field of covariant vectors
%i(Q);

d) a part of hypersurface ¥ that has a field of controvariant vectors 7, that are

tangent to £ and which verify the condition

’71’71 =1 [,—Yz = (fyi)i} ) (5.2.18)

Let us consider the vectorial space 7o tangent to ¥ in Q, and choose a system of

coordinates (z°) adapted to the field of vectors 7¢(z) and to the hypersurface ¥. Our
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aim is to determine, in ¥, two symmetric tensors Yij, @ij (that represent respectively
the metric tensor chosen for ¥ and the prefixed determination of the deformation

tensor K,g), subjected to the conditions [see (??), (27)]

Y7 =0, @i =0 (5.2.19)
‘>0, VE" € Tg (5.2.20)

0B 4\ 2 0B
7578 # (¢7')” - 5=, P37 # 1 (5.2.21)

and satisfying the equations [?]

L[Va (@) = Vi (95 + @0)] + CPga = 0
(5.2.22)

599 (Ply)  + 4 [(82) = %0 an + 30°0as] = —2xfi0c”.

The vector C, € mg and the tensor w,g € Tg ® T are evaluated through the

formula

8 ﬂ() + % : ,?pU@pg : r?a (p6 - %)

A polAo)
a po(ito)+poc? ~¢

(5.2.23)

Dap = 0a78 — OTa + 5o (500l — FaOslio)
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the scalar 59 (é;a) _ can be deduced if we put in
b5

o

—03 T2+ 0, T ~ T T + TR T (P =0)

o Ba~ po

the functions

(7484'Ya6>i = Pap, (84'704)2 = 0aYa + % [aaﬁo + Yo (7484N0>2]
(5.2.24)

evaluating the values 9,0,7,, on .

5.2.4 Formulation of restricted evolution problem

Assuming to have solved the problem of initial data, we propose to determine, in a
neighborhood of ¥, a field of covariant vectors ;(x) and a double symmetric tensor

field ~;; satisfying

Vv = -1, Yy =0 (5.2.25)

and a scalar function pio(z) verifying (??), (??) and (??); in ¥ and the conditions

(Fio)s; = Ho, (vi)s = %is (Vis)s = Yis» (V'0uij) s = @is- (5.2.26)

For the problem so formulated, it exists, in physical sense, an unique solution,
which verifies the initial data [?].

Hence, supposed known this solution and assigned, for the space-time V}, the metric
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tensor g;x = Vit — ViVk, the vector field ~; identifies a well-defined physical reference

system S.

5.3 Gravitational field - pure matter

5.3.1 Foundamental equations

Let us consider the state equation py = po(uo). The tensor components s;;, not

identically zero, have the form

(rspo (rsi)

Sap = aaﬁ )@r837p0 + baﬁ 3705%' + paﬁ(’ypay 67“’71” Yis 84'7;20) (84i = 0) (531)

where the coefficients a(rg’)

. ?) and bggi) are polynomials in the functions 7;, 7,, and

the terms p,p3 are polynomials in the functions 7,q, 97, Vi, 0170 -
The equation ; are solvable with respect to 04047,, in a neighborhood of the hy-
persurface ¥, provided that the conditions , are satisfied, and all the fundamental

equations (?7?), and can be written:

8484f}/po' = Lpo (ap847aﬁ7 apa47i7 MO) + NPU (8470&7 ar’yl)

8484’)/,1 = 8480/)/4 (532)

34#0 = —MOV’M&%U

\

where L,, and N,, are polynomials, some linear, other non-linear functions in the
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brackets, which are coefficients of the functions of v;, V0, 7%, 777
These equations suggest an intrinsic formulation of the problem of initial data and

the restricted problem of evolution.

5.3.2 Formulation of initial data problem

Let us suppose given, in the differentiable four-dimentional manifold Vj:
a) a part of regular hypersurface ¥;
b) a three dimensional domain D on 3;

c) VQ € D two scalar functions fig(Q), po(fio) and a field of covariant vectors
7i(Q);

d) a part of hypersurface ¥ that has a field of controvariant vectors 7, that are

tangent to ¥, and a field of covariant vectors v; which verify the condition

Yy = —1, v (O, — D) = 0, (5.3.3)

and on X

(vi)s = 7. (5.3.4)

Let us consider the vectorial space g tangent to ¥ in @, and choose a system of
coordinates (z') adapted to the field of vectors v/(x) and to the hypersurface 3. Our

aim is to determine, in 3, two symmetric tensors 7;;, @;; subjected to the conditions

’_Yiﬂj =0, @ij’_yj =0 (5.3.5)
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(Fij — 373) €€ > 0, Ve € 7ig (5.3.6)
and satisfying the equations

Vi (#5) — Vi (5 +w3) =0
(5.3.7)

790 (Prg) , + 4 [(82)° = 029G + 30°0ag] = —2xfioc?.

5.3.3 Formulation of restricted evolution problem

Assuming to have solved the problem of initial data, we propose to determine, in a
neighborhood of 3, a scalar function yo(z) and a double symmetric tensor field +;;

satisfying

Yy =0 (5.3.8)

the following equations

a464’}/pa - Lpa (apallr)/aﬁa MO) + Npa (847046)

(5.3.9)
Aupio = — 107" OsVpe
and the following conditions on ¥
(Bo)s = fo,  (ij)s =i (V'04%i5) 5 = @i (5.3.10)

The problem so formulated has one and only one solution [?].
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Chapter 6

Einsteinian gravitational field
equations in the case of spherical

symmetry

6.1 Definition of a manifold with spherical spatial

symmetry

We are interested in giving the intrinsic definition of space-time manifold with spa-
tial spherical symmetry [?]. For this reason, let be a Riemannian three-dimensional
manifold Vs, with positive definite metric do?, and we consider in a its point O the
tangent space, having an arbitrary orthonormal basis (e, es, ,e3). Each of the oo?
geodesics outgoing from O, called geodesic rays, can be identified by two parameters:

eg. 0, colatitude with respect to the polar axis ez, and ¢, longitude, counted positively

191
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around ez from e;. Then assigned a convex neighborhood U of O, P is the generic
point of U and p its distance (geodesic) from O; so it is introduced a system of polar
coordinates p, 6, ¢. Recall also that, denoting by Sy the generic closed surface of
equation p = const., the geodesic rays, of equation p = var., are normally intersected
by surfaces Ss.

