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ABSTRACT

The search for exoplanets is one of the most exciting challenges. From the

first exoplanets discovered around the pulsar PSR B1 257+12 back in 1992 until

today there are over 5200 exoplanets discovered. And the number will continue

to rise in the coming years with the advent of the latest generation telescopes.

There are various techniques for finding exoplanets such as transit, radial

velocity, pulsar timing, direct imaging etc. But among these, gravitational

microlensing is one of the most fascinating. Gravitational microlensing is

a particular technique to detect exoplanets otherwise unavailable with other

techniques such as transits or radial velocity. We have a microlensing event

when the light from a distant source is deflected by a lens passing through

the source and the observer. The result, in the simplest case, is a bell-shaped

peak in the light curve. Planets can be detected studying the anomalies in the

lightcurve (additional peaks or dips, longer distortions, etc.). But microlensing

is not important only for exoplanets. The fact that with this technique it is

possible to reach distances of the order of the galactic center allows us to

discover objects ranging from the disk to the bulge allowing us to have a much

more complete overview of the study of the stellar populations of our galaxy.

And in particular with the study of binary systems we can detect faint objects

that are impossible to reveal with other techniques, such as brown dwarfs,

mysterious objects of which little is known yet and which are presumed to
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populate our galaxy in great abundance. Microlensing is undoubtedly the

best method to discover these objects, since having extremely low luminosities

they are difficult to see with telescopes except when they play the role of

lens. Moreover, in some cases the orbital motions of the system can also be

detected, allowing us to study their dynamics in more detail. The typology of

microlensing events is enormous and in this thesis we will analyze some of the

cases that can occur. In the first part we focus on the fundamental concepts of

microlensing theory for the exoplanets search. The second part is dedicated to

the modeling of microlensing events, which is based on the VBBinaryLensing

code. In the third part we analyze some microlensing events, each with certain

characteristics, to highlight how vast the case history of these events is. Finally

there will be the conclusions where the results achieved and future prospects

are discussed.
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CHAPTER 1

AN INTRODUCTION TO

MICROLENSING

1.1 Gravitational microlensing: a brief history

Even before the formulation of the theory of relativity, the concept of

curvature of light was in vogue. Newton himself in 1704 assumed that light

was deflected in the presence of a gravitational field. In 1801 Soldner tried to

calculate the deflection of light with the Newtonian mechanics, obtaining half

the relativistic result. We have to wait until 1915 when Einstein, thanks to the

theory of general relativity he elaborated, calculated the angle of deflection.The

theory of relativity was then confirmed by Dyson and Eddington in 1919 when,

during a solar eclipse which took place in South Africa, they managed to

measure the angle of deflection caused by the Sun against a star which was

behind it. This theory was applied to the study of distant galaxies: in 1937

Zwicky assumed that galaxies can be gravitational lenses that can act on other

more distant galaxies: in this way it was possible to obtain distance and mass

of the lens. The first proof of this assumption occurred in 1979 when Walsh,

Carswell and Weymann found the first gravitational lens in doubly imaged
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1. AN INTRODUCTION TO MICROLENSING

quasar (see Figure 1.1).

The origin of the term microlensing derives from the description of those

Figure 1.1: Image of the lensed quasar 0957 +561. The Twin Quasar, as

renamed later, was the first proof of gravitational lensing applied to distant

galaxies. The lens is the galaxy YGKOW G1 with a distance of 4 billion

light-years from Earth. The quasar is distant 9 billion light-years. Credit

image: ESA/Hubble & NASA

gravitational lensing phenomena where it was not possible to distinguish the

images distinctly. What was observed was only a variation in the total flux.

In 1986 Paczynski proposed the existence of compact objects made by dark

matter surrounding the Milky Way would lead to microlensing of the stars

in the Magellanic Cloud [1]. The observation of these objects would have

shown that the existence of the massive astrophysical compact halo objects
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1. AN INTRODUCTION TO MICROLENSING

(MACHOs), which also includes stellar remnants and brown dwarfs, was in

too small quantities to account for the motion of stars in orbit within galaxies.

The results confirmed this hypothesis ([2], [3], [4]). In 1991 Mao and Paczynski

[5] demonstrated that with microlensing it was possible to detect the binary

companions of stars and the following year Gould and Loeb demonstrated that

exoplanets could also be detected with this technique [6].

Up to now more than 150 exoplanets have been detected with the microlensing,

which is very sensitive to planets beyond the snow line, i. e. the location in

the protoplanetary disk where the disk midplane temperature is below the

sublimation temperature of water [7].