There, we say that the Riemannian manifold V3 has (in U) spherical structure around
O - and this point will be called the center of symmetry of the manifold - when it oc-
curs the following circumstance: the Riemannian metric da?, induced on each surface

S, by the metric of V3, is the same metric of a sphere of Euclidean space,

da? = a®(p)(d6* + sin®0 d p*)

whose radius a is a positive function, a priori any, of p, which satisfies the condition
a(0) = 0.
It follows that the metric of more general three-dimensional Riemannian manifold,

with spherical symmetry around a its point O, in polar coordinates takes the form

do? = dp* + a*(p)(d6* + sin*0 d ¢?). (6.1.1)

Let us consider a 4-dimensional Riemannian manifold V}, with normal hyperbolic
metric with signature + + + —. We will say that this manifold is locally equipped
with spatial spherical symmetry, around a its point O with a line of universe [, if
it admits, in a neighborhood of [, a physical reference S for which the following

conditions are verified:

I. the reference S admits the space-time trajectory [ of the point O between the
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lines of the universe;

IT. the reference S is irrotational, which implies the normal character of the con-

gruence I' that identifies it;

ITI. the spatial sections V3 normal to the lines of S have spherical symmetry around

O;

IV. the bijective correspondence that the time-lines of S lead between any two
sections V3 leads center on center, geodesic rays on geodesic rays and O-spheres

on O-spheres.

So, let us assume a time parameter ¢, constant on each of the V3; the generic point
P of V, can be identified by three spatial coordinates p, 6, ¢ in V3 and by the value
assumed by the parameter ¢ on the same section.
This reference S and the coordinate system p, 0, p, t associated with it are said
adapted to the spherical character of V,. Thus, in adapted coordinates, the metric of

a manifold V}, with spatial spherical symmetry, takes the form

ds®* = A(r,t)dr?* + R*(r,t)(d6 + sin® 0dp?) — CO(r, t)cdt? (6.1.2)

where A and C' are positive functions of r and ¢.
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6.2 Physical characteristics of the class of the frames
of reference associated to Levi-Civita’s curva-
ture coordinates and gaussian polar coordi-

nates

Let us consider the evolution of a perfect fluid which produces a spherically symmetric
4-manifold Vj, by a state equation py = po(uo)-

As we saw in Chapter 2, the metric of V; can be written

ds? = 20 dr? Y2 (1) dQ? — > at? (6.2.1)

where dQ? = d6? + sen?0dy>.

and, therefore, Einstein’s field equations, (??7), and the conservation equations,

(?7?) and (?7), reduce to the following systems!:

!Gravitational coordinates Y = 1, ¢ = 1 will be used in the following.
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Y —Yv —Y'\ =0

N\ 2 ’ ¥ v Y
& - () -]+ + & (2F+ B - 250) = - (6.2.2)

OaPo + (po + f10) V' =0
(6.2.3)

Oafto + (po + to) (A—FQ%) =0,

where ’ stays for 0,; “stays for ;. Eq.(??); may be also expressed in two equiv-

, et Y’ .e Y
v = ?815 (Q_A) or A= Far (;) ) (624)

alent forms:
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Introducing (??) into (??) we obtain equivalently:

- 2 "2
Y/1y2a7" |:Y <1+ sz - (56/22 >:| = Ho

(6.2.5)

2

. N2 -2 N2
o (30 (5 - ) - 90 (5 - ) [ = o

Levi-Civita’s curvature coordinates

Let us analyze the physical properties of the evolution of a perfect fluid, whose stream
lines coincide with the class of reference associated to a system of curvature coordi-
nates R.. We can observe that the motions, whose stream lines coincide with those of
R,, are static. Indeed, in this case we have Y = A = 0 in view of (?7);. Conversely,
r is comoving with the rigid motions of a perfect fluid, in view of ¥ = 0.

Furthermore, if we take into account an equation of state of the kind py = po (110),
we have that v’ is time-independent, for (?7?);; and that the same holds for v, provided
a suitable change of coordinates, internal to R., is made. Consequently, both R, and
its comoving motions are static. Thus we can say:

The rigid (static) motions of a perfect fluid (of a perfect fluid with a state equa-
tion po = po (o)) are the ones and only the ones for which the associated comoving
systems admit curvature coordinates.

We shall not investigate consequences of eqs. (?7?), (??), in the static case, since
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there is no reason for splitting the initial data and the restricted evolution problems,
where unknowns do not depend on time. We note only that eqs. (??); and (?7)y
are, in this case, satisfied identically. No restriction on the equation of state follows,

therefore, from the assumption of curvature comoving coordinates.

Gaussian polar coordinates

Let us now consider some physical properties of the evolution of a perfect fluid, whose
stream lines coincide with the class of reference associated to a system of gaussian

polar coordinates R,. The following first integral is deduced from (??),:

g e (6.2.6)
where the function G (t) can be chosen freely by choosing the scale of t. The term on
the left hand side is the derivation of the distance with respect to proper time, i.e.
what is usually interpreted as the velocity of the particles, because it is the velocity
of the material O-spheres having radius p.

From the physical point of view, a first consequence of using R, comoving frames, in
the case of perfect fluid, is that the above velocities are time independent. Further
consequences can be discussed by separating the initial data and the restricted evo-

lution problems.
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6.2.1 Exact solutions in polar gaussian coordinates

The breacking of Cauchy problem in two different problems, the initial data problem
and the restricted evolution problem affords an undoubted advantage experimented
in more detail into three articles [?], [?] and [?]. In this section, we examine the
results obtained with the use of polar gaussian coordinates.

So, we start to consider the initial condition problem and to take a regular hypersur-
face X, having eq. ¢t = t,. The problem of initial data, as it is known [?], consists in
the choice on X of the spatial metric tensor and of the deformation tensor satisfying
(7?7)2,3.

Since, in the case of spherical symmetry, the only non-vanishing components of ~;;
and [?ij may be evaluated respectively by the scalar function v (r,t) and the scalar

functions A (r,t), Y (r,t), the initial data problem can be enunciated in this way:

a) state equation py = po (fo)-

We search for seven scalar functions® ¥, Y, A, X, ¥, Jlo, Do = Po (flo) satisfying

the following equations on >::

(6.2.7)
w20, [V (14 3 — 28] = fo
with conditions
' : d
¥(r) = A(r,0) , x(r) =Y(r,0) , pf = ﬁ £0 (6.2.8)

2Weputx=Yand1/):}\
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The differential system (??) is obtained by eqs.(??)2 and (?7);; the relation
ensuring that X is not a characteristic hypersurface.
Besides v;; and [?Z-j, initial data determine also ﬁij and C; on X. Indeed, @ij =0,

because of the orthogonal form of the metric and C; can be so expressed:
(6.2.9)

where (5{ is the Kronecker symbol. Therefore, all the geometrical objects de-

scribing the first order differential properties of stream lines are assigned on 3.

state equation py = 0.

The initial data problem, in the case of dust (py = 0), has been discussed by
Laserra [?]. Analogous results hold under the assumption py =const. In conse-
quence, we just briefly recall that, in this case, it is possible the use of proper
time as temporal coordinate (hence v = 0). So only five scalar functions \, Y,

X, 1, fio satisfying eqs.(??), with vanishing v, have to be chosen.