1.2 The basics of gravitational microlensing

A gravitational microlensing event appears when the light of a distant

star (called source) is perturbed by the gravitational field of a foreground star

(called lens), when it is between the source and the observer (see Figure 1.2.

According to General Relativity the angle of deflection is:

Figure 1.2: Picture of a gravitational microlensing event with a distant source

(the star) whose signal directed to an observer (the Earth) is amplified by a

lens. Credit image: Enciclpaedia Britannica, Inc

9



1. AN INTRODUCTION TO MICROLENSING

α̂ =
4GM

c2r0
(1.1)

where G is the gravitational constant, c is the speed of light and r0 is the

closest approach distance. The result is the creation of multiple images that

we are not able to distinguish; what we observe is an increase in the flux of

the source. The planetary companion can be detected if there are additional

perturbation to the source flux.

Let us analyze this phenomenon in more detail. Consider a lens of mass M

located at a distance DL from an observer O and a distant DS source. When

the lens passes between the source and the observer there is the creation of

two images that change their brightness and positions as the source moves.

If source, lens and observer are perfectly aligned there is the formation of a

circular ring called Einstein Ring, whose angular radius is [7]:

θE =

√

4GM

c2
(DS −DL)

DSDL

(1.2)

The (1.2) can be rewritten as θE = (κMπrel), where κ = 4G/(c2au) =

8.144masM−1
⊙ and πrel = au/DL−au/DS is the relative source-lens parallax.

Assuming DL/DS = 0.5 and a lens mass of ML = 0.5M⊙ we have for a

source located in the Bulge θE ≃ 0.691mas, while for a source in the Large

Magellanic Cloud θE ≃ 0.285mas [8].

We can describe this scenario geometrically considering the configuration

shown in Figure 1.3: the light of a source is deflected by an angle α̂ (defined

in Eq. (1.1)) and the image is formed in the angular position θ.

The real angular position of the source is β and we call α = θ − β,

where α is the angle between the source position and the image position.

So given a deflection angle α̂ and the position of source and image we can

relate these three quantities in the following way (considering the small-angle

approximation):

DS β = DS θ −DLS α̂ (1.3)
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1. AN INTRODUCTION TO MICROLENSING

Figure 1.3: Geometric configuration of a gravitational lensing event with a

point-lens. Credit image: Principles of Gravitational Lensing, Keeton, [9]

where DLS = DS − DL. Defining α(θ) = DLSα̂(DLθ)/DS we obtain the lens

equation:

β = θ − α(θ) (1.4)

Assuming the simplest case of a point-mass lens, the Eq. (1.4) becomes:

β = θ − DLS

DSDL

4GM

c2θ
= θ − θ2E

θ
(1.5)

These equation has two solutions [1], θ± = (β ±
√

β2 + 4θ2E)/2. From this

we know that the positive solutions θ+ is always located at the same side of

the source outside the Einstein ring, while θ− always stays at the opposite

side, inside the Einstein ring. Their angular separation is ∆θ = θ+ − θ− =
√

β2 + 4θ2E ≥ 2θE. Increasing the apparent lens-source separation we get that

the smaller image reduces its dimensions as it approaches the lens until it

disappears completely, while the larger image approaches the source until it

coincides exactly with it (see Figure 1.4). We can normalize all the angular

quantities by θE and defining u = β/θE and y = θ/θE obtaining:
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1. AN INTRODUCTION TO MICROLENSING

Figure 1.4: Geometric configuration of a single lens event. The black circle

is the Einstein ring. Considering a frame in which the lens is fixed at the

center of the plot with a black dot, the source trajectory is represented in five

different configuration. Credit image: Microlensing Searches for Exoplanets,

Tsapras, [10]

u = y − y−1 (1.6)

1.2.1 Magnification

Since there are no processes of emission or absorption of photons during

a microlensing event, the surface brightness is conserved [10]. In fact, if we

consider an isotropic source and take an infinitesimal element dAS the light ray

coming from it will end up on the infinitesimal element of the image dAI (i.e.

the one observed by telescopes). The lensing effect is to modify the width of the

12



1. AN INTRODUCTION TO MICROLENSING

element which will therefore be distorted, thus modifying the subtended solid

angle. We can define the total flux as the product of the surface brightness with

the area covered in the sky (both for images and source). The magnification

is defined as the surface area ratio between the image and the source:

A± =
∣

∣

∣

θ±dθ±
βdβ

∣

∣

∣
(1.7)

Using the normalized coordinates we get the magnification of each images:

A± =
u2 + 2

2u
√
u2 + 4

± 1

2
(1.8)

The total magnification is given by the sum of the individual magnification:

A = A+ + A− =
u2 + 2

2u
√
u2 + 4

(1.9)

In the most general case, since the lens equation acts as a mapping between

the source plane and the lens plane we can express the magnification as a

function of the determinant of the Jacobian defined as:

J = det
∂~β

∂~θ
(1.10)

Where the angles are expressed in the vectorial notation give that a general

lens may not necessarily have axial symmetry.