The solution of the initial data problem requires the solution of the two non linear

equations (?77?). However the problem can be solved in general, because it is possible

to remove the only non linear term Y’ appearing in eq. (?77?)s, adequately choosing the

radial coordinate. Indeed, if we chooce the intrinsic radius of the O-spheres® of ¥ as

radial coordinate (which is always possible through an internal change of coordinates®

3We call O-spheres, the spheres of ¥ having center at the symmetry center of V; and an assigned
geodetic radius p
4An internal change is of the following type [?]: 7/ =7/ (r); 0 =0; ¢ =¢; t' =t(t)
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we obtain that Y(r,0) = r on ¥ and, in general, only on ¥. Then eq. (?7), yields

(see also [?]):
X1 2
ar r1-+ 675 - QQ_X =T U (6210)

the integration of which gives

=2
X LY _
T (1 + i GK) =m(r) (6.2.11)

where:

T

m(r) = [ Phols)as.

T0

(6.2.12)

Eq. (??) is no longer differential but algebraic. Let e, r, €%, \, fio be a solution

The choice of the initial data can then be completed by the following function:

¥ (r) =e"0, (ez) : (6.2.13)

So, we consider state equation py = po (io)-

The spatial metric tensor, the deformation tensor and the density, coincident on
Y. with the initial data, and satysfying eqs.(??)q, (??) and (??) during the evolution,

have to be determined. Four scalar functions are then to be found:

A t), Y(rt), v(rt), po(rt). (6.2.14)
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They must be solution of (??)s5 and (?7) and (?7?) in a suitable neighbourhood of

3], and must also satisfy the conditions posed on ¥ by the initial data:

(W)y = T, (to)s = Mo (6.2.15)

S
™

I
<
=
™M

I
=

(For the case py = 0 see [?]).

It is not possible, without further hypotheses, to obtain an analytic expression
for the solution of the restricted evolution problem. Nevertheless, the compact form
(??) assumed by eqgs. (??) points out more clearly the structure of the problem and
allowes to choose more adequately in which order the equations should be integrated.
In this respect, the key equation is the one we may get by comparing eqs. (?7) 2,
namely:

O (10Y'Y?) = =0, (po¥ V?) (6.2.16)

Three remarks about this equation are in order:

Remark 6.2.1 As we have already seen, eq. (?7) comes from eqs. (77)12. On the

other hand, egs. (??) and (?77)12 yield:

vy (v
(12 2)

It is sufficient, therefore, that eq. (?77)1 is initially satisfied in order to be sure that it

8t {/J,QY/YQ — &

} —0 (6.2.17)
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will be satisfied at every instant t.

Remark 6.2.2 Eq. (7?) also follows from the conservation equations on account of

eq. (77).

Remark 6.2.3 Eq. (7?); follows from the conservation equations because of (7)1 2

and viceversa.

That being considered, for the restricted evolution problem the following equations

can be chosen:

(6.2.18)

Orpo + (po + po)v' =0

{ 8tu0+(po+uo) ()\4-2%) =0.

In fact, eq. (?7) follows from (?7); 34 as stated by remark 2. Eq. (?7),, therefore,
if initially satisfied, will be satisfied at every instant ¢, as stated by remark 1. Eq.
(7?)3 follows from egs. (??), as stated by remark 3.

For this problem, an existence and uniqueness theorem is proved to be valid, under

the only assumption of differentiable data (see [?] and in particular [?]).
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Initial data problem

In order to solve the initial data problem, we begin with the solution of (??7), in

curvature coordinates:

2\ 1
m

e =
2 X2
-+

Y =1 ¥ =n%r) (6.2.19)

)

where the function h(r) depends only on . With the help of the transformation from

curvature to gaussian polar coordinates [?]:

p= /eA(s)ds (6.2.20)

T0

we easily obtain the solution:

A=1, Y= ry e’ =g(p) (6.2.21)

where the function g is the transform of h in (?7?). Because of (??), the choice of the

initial data is completed by:
=0 ; x=g(p)G(0) (6.2.22)
In two interesting cases (?7) can be integrated easily:
I) 22 —const (euclidean initial hypersurface);

IT) o =const (uniform density).



204 FEinsteinian gravitational field equations in the case of spherical symmetry

In the latter case, we have r = hsin(p) (assuming 1 + 2 = h and 4 = 1). In the
former case, we have simply r = 7p; i.e. r and p coincide except for the const. 7 that

can be always chosen equal to unity by choosing the radial unity.

Restricted evolution problem

From now, we will use r in place of p for indicating the geodetic radius. We consider
the system of equations which may be obtained in equivalent way from (?7?) (see
sect.3) by substituting (??)s for (??7);. We are going to solve the problem under the

auxiliary assumption that r» and ¢ are separable in Y:
Y(r,t) = z(r)y(t) (6.2.23)

Such a restriction will be discussed at the hand of the present section.
From (?7),, namely from the first integral (?7), we have: e¥ = x(r) f(t) (f(t) can
be chosen freely by choosing the scale of t). Elimination of py from (?7?)s and (?7)3

gives:

1 2 y2 122 z n2
— 14+ = — = — 2.24
2y3yat [y ( + 2 z"7y x,& (x") (6 )

(6.2.25)
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where ¢ is an integration constant. By integration, the equations (?7?) give immedi-

ately

(6.2.26)
2?2 = a4+ k

where d and k are constants, and k is equal to zero in view of the regularity condition
at the center Y'(0,t) = 0[7].
The constant ¢ may be different from zero or equal to zero.
Let us first consider the case ¢ # 0.
¢/2 can be made equal to unity, by adapting the scale of t. Hence, from eq. (?7)s we
obtain x(r) = r and Y (r,t) = ry(t). In consequence, every space like hypersurface
generated by the fluid during its evolution is euclidean. Then, from eq. (?7); we

obtain the following family of solutions:
Ny N % _ Gelz20 s (6.2.27)
where z = y? and d is a constant. The solution obtained by Wesson in [?]:
Va2 —z+d+z— % = dt*? (6.2.28)
and the solution obtained by Gutman in [?] (mentioned also in [?]):

1
=5+ Ae™ + Be™! (6.2.29)
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where A and B are const., are subclasses of the above family. Indeed, (??) and (?7?)
may be obtained by putting into (?7?) respectively f = 1/t, f = 1/2. Such solutions
are not physically different from each other, as they differ only in the choice of the
time scale factor f(t).

Let us now calculate py and . We obtain from (?7),:

N(t
Po = r(Q) (6.2.30)
2
O |y 14+ %5 —y?
where N(t) = —M
and from (77);:
N(t
o = 7"(2) (6.2.31)

Our original assumptions then imply the following state equation: py = po; i.e. a
special case of the v—law that is of interest in cosmology .
Let us now consider the case ¢ = o.
From (??), we have 2’ = 0: hence v' = 0 and, because of (??)3, pp=const.
An exact solution can be obtained also in this case. Indeed, putting ¢ = 0 into (?7),

we obtain the following differential equation:

-2
y? (1 + %) =d (6.2.32)

that is integrated by:

_12
y=+d"/? P =d-— {j: / fdt + d] (6.2.33)

5This solution is static.
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with d is constant. Then o can be computed by (77)4:
F(r)
N2
d— <i / Fdt + d)

where the integration function F(r) is fixed by the initial data.