Since observer, lens and source are in relative motion, their position changes

over time and consequently the angular separation will also be a function of

time. In a first approximation if the timescale of the event is small and the

accelerations are negligible we can assume the trajectory of the source relative

to the lens rectilinear:

u(t) =

√

u2
0 +

(t− t0
tE

)2
(1.11)

where u0 is the minimum impact parameter (or closest alignment) where the

magnification reaches the maximum value (see Figure 1.5). t0 is the time

13



1. AN INTRODUCTION TO MICROLENSING

when u = u0 and tE is called Einstein time and represents the timescale of

the event. The last parameter contains the physical information of the event

and it is related to the Einstein angle, since it is tE = θE/µLS, with µLS

relative proper motion between lens and source. The typical timescales of a

microlensing event toward the Galactic Bulge is of order a month [7]:

tE ≃ 24.8 days
( M

0.5M⊙

)1/2( πrel

125µas

)1/2( µrel

10.5mas year−1

)−1

(1.12)

Figure 1.5: Magnification as a function of time for different values of u0. The

lower the value of u0 the higher the peak will be. Credit image: Microlensing

Surveys for Exoplanets, Gaudi, [7]
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1. AN INTRODUCTION TO MICROLENSING

1.2.2 Paczynski’s curve

In the case of a single lens, the microlensing event can be described as in

Figure 1.5. This type of symmetric and achromatic bell-shaped curve is called

Paczynski’s curve and the total flux F (t) consists of two contributions:

F (t) = F∗A(t) + FB = F∗
u(t)2 + 2

u(t)
√

u(t)2 + 4
+ FB (1.13)

where F∗ is the unlensed source flux and FB is the blend flux and contains

all the fluxes not affected by microlensing. It can be the flux of a background

star or, in same cases, the lens itself. It does not change the shape and the

timescale of the lightcurve but it only acts by raising or lowering the altitude

of the peak. With five parameters (F∗, FB, u0, t0, tE) we can fit this kind

of events. tE is the only parameter that contains physical information about

the lens. The Einstein time give us the timescale of the event and can vary

the width of the lightcurve. In Eq. (1.13) we can find the height of the peak

putting t = t0

F (t0) =
u2
0 + 2

u0

√

u2
0 + 4

F∗ + FB (1.14)

and subtracting the baseline flux (F∗ + FB) we obtain a degenerate value

depending only on F∗ and u0. The latter, describing the minimum distance

between lens and source, acts on the shape of the light curve.

1.2.3 Optical Depth and Event Rate

We know that a microlensing event appears when there is a precise

alignment between observer, lens and source. But unfortunately this cannot

be predictable and it is very rare. What can be done is to define quantities

that allow us to quantify the probability that a microlensing event will occur.

The first is the optical depth that gives us the probability that a star is inside

the Einstein ring of a lens at a given time, star which will therefore be lensed.

In order to have a microlensing event the impact parameter must be smaller

15



1. AN INTRODUCTION TO MICROLENSING

than θE. If we have u0 = 1 then A = 1.34. Given a source at distance DS and

a lens with mass M at distance DL we consider the microlensing tube that is

the rotation solid obtained by the Einstein radius, as a function of DL. We

need to consider also all the potential lenses lying along the line of sight. In

conclusion the optical depth is the integral over the number density of lenses

multiplied by the area enclosed by their Einstein rings [10]:

τ =

∫ DS

0

4πGρ(DL)

c2
DLDLS

DS

dDL (1.15)

with ρ(DL) =
∫∞

0
dm(dnL/dmd3x)m the average mass density of lenses at

DL and (dnL/dm) the mass distribution of lenses. For observations toward

the Galactic bulge we have τ ≃ 10−6 while for observations toward the Large

Magellanic Cloud τ ≃ 5 · 10−7 [11].