Lo =y O DPo+ o= (6.2.34)

As regards the solution formerly obtained in the case ¢ = 0, let us make two

remarks.

Remark 6.2.4 Wesson has obtained the family of solutions (??) under the following

assumptions.

In the first place he assumes the validity of the so called Dimensional Cosmological
Principle
9 M
noY= =n(t/to); 37 = P(t/to); Y =rS(t/to) (6.2.35)

where n, P, S are dimensionless arbritary functions and M is defined by:
yooy”
M=Y (1+ -4 ——5 | 7] (6.2.36)
e v

In the second place he considers the state equation py = o and adequately chooses

the scale of time and part of the initial data.

The same family (??7) has been obtained by us, as a particular case of (?7),under the

following other assumptions:
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(b) The use of gaussian polar comoving coordinates and the separation of r and t in'Y .

It is not difficult to prove that the assumptions (a) and (b) are equivalent (this is the
reason why the solution (?7) has been obtained both by Wesson’s and by our method).
Indeed, if the assumptions (b) hold, we have that x(r) = r (as above proved) and

that the ratio MY , which is expressed by:

M Ta
el R A (6.2.37)

Y 12
does not depend on the radius. The assumptions (a) are then satisfied (we recall that
eqs. (7?)12 are equivalent).

Conversely, if the assumptions (a) hold, we have that €’ = rf(t), because of
€qs.(??)a3. Thus, the ratio Y/e“ does not depend on the radius and comoving gaussian
polar coordinates, in view of (77)q, can be constructed. The assumptions (b) are then
satisfied.

We realize, by virtue of these considerations, that the further assumptions (a’)

may be omitted also in the method followed by Wesson for obtainig the solution (77).

Remark 6.2.5 Two kinds of hypotheses, as shown in the preceding remark, allow for
the obtainement of the family of solutions (?7) the hypothesis of comoving gaussian
polar coordinates or the hypothesis of po = po state equation.

Concerning the first, we have discussed comoving gaussian polar coordinates by
separating variables v and t. This separation of variables is a particular case of an-
other that may be proved to be valid in the most general case, namely Y = Q(v)h(r)

withv = fi(r)t+ fa(r) and po = p1o(v). With regard to the second one, the py = o
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equation of state has been considered under only one restrictive assumption which, as
we are going to prove, consists in the choice of gaussian polar comoving coordinates,
or equivalently, M /Y independent of r.
In fact, choosing gaussian polar coordinates for pg = o fluid and using conserva-
tion laws, we have:
Yt L(r)

= = 70 (6.2.38)

where L(r) and H(t) are integration functions. Then, eliminating e® with the aid of
(7?), we obtain:

~ — H()L(r) (6.2.39)

where L(r) and H(t) need not be specified. Integration of (??) gives that r and t have
to be separated in'Y . So all assumptions (b) hold and, as we have above seen, MY
does not depend on the radius.

Otherwise, choosing M]Y independent of r, comparing (??)12, (with po = po)

and putting MY in evidence, we obtain the following differential equations:

Y /M’ M\Y M
_ _ [ _f_|_2_
v \Y Y)yv Y

Being (%)/ =0, an easy integration gives MY = g(r)/Y?2. This means that r and t

(6.2.40)

have to be separated in Y : hence (%)/ = 0 implies x(r) = r. In this way, holding all
assumptions (a), comoving gaussian polar coordinates can be constructed.
Further families of solutions can be obtained without the above assumption on

MY, buth with Y again of the type Y = x(r)y(t).

The separation of variables Y = x(r)y(t) is indeed a necessary but not a sufficient
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condition in order that M/Y is only time dependent (in the case of py = po state
equation). On this respect, comparing again eqs. (77)12, we obtain the following first

order partial differential equation:

Ur) (g) V() (g) _ % (6.2.41)

The integration of the latter gives for M/Y the form:
MY = gi(r)ge(v) with v = «(t) + B(r), which is not a function dependent only
on time. The investigation of the latter form for M/Y might hoperfully give further

results.

6.3 Physical frames of reference associated to isotropic

coordinates

In this section, we study the evolution of a perfect fluid, whose stream lines coincide
with the class of reference associated to a system of isotropic coordinates. Throught
the separate invariant formulation of the initial data problem and the restricted evo-
lution problem, we analyze shear free motion which p = p(u) or p = 0. All the
possible solutions of the restricted evolution problem are determined by specifying
all the admissible choice of the data in the case of shear free. Furthermore, if the

characteristics of the motions are initially valid, they are valid as time evolves.
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6.3.1 General zero shear consequences with no state equation

The Einstein’s equations and conservations equations (?7), written in the case of

spherical symmetry using isotropic coordinates, become[?]

Y _yel®
p= 321 — =22 (2)\// + 2?2+ 4)‘7/>

D= A le o, [ex ()\’2 I 2A_’) _ 63/\+2f}

(6.3.1)
D= A le 3, [ex (X' X A_’) _ 63A+2f]
p=—(p+p ¥
| =3 (utp)A
Next we consider other three useful equations:
( ~
AN = A= N/r)=—F
N =N+ )N = de?F =0 (6.3.2)

p=2/re [F/T + 3?7}
\
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where F = F (r).

The first is obtained by eliminating p from equation (?7)34; the second is obtained
by differentianting Eq.(?7); with respect to t; the third is finally obtained by differ-
entiating equation (77?)y with respect to r and eliminating A" and \” with the aid of
equation (?7?);.

Eqs.(??); and (?7), on account of the transformations L = e, x = r2, F(x) = F /4,

may assume the following more tractable forms:

(

p(z) = 3e2® 482 LL,, +12LL, — 12212

Loy = L2F ()
(6.3.3)

Lye = 2LLF(x)

| Mo = 413 (2zF, + BF)

where F'(z) is a geometrical invariant, which measures the geometrical field energy
?7].

Hereafter we will consider the initial data and the restricted evolution problem. By
using comoving isotropic coordinates, the special simpler form of Eqs.(?7) gives an-

other more suitable choice of the equations, which we are going to discuss.
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Inizial data problem

The equations of the initial data problem are (?7); 2, but, in this case, also the other
equations have a spatial character in the sense that there are not derivatives of the
initial data with respect to ¢, and the function F' depends only on the radius. In
consequence, all the equations at our disposal have to be taken into account in the
choice of the initial data. It should be noted that, in this case, the initial data can

be determined by the following functions:

( A(r,t) “I'5 () ; A (r,1) = )
pr )< ae) o pnd) ) (6.3.4)
LoDy o DD

the other initial data being determined by the condition of zero shear (i.e. by Y = e*r,
Y/Y = A, and Eqs. (??)1_6). We are going to show that only one quantity can be
freely chosen where comoving isotropic coordinates are introduced. This quantity
may be either X, or ji, or ¥, or F(r).