More interesting is the microlensing event rate Γ that provides the rate at

which a distant source undergoes a microlensing event due to a foreground

lenses. The microlensing event happens if in the time interval dt the source

lies in the fraction of the sky covered by the solid angle of width 2θE and length

µreldt. Assuming tE as the timescale then:

Γdt =
2dt

πtE

∫ DS

0

n(DL)D2
Lπθ

2dDL =
2τ

πtE
(1.16)

Assuming a timescale in the bulge of tE ≈ 20 − 30 d the event rate is about

Γ ≈ τ/10−1 yr−1

1.2.4 Finite source effects

Stars are not point like sources but they have finite size that can be

quantified by the parameter ρ∗ defined as:

ρ∗ =
θ∗
θE

(1.17)

where θ∗ = R∗/DS is the angular radius of the star and R∗ its physical radius.

This parameter is relevant when the source passes near or across the caustic,
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1. AN INTRODUCTION TO MICROLENSING

otherwise the source can be considered a point like star. The finite source

effect comes into play in amplification in the following way (see Fig. 1.6 ([12]):

Figure 1.6: Lightcurve computation with finite source effect ρ∗ = 0.1 (in blue)

and without (in red). Credit image: Introduction to Gravitational Lensing,

Meneghetti, [9]

A(y) =
1

F∗

∫ 2π

0

dφ

∫ ρ∗

0

dρρI(ρR̂E)µ(
√

y2 + ρ2 − 2yρcosφ) (1.18)

where I(r) is the surface brightness, R̂E = θE/(D−1
L −D−1

S ) is the projected

Einstein radius in the observer plane and µ the point source magnification. The

total flux of the source is F∗ =
∫ 2π

0
dφ

∫ ρ∗
0

dρρI(ρR̂E).At the peak A(y = 0) =
√

1 + 4/ρ2∗. This is made for a uniform surface brightness but in reality limb

darkening is present. In order to include it we have to rewrite the brightness

profile in the following way:

I(Ψ) = I(0)
[

1−
∞
∑

n=1

cn(1− cosnΨ)
]

(1.19)

where Ψ = θ∗/θE and cn are the limb darkening coefficients. In some cases

microlensing could be an important technique to study stellar atmospheres.

17



1. AN INTRODUCTION TO MICROLENSING

1.3 The binary lens

Our Galaxy is rich of binary stars or multiple stellar systems [13]. Then

it may happen to detect a microlensing event where the lens is binary (or also

multiple). In some cases the mass of the second lens is very small compared

to the first and most likely we are observing an exoplanet orbiting the host

star. In order to study this case we implement the lens equation for a multiple

lens system and we focus later on the binary lens. As made for the single

lens, we introduce the dimensionless vectorial notation for the source position

~u = ~β/θE and the image positions ~y = ~θ/θE. We also introduce the mass ratio

ǫi = mi/M between the lens i and the total lens mass and ym,i that is the

position of the lens mass i [7]. In this way the lens equation becomes:

~u = ~y −
∑

i

ǫi
~y − ~ym,i

|~y − ~ym,i|2
(1.20)

Following the work of Witt [14] we define the complex notation in order to

describe source and lens positions. Changing ~u → ζ = u1 + iu2 and ~y → z =

y1 + iy2 the Eq. (1.20) can be rewritten:

ζ = z −
∑

i

ǫi
1

z̄ − z̄m,i

(1.21)

If we take the complex conjugate of Eq. (1.21) we have an expression for

z̄ that we can substitute in the previous equation in order to get a complex

polynomial of order n2 + 1 where n is the total lens number. For the binary

lens we have 5 roots. But not always all the solutions give the physical image

position. Indeed, depending on the source position with respect to the lens

positions we can have some spurious solutions.

Using the complex notation we can calculate the determinant of the

Jacobian:

det J = 1− ∂ζ

∂z̄

∂ζ̄

∂z̄
(1.22)

18



1. AN INTRODUCTION TO MICROLENSING

where ∂ζ/∂z̄ =
∑

i ǫi/(z̄ − z̄m,i)
2. Evaluating the inverse of Eq. (1.22) we

obtain the magnification of every image. The total magnification is given by

the sum of the contributions of all the images. The image positions where

det J = 0 provide the critical curves. We can find them by the condition:

∣

∣

∣

∑

i

ǫi
1

(z̄ − z̄m,i)2

∣

∣

∣

2

= 1 (1.23)

Eq. (1.23) is equivalent to the condition
∑

i ǫi
1

(z̄−z̄m,i)2
= eiφ where φ ranges

from 0 to 2π. If we put the solutions of Eq. (1.23) in the lens equation we

find the source positions where det J = 0. This set defines the caustic curves,

that is, the curves where the magnification diverges. They are characterized

by folds (concave segments) and cusps (points where the folds meet). As the

source approaches these regions the magnification begins to grow. As we will

see later, the magnification does not diverge at these points since the sources,

even if very distant, have a finite size.