In order to prove this, we start by assigning A (supposed twice differentiable with
respect to 7 and one with respected to t). Then, because of Y = e*r, the spatial line-
element is initially assigned. Next F' may be evaluated by (?7)s: it is a second order
ordinary differential equation which uniquely determines the value of ¢ (provided 1,

', are assigned at r = g, in particular at the origin). The remaining quantities s,

v, p can be next respectively evaluated by Eqgs. (?7)1, (7?); (?77)s.
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The set of the initial data is thus entirely determined (except 7 and 7 because of the
lack of a state equation).

That being stated, it is possible to see that the choice either of fi, or of v, or of
F, uniquely individuates the value of A. In fact, if we choose either the density f,
or the gravitational field energy F', or the ”velocity” of the particles EXD, A may be
uniquely determined respectively by Egs. (??)1, (?2)2, (??)1 (provided X, A" and 1,

1" are assigned at the center).

The previous considerations allow us to conclude:

Proposition 6.3.1 Where considering comoving isotropic coordinates, the initial
data (except 7, ) may be entirely determined by assigning in equivalent way, on the
wniatial hypersurface 33, either the spatial metric, or the density, or the gravitational

field energy, or the “velocity” of the particles.

Restricted evolution problem

In this case it is possible to choose Eqs. (??);_4, (?7)2 as the equations of the
restricted evolution problem.
It is known that the key equation of the problem is (?7), [?].
In [?] Stephany, improving a previous result [?], proved that the following choices
of F(x):
F=a" F=e¢, F=3%" F=(ax®+2bz+ c)_5/2

enables us either to reduce Eq. (?7), to a first order differential equation to obtain
exact solutions.

On account of the above considerations on the problem of the initial data, we may
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realize that these special choices of F'(z) give rise to a complete assignement of the
data. But such restrictions in assigning the initial data have not generally physical
meaning. Hence, in the following, we confine ourselves to the study of those cases in

which an equation of state is valid.

Into the present section, we are going to discuss more in detail only fluid distri-
butions with initially uniform density.
On this respect, let us firstly calculate the value of F(z). Choosing f () so that
fi — 3e/® = 0 (which is always possible), it is easy to see that Eq. (??)y admits the
following solution: e* = (—f + k) where ¢ and k are integration constants. Substi-
tuting the latter solution into (??); we obtain F' = (cz)~>/2. Hence, from the Eq.
(7?)4 we obtain p, = 0: i.e. the density is uniform also during the entire evolution.
Observing also that the solution e* = (—f + k) is regular at the center only if ¢ = 0

(namely only if the initial space-like hypersurface is euclidean), we conclude:

Proposition 6.3.2 If a shear free spherically symmetric distribution in General Rel-
atiity is uniform at an initial time (i = const), then the density is uniform also
during the entire evolution of the system. In particular, if the above distribution is
also reqular at the center, then the initial space-like hypersurface and every subsequent

ones are euclidean.
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6.3.2 Shear free fluid distributions with one-parameter state

equation

Let us consider the density not uniform, by means of conservation equations and of

the condition of functional dipendence for x and p we obtain [?]:
p(v) L =u(v)l(x) v=t+G(z), (6.3.5)

where a t-coordinate normalization has been used. Then inserting (??) into (?77)4

we have:

Uyt (GL12), + Ul + U lG2 = 2I*F
(6.3.6)

UGy = 4u313(22F, + 5F)

Separating the variables, we get the following equations:

% (G.?), = all’F

l:mc = CQZQF
2 _ 2F

1G5 = sl (6.3.7)

20F, + 5F = csG 173

C1lUy + CoU + C3lyy = U2

Uy = Cats® |

where ¢q, co, c3, ¢4 are separation constants. These equations are valid also in the
case of uniform density. In fact, in this case, using conservation equations, we see
that the simple separation of variables holds: L = u(t)l(x) (see [?]), which may be

considered as a particular case of Eqs.(??) for G, = 0. Further, we obtain F' = cz~%/?



Physical frames of reference associated to isotropic coordinates 217

from Eq. (??)4. Thus the Egs. (?7?), for ¢; = 0, are valid also in this case.
That being stated, it is possible to prove also that (G,I?), = 0 (see Appendix).

Thus Eq. (?7); can be replaced by the following equation:
G.l* =« (6.3.8)

where « is an integration constant.

We shall now try to find all the admissible determinations of the initial data, by
finding all the admissible determination of F'. On this respect, we eliminate G, and [
from Eq. (??), with the use of (?7)3,(?7). As a result we obtain the following linear

ordinary differential equations:

2 F, + \F=0 ; A=5- 13 (6.3.9)
(6%

which is easily integrated by F = B2, where 3 is an integration constant. The
admissible choices of the constant A may be now determined by comparing two ex-
pression of [,,.

The first, which comes from Eq. (??)3 eliminating G, = /I and F = pz~/%

A A A _9
la’;z’ = hll_o (E — 1) x 10 (6310)

L\ 1/5
where hy; = (g—ﬂ> .

The second, which comes from Eqs. (?77)q3 eliminating G, as above:

1

lx:c = h2l3 3

(6.3.11)
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co0?

c3

where hq =

Comparing (?7) and (?7) we obtain

;ﬁ§5(§5_1>$$Xﬂ::h2. (6.3.12)

First we suppose h; # 0.

The admissible determinations of the constant \ are

A=0V A=10ithy =0

A=5 if hy # 0

With these determinations of A we have the following determinations of F ©
F=§ , F=pz"?.

Now we suppose h; = 0, we have a = 0 and, consequently, G, = 0. Therefore,
because of the Eq. (?7),; with p, = 0, F can only assume the already considered

determinations F = 3, with =0 or 3 # 0, and F = z7°/2.

Initial data problem.
Case FF =0

The solution of the Eq. (??)y is L = B(bx + 1), where B and b are integration

constants, and the density is uniform because of (??)4. Likewise, the solution of the

6We disregard F' = 25 because it is the transform of F' = 3 in r = 1/7.
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Eq. (7?)31is L = Cx+D, where C and D are integration constants. This is consistent
with the equation of state p = p(u) (vielding p = p(t) and A" = 0 because of (??)s)
only if C'= 0.

The initial data may be in conclusion chosen as follows:

L R — (6.3.13)

where fip = f1(0).
These data represent the assignement of a homogeneus and isotropic line-element;

and in particular, for b = 0, the assignement of a spatially euclidean line-element.

Case F=03 (8#0)

We may assume [ = 6 by adapting the scale of the radius. In this case, therefore,
the solution of the Eq. (??)y is L(x) = P(z + J), where P is the Weierstrass elliptic
function with invariants 0 e . The integration constants §, v are determined by the
values of L and L, at the center: P(§) = L(0), v = 4L3(0) — P2(¥).

In addition, if we choose v satisfying Eq.(??)4, in which L is substituted by P(z+4),

and if we calculate 1 by means of (??);, we get the following set of data:

A= . Y ; a=3e¥O0 1 12(PP, + y2) (6.3.14)

Case F = g75/2

There comes from the Eq.(?7?), that the density is uniform.

We shall show below, considering the restricted evolution problem, that the solution
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corrisponding to the choice F = 27°/2 is static. It is therefore useless to specify the

set of the initial data.

Restricted evolution problem
Case F'=0

The unique solution of the restricted evolution problem, corresponding to the above
mentioned data, may be obtained by solving Eq.(?7), as time evolves. We obtain
L = B(t)(bz +1) (also taking into account that p = p(t) gives A" = 0). In accordance
with this solution, we generally obtain the well know Friedmann—Robertson—Walker
model; in particular, if ¢ = 0 (which correspondes to the case of initially euclidean
space-like hypersurface) we obtain the Einstein De Sitter model. The homogeneity
and isotropy of the line-element, and, in particular, the euclidean character of the
spatial metric, hence, are characteristics preserved during the entire evolution of the
system. The function B(t) being still disposable, in this case there are no restrinctions,

as it is well know, on the choice of the state equation.

Case F =3, 0 # 0.

The unique solution determined by the admissible initial data is the Wyman solution
[?]. Indeed evaluating I, G, with the help of Eqs.(??)3 and (?7?), we see that | = const
and G, = const. Next, adequately choosing the scale of r and ¢, we can assume [ = 1
, G(zr)=2/6 , wv=t+a/6. Finally, calculating u(v) with the help of Eq.(?77);
(with ¢; = ¢ = 0), we obtain L = P(v + ¢), where P is the above mentioned

Weierstrass elliptic function with invariants 0, v (the integration constants coinciding
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with the ones of the initial data problem). Thus, we obtain the solution L = P(z+/).
This solution always allows for the existence of a state equation of the type p = p(u)
7).

It is to be pointed up that the equation of the type p = p(u) is subject to a condition
of consistence which can be easily derived as follows. Define a function o(u) through

the following equation:

d
e (6.3.15)
dp  p+p
Next insert the following consequence of the conservation laws:
Uy o 1/3
—— = i u=o0"'"l(z)h(z 6.3.16
e (0)hz) (6316

We can write (?7)5 in the following form:

<“_> _ <“_>2 _ 6u (6.3.17)

u

In view of (??) and for a suitable choice of the integration function I(x)h(x), we

finally obtain the consistency condition:

d? do\?
3aﬁ + (i) = 6o/ (6.3.18)

7 Let us briefly recall that, in order to prove this, it is sufficient to prove that the density, where
L = P, can always be given in the functional form p(r,t) = p(v). This form, in fact, in view of
Eq.(?7?)g, is not only necessary but also sufficient for the existence of an equation of state p = p(u).



222 FEinsteinian gravitational field equations in the case of spherical symmetry

Case F = x7%/2,

In this case the solution is static. In fact, because of Eqs. (??)4 and (?7)5 (with
¢y = c¢3 = 0) we have u = const and G, = 0. Then A e Y do not depend on time.
Also the function v does not depend on time, up to a change of the t-scala, since the
(7?)9 causes v to assume the following form: v = fi(r) + fa(r).

In this case, therefore, a state equation trivially exists.

Resuming these results, we can say:

Proposition 6.3.3 Where considering shear free spherically symmetric fluid distri-
butions in General Relativity in which p = p(u), the only two non static solutions

allowed by the admissible initial data are either FRW or Wyman models.
With regard to this proposition let us make two remarks.

Remark 6.3.4 [t has been proved by Mansour® [?] that, under the assumption of the
Proposition 4., the space times in which there is a comoving space-like hypersurface
x = xy, of zero pressure are either static or FRW models. This result may also be

more coincisely proved by using the method followed till now.

In fact, if we write the Eq.(?7?)s at the boundary z = x; and if we take into account
that p(zp,t) does not depend on time we have either u(t) = const. or o, = I, = 0
at x. In the first case, it follows A =Y =0 = 0 (the latter ¥ = 0 up to a change
of the t-scale, as shown above). In the second case, it follows G, = 0, that is to say

5/2

i = 0. Hence, from (??)4 we obtain either F' = cz~°/* or F' = 0: i.e. necessarly

FRW models, because the former choice of F' given static models.

8 A more transparent proof has been given by Glass [?].
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Remark 6.3.5 The results exposed into this section have been obtained under the
assumption of shear vanishing during the entire evolution of the system. But, on ac-
count of the unicity theorem recalled in the introduction, the same result can be proved
to be wvalid also under the less restrictive assumption of shear vanishing only at an

wnitial time. This may be done in a sense that we are going to precise.

On this purpose, let us assume that the shear vanished initially. Next, let us introduce
on X a set of isotropic coordinates (which is always possible through an internal change
of coordinates). Thus all equations considered for the problem of the initial data are
still valid if we assume (with an additional hypotesis) the validity of the condition
(??7)2 on the “velocity” of the particles. As a consequence, if on ¥ the shear vanishes
and Eq.(?7), is assumed to be valid, the admissible initial data coincide with those
already considered in the case of shear vanishing during the entire evolution. Hence,
because of the unicity theorem, also the solutions of the restricted evolution problem
must coincide with those already considered.

Finally, taking into account that the Eq. (??), is identically satisfied in the case of

uniform density (A = F = 0), we conclude:

Proposition 6.3.6 During the entire evolution of a spherically symmetric system in
which p = p(u), the shear vanishes if and only if at an initial time the shear vanishes
and the “velocity” of the particles satisfy the condition (?7)y. In particular, this

condition can be omitted in the case of initially uniform density.

Let us conclude with an application of such proposition to the cosmological context.

We have shown that only two dynamical models are consistent with the assumption
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of zero shear: i.e. the FRW and Wyman ones. But the latter seems to be unreal-
istic since it is possible to check, by direct inspection, that it is consistent with the
equations of state generally considered in cosmology: p = yu(y-law) and p = ku"
(politropic law) only if v = —1/6 or kK = 0. In the first case, we obtain p < 0,
which seems must be excluded for physical reasons. In the second case, we obtain
p = pu = const, which gives static models °.

These considerations and propositions ?? and 7?7 allows us to say:

Proposition 6.3.7 With regard to centrally symmetric systems in which p = p(u) it
18 sufficient to assume the validity of the Hubble’s law at an initial time to ensure the

validity of the law, and the uniformity of the density, during the entire evolution.

6.3.3 Zero shear consequences in the case of state equation
p = 0.
Initial data problem.

From the first conservation equation and p = 0 we have: N =0.
The Eq. (77)s then gives either F' =0 or A = 0. The initial data, consequently, have

to be choosen in the following way (see also the case F' = 0 of the precedent section).

Case F'=0.

N S A= (6.3.19)
~Boarn | M 3.

N S
- Bbz+1)

<

9Concerning the unrealistic character of the Wyman models see also [?]
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Case A = 0.
We are showing below, dealing with the restricted evolution problem, that in this

case the solution is static.

Restricted evolution problem.

The solutions uniquely determined by the admissible initial data way be easily spec-
ified as follows.
Case F' = 0.

Analogously to the case F' = 0 considered in the precedent section, the FRW
solution is the only admissible one as time evolves.
Case A = 0. The first conservation equation gives v = 0. Hence, as above, the
solution is static.
With this in mind, a reasoning similar to that made at the hand of the precedent
section enables us to state the following other proposition (recalling also that, in this

case, the density is uniform):

Proposition 6.3.8 During the entire evolution of centrally symmetric dust, the Hub-

ble’s law 1s valid if and only if it is valid at an initial time.
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6.4 Physical aspects of the reference frames in har-

monic coordinates

6.4.1 Relative expressions of the harmonicity conditions

This section is devoted to relatively express the first condition of harmonicity (77).

To this aim, we consider the following decomposition of Ag
Ap = Div(m @) — Div (010 7) . (6.4.1)

Using the natural projections of the covariant derivative of time-like and space-like

tensor fields, (??) can be written as:
~ o~ 1~.
Ap=Ap+C'0; ¢ — [(74)2 0i o+ (84 + 5KZ> 740, go] (6.4.2)

where the spatial laplacian operator A* is constructed with the use of the spatial
metric tensor 7,4 and of the transverse partial derivative.
To express relatively the second condition of harmonicity (?7), we have to take

into account the natural projections of Christoffel symbols, explicitly computed in

[7):

07 (7 T 1 i 171
Ty, = gulF = —g¥ (ij,h) = =TI} + Ch + 5% (Qi — 2047t — Ki> : (6.4.3)
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where we have set

Bo=m o G=nfa(2)+3(2)]
4

V4

In other words, the condition of harmonicity is equivalent to:

~;kl = Ch )
(6.4.4)

3474 = %@vﬁ_f?f) .

The operators A and A* are coincident in the statical case if and only if C* = 0.
The same operators never can coincide in dynamical cases because v* is different
from zero. In order to compare solutions of these two operators, let us introduce the

following definition.

Definition 6.4.1 A system of coordinates is called spatially harmonic if it is “har-

monic” in accordance either with the following equations
A*z® =0

or with the following other

[ =0,

An harmonic system of reference, as it is evident, is also spatially harmonic if

the curvature vanishes. On the contrary, considered a spatially harmonic frame of
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reference, the question arises whether this reference system may be harmonic also in
the usual sense of Egs. (??), (??). To this aim, we note that in this case Eq. (?7); is
satisfied if and only if the curvature vanishes. Hence, being geodesic the congruence
of reference, it is always possible to arrange v* such that 9,4* = 0, by using internal
Gaussian coordinates. Consequently, Eq. (77), is satisfied if and only if }?Z’ = @;

Collecting all these results, we can conclude:

i. A frame of reference, that is harmonic and geodesic, is also spatially harmonic.

%

ii. A frame of reference, that is spatially harmonic, geodesic and such that K b=

7

is also entirely harmonic.

The importance of these considerations lies in the possibility to control the global
harmonic character of a metric only by analyzing the spatially harmonic character of

its space-like sections, in the case where the curvature and expansion vanish.

6.4.2 Harmonicity conditions and the initial data problem

In this section we want to formulate the Cauchy problem for a perfect fluid with state

equation p = p(p) and p = 0 (dust case).

Case p = p(u)

Let’s consider a perfect fluid with one parameter state equation p = p(u). Fist of all,

let’s recall that all the general projection of the Einstein Equations for the evolution
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of a perfect fluid can be written as [?, ?:

Sap = PZE (Rozp) ) <:;4h = O> )
Sa=0; (6.4.5)

§+I:—2,u;

where R,, is the Ricci tensor,
1~ ~ o _ _
Sa=7 [va K-V, (Kf + Qaﬁ)] + P ; (6.4.6)

and the scalar invariants R and T have respectively the expressions

=7 [—55 {;;;} +9, {5/2/} - {/O;\’;} {/ﬁv”a} N {/ﬁi/} {”p;;}] | (6.4.7)

1 ~ \2 ~ o~ ~  ~
T=1 {(K;) — K"K, + 3% “”Qap} : (6.4.8)

In a recent paper [?] it has been proved that the four equations deduced from

Pso (Ghr) = — Pse (Thy)

P@E (Ghr) = _PGE (Thr) (649)

Poo (Ghy) = —Poo (Th)
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and calculated on C, that is the equations

(5a). = {% [vaKg—% (f(g+ Q’g)} +Oﬂ§ﬂa}c —0 (0,5 =1,2,3)

(6.4.10)
solve initial conditions problem. More precisely they assign the Cauchy data on the
reference configuration C.

So, once assigned on a given hypersurface > an unitary controvariant vector field ~

and three symmetric tensor fields v;;, K;, satisfying the equations of the initial data

problem plus the equations of the relative conditions of harmonicity, we can write:
( = 1 ~ ~ ~ ~ o~
2 [VZ (3017") = V3 (Kg + Qg)} + 90, =0

,yaﬁﬁ(;kﬁ +le [(%84’)/4)2 _ [A{'aﬂf{/aﬁ + 3@045@&6} = —2#
(6.4.11)

I =G,

L duy* — %(@2 - —i%f) =0

A well known theorem of Bruhat (see [?, ?]) affirms that the conditions of harmonic-
ity, if initially satisfied on ¥, then are satisfied also in all the neighbourhood of X
where exists and is unique (see [?]) the solution of the restricted evolution problem.
Consequently, under the assumption of comoving reference system, Eqs. (?7) can

be regarded as the explicit constraints on the geometrical objects characterizing the
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first order differential properties of stream lines, which, if initially satisfied, ensure

the harmonicity of the motions during the entire evolution.

Dust p=0

Using gaussian coordinates we easily see that the reference congruence (i.e. the con-
gruence of the stream lines) is geodesic [?]. The initial data are hence to be chosen

satisfying the following equations:

(

vy (Kgﬁ'zg) —0

yoB P 41 [—f{aﬂf(aﬁ +30%90,] = —2u (6.4.12)

Ch=Qi— K/ =0
6.4.3 Harmonic frame of reference for spherical symmetry

In a spherically symmetric background, a set of polar coordinates (r, v, ¢, t) may be
considered as a natural set of coordinates. Hence, the spherically symmetric line—

element can be written as
ds? = Y?(r,t)d0? + e gr? — 200 g2 (6.4.13)

where, as usual, d2? = df? + sin? 0 dy?.
In this scenario, the conditions of harmonicity, where directly imposed on polar coor-

dinates, cause anisotropic relations [?, ?]. Hence, in the centrally symmetric case, we
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have to differently deal with the conditions of harmonicity. To this aim, according to

the polar transformation of coordinates:

z! = rsinfd cosy; 2% = rsind sing; 2% = 1 cosb; ot =t (6.4.14)

we can give the following definition:

Definition 6.4.2 A set of polar coordinates is called polar harmonic if they are the

polar transformation of harmonic coordinates.

Hence, we can verify if a physical frame of reference R admits or not harmonic

coordinates by checking if R admits or not polar harmonic coordinates!®.

In order
to write the conditions of polar harmonicity one might direcly use Eqgs. (?7?). It is
convenient, however, to follow a different method in order to obtain several useful
relations. In particular, we will find the most general change of coordinates enabling

one to pass from polar coordinates to polar harmonic coordinates. Let us insert into

Egs. (??) the most general change of coordinates adapted to spherical symmetry:

r' = fi(r,t); t'= fo(r,t);

next let us insert the (?7), thus transformed, into (?7). A straightforward calculation

gives:
Oy (eWNY2f]) — 263 — 9, (e(’\*”)Y2f11> =0,
(6.4.15)

O (VY2 f) = 0, (€402 f5) =0,

10We note that the polar transformation is internal to a given system of reference.
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In particular, if f; and f; are not dependent the former of ¢ and the latter of r (i.e.

changes internal to a given frame of reference) we obtain:

0, (e(“*)‘)YQf{) —2eMV) £ =0
(6.4.16)

) (ewyz j}) —0

Lastly, for » = 7" and ¢t =t (i.e. considering directly polar harmonic coordinates) we

obtain:
0, (e(”*k)Yz) —2rev) =0

(6.4.17)
8t (6()\7”)}/2) =0

Eqgs. (7?), (??), (?7?) are respectively: the condition which a transformation of polar
coordinates has to satisfy to determine a set of polar harmonic coordinates; the con-
dition which a transformation of polar coordinates, internal to a spherical frame of
reference, has to satisfy to determine a set of polar harmonic coordinates; the direct
condition which the coefficients of an harmonic line—element have to verify.

The previous observations lead to prove the following:

Proposition 6.4.3 More than a single system of reference, but not the totality of

systems, admits polar harmonic coordinates.

PrROOF — The first part of the assertion is obtained by observing that the linear
differential Eqs. (??) always admit solutions. Instead, since the coefficients in Egs.
(??) in general depend both on r and ¢, do not always admit solutions for which f;

depends only on r and f; depends only on t.
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6.4.4 Exact solutions in harmonic coordinates: some integra-

tion examples

The methods that we have above discussed are not only useful in order to clarify the
geometrical and physical meaning of the harmonic frames of reference, but also to
more easily look for possible exact solutions in harmonic coordinates. We will analyze

hereafter some simple examples.

First of all, let us consider static universes generated by an insular mass or by
a mass distributed on a sphere of radius 7. The unknown quantities A, Y, v, must
satisfy the conditions of polar harmonicity and Einstein field equations. In particular,

if we accept the Fock’s heuristical assumption A = —v we obtain the following system:

11

e?Y?2 =7+
Y (1= Y22 = o (6.4.18)

Y"=0

\

where ¢; and cy are integration constants. The constant ¢, does not depend on the
choice of the radial coordinate, so it can be computed by using intrinsic radius and
assuming the usual asyntotic condition ¢” = 1 — 2. Hence, we obtain ¢; = 2a, with
a = 7- (where M is the central mass).

Moreover, from Eq. (?7?)3 it follows Y = hr + k. Therefore, the further unknown v,

HSystem (??) is obtained by considering (??), the suitable projection of Einstein’s field equations
in spherical symmetry (see [?]) and the harmonicity conditions.
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have to satisfy the following system:

e (hr+ k)’ =r*4¢
(6.4.19)

(1 — h%e®) (hr + k) = 2a

Such equations are algebraic in e”. Their condition of consistence causes the constants

c1, h, k, and the functions e, to assume the following values:

¢ = —a?, h=1, k= a,
and
ev:r—a.
r+a

So we have easily obtained the classical external Schwarzschild solution. This solution
was already written by Fock and several authors (e.g. [?, ?]) with different methods
consisting essentially in a change of the radius, and by Graif with the hamiltonian

formalism [?].

Let us consider the De Sitter’s universe. Its line-element in a comoving frame of

reference takes the form:

dr?

ds? = — 2
T 1 IRe

1
+ r2dQ* — <1 - §Rﬂ) dt? (6.4.20)

where R is a constant.The associated frame of reference can be considered static and
harmonic since in a static system it is always possible to choose harmonic coordinates

(see Egs. (?7)). Hence through a suitable change of coordinates, the De Sitter line-
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element can be written as (see e.g. [?]):

4
t
ds® = (—) (dr® + r?dQ* — dt?) (6.4.21)

a

where a is a constant. This new line-element can be interpreted as the De Sitter’s
universe referred to a dynamical, but no longer comoving frame of reference. It
can be also interpreted, remaining in the class of comoving frames of reference, as
a dynamical evolution corresponding to a certain “dynamical” choice of the initial
data.
Now, we want to prove that such motions are harmonic (in the sense that the comoving
systems of reference are harmonic). In fact, the transformation from the coordinates
of the metric (??7) to harmonic coordinates has to satisfy the following equations (see
(27)):

0, (r*fi) =2fi

(6.4.22)

O (%fz) =0
The first equation is satisfied by: f; = r. The second equation admits the following
solution: fy = % + k; with h; and k; constants. The metric of De Sitter can be thus
given the following form:

4/3
_w”

ds? 1
a

_ 1 _
' — k)3 |dr? + 12d0% — §h§/3 ' — ky) " ar”® (6.4.23)

The above is the unique line-element generated by the following harmonic choice of
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the initial data:?

_ _ 2/3
A — A(0) h1a_22/3 (kl)_2/3; Vv — Y(r, 0) _ h(12 ’ (k1>—2/3;
e’ =0 = 1l (j)) 72, (r) = A(r,0) = 2 (k)" (6.4.24)

Finally we consider the Einstein-De Sitter universe in order to deal with a direct
dynamical example, too. By means of a comoving system of reference, this metric

takes the form (see e.g. [?]):
b 2
ds* = (Z) (dr* + r?dQ* — dt?) (6.4.25)

where b is a constant. Eq. (?7); also in this case is satisfied by f; = r. Eq. (?7)2
is satisfied by: fo = hot® + ko where hy and ko are constants. Hence, we obtain the
following harmonic expression of the Einstein-De Sitter universe:

b2h2®
(t/ _ k2)2/3

ds? = dr® + r2dQ? — (' — ko)~ ™ (6.4.26)

9n?

which represents in a comoving frame of reference, the unique solution correspondent

12See e.g. [?, ?] for a complete treatment about the initial data problem and hence the functions
introduced in (?7?).
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to the following harmonic initial data:

A= —bhy )Y = b () e = =L (k)
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