Let us reconsider the Eq. (1.21) with i = 2 (i. e. the binary lens). We

have:

ζ = z +
ǫ1

z̄m,1 − z̄
+

ǫ2
z̄m,2 − z̄

(1.24)

Our interest is to find the image location in the lens plane. In order to get this

we invert the equation obtaining a fifth-order polynomial in z. In this case the

roots cannot be obtained analytically but only numerically. As said before,

depending on the source position with respect to the lenses we can have two

spurious solutions. This means that three or five images will form.

Based on the lenses configuration we can have three topologies. The shape

and the size of the caustics is determined by two parameters: the mass

ratio between the two lenses q = m1/m2 and their instantaneous projected

separation in units of θE, s = |zm,1 − zm,2|. Based on the values of s and

q, three different configurations of the caustics can be obtained: the close

configuration with the formation of three caustics: one central and two smaller

symmetrical ones located on both sides of the binary axis. For s ≃ 1 we
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have the intermediate configuration where there is only one six-cusped central

caustic. Finally there is the wide configuration with a central caustic and a

secondary positioned along the binary axis. Introducing the parameter α that

is the angle between the source trajectory and the planet-host axis, we can

thus express the source position in the lens plane in the following way:

y1 = u0sin(α)− t− t0
tE

cos(θ)

y2 = −u0cos(α)− t− t0
tE

sin(α)
(1.25)

Figure 1.7: Boundaries between the three different topologies of caustics in

the binary lens in the parameter space (s, q). Also shown are three examples:

the close configuration is obtained with s = 0.75, the intermediate with s = 1,

the wide with s = 1.5. For all the cases q = 10−2. Credit image: Microlensing

Searches for Exoplanets, Tsapras, [10]

1.3.1 Binary lens: planetary configuration

When we have an exoplanet orbiting its host star, the mass ratio q with

the primary lens is very small. Therefore, we generally refer to this limit

as planetary configuration. The lightcurve is modulated principally by the

host star while the planet generates perturbations (see Figure 1.8). These
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perturbations can be produced only if the source crosses the regions inside

or in proximity of the caustics. Far from these regions exoplanet detection

becomes very unlikely. Similar to the case of the binary lens, also for the

planetary case we can have three caustics configurations: considering q << 1

the boundaries between these configurations are [15]:

- Close configuration: s < sc ≃ 1− 3q1/3/4

- Wide configuration: s > sw ≃ 1 + 3q1/3/2

- Intermediate configuration: sc < s < sw

As we will see later the lightcurve is invariant under the transformation

s→ s−1 thanks to the symmetry of the lens equation and in the limit of small

q it is very difficult to distinguish between the two cases.

1.4 High order effects

1.4.1 Parallax

The assumption that the proper motion between lens and source is

uniform is not strictly correct. The trajectory can be affected by the parallax

effect. This phenomenon consists in a distortion of the lightcurve (see Figure

1.9) and arises from the accelerated motion of the Earth around the Sun [16].

Including the parallax effect the total transverse velocity ~v⊥ must be modified:

~v⊥ = ~vL,⊥ −
DL

DS

~vS,⊥ −
DLS

DS

(~vO,⊥ + AU~ǫ′(t)) (1.26)

In the previous equation ~vL,⊥, ~vS,⊥, ~vO,⊥ are the transverse velocities of

lens, source and observer respectively. ~ǫ′(t) represents the first derivative with

respect to time of the vector ~ǫ = (cos ω(t+φ), sin β sinω(t+φ)) where β is the

ecliptic latitude and φ is the phase which establishes the position of the Earth
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Figure 1.8: Schematization of three different planetary microlensing events:

on the top (a,b,c) a wide configuration, with s = 1.3 and q = 0.003 where the

source trajectory crosses the planetary caustic. In the middle we have (d,e,f)

a resonant configuration with s = 1.0 and q = 0.003. In the bottom (g,h,i)

another wide configuration where the source crosses the central caustic (also

in this case s = 1.3 and q = 0.003) Credit image: Microlensing Surveys for

Exoplanets, Gaudi, [7]

along its orbit. So both these angles are known. In these way the position of

the source becomes:

~y = ~u0 +
~v0⊥
RE

(t− t0)−
AU

R̃E

~ǫ′(t) (1.27)

It can be described by the parallax vector πE with its two components

along the East and North directions, πE,E and πE,N [17]. In addition to

these two components, the parallax vector can be expressed in the components

parallel to the projected direction of the Sun (πE,‖) and the one perpendicular
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Figure 1.9: Lightcurve of a microlensing event with parallax effect. The dashed

curve represents the static configuration while the fitted curve includes the

parallax. Credit image: Rhavar, 2015, [8]

to it (πE,⊥), which enter the equation of the lens, at the third and fourth

order respectively. Its effect is particularly strong when the time scale of the

microlensing event is comparable to the orbital period of the Earth, while the

parallel component to the direction of the Sun leads to an asymmetry of the

lightcurve, the other component induces a symmetric distortion.

Parallax can be related to the Einstein angle:

πE =
πL − πS

θE
=

θE
κM

(1.28)

where πL is the lens parallax and πS is the source parallax. The parallax is

very important because if we can measure both πE and θE we can obtain the

mass and the distance of the lens:

DL =
AU

πEθE + πS

(1.29)

The parallax effect can be obtained also in other ways. For example with two

observers, and one of them is an orbiting satellite (but also with two different

observatories, in this case we have the geocentric parallax). They observe the

event simultaneously but since their point of view is not the same they will

have a different u0 and t0 (see Figure 1.10) . In this case the parallax vector

is defined as:
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πE =
AU

D⊥

(∆τ,∆β) (1.30)

where D⊥ is the separation projected in the sky between the two observers,

while ∆τ = (t0,sat − t0,Earth)/tE and ∆β = u0,sat − u0,Earth. With the satellite

parallax a fourfold degeneracy arises as we will see later.

Figure 1.10: Lightcurve of a microlensing event detected by satellite (Spitzer)

and Earth telescope (OGLE): the two lightcurve are different since u0 and t0

are not the same. The difference yields the parallax vector πE. Credit image:

Yee et al, 2015 [18]

1.4.2 Orbital motion

When a binary lens is detected, typically their relative positions are

considered fixed. This is the case of static lens and for event with a short

timescale is a good approximation. But if the event is very long and the

source passes very close to the caustic we can detect the orbital motion of the
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lens. This effect is shown in the changing of the shape of the caustics and in

the variation of their orientation (see Figure 1.11).

Figure 1.11: Caustic configuration of microlensing event

OGLE-2015-BLG-0479. The temporal evolution of the resonant caustic

due to the orbital motion of the binary system can be noted. The blue and

red line indicate the source trajectory seen by ground telescope and satellite

respectively. Credit image: Han et al, 2016 [19]

It can be described by the three components of the companion’s

velocity relative to the host star: the parallel component γ‖ = (ds/dt)/s,
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the perpendicular component γ⊥ = (dα/dt) and the component along the

line of sight of the observer γz = (dsz/dt)/s [20], [21]. The last is very

poorly constrained by typical microlensing events. This description has the

assumption that the orbit is circular but, albeit very rarely, it is possible

describe the orbit with a fully Keplerian motion including the eccentricity.

When the orbital motion is detected another step must be done. Once we get

the mass and the distance of the lens they must be compatible with the orbital

parameters, if present. In order to have the compatibility the ratio between

the projected kinetic energy and the projected potential energy must satisfy

the following inequality [20]:

v2⊥r⊥
2GM

=
(γ2

⊥ + γ2
‖)s3θ3ED

3
L

2GM
< 1 (1.31)

where r⊥ = sθEDL and v⊥ is the projected velocity. If the ratio in Eq. (1.31)

is > 1 the orbital parameter obtained are unphysical. These parameters could

be wrong also if the ratio is ≪ 1 since r⊥ and v⊥ represents two components

of their respective vectors so one expects a ratio of a few at most.

1.4.3 Binary source

Just as it is possible to find binary lenses, the same can be said for

sources. In the simplest case if we have two sources the total lightcurve is

given by the sum of the two Paczynski curves, with the same tE. Or, if the

two source are well separated, we will see two different peaks with their u0 and

t0. This type of event is chromatic since the two sources may have different

color [22].

1.4.4 Xallarap

If the binary source is a gravitationally bound system we can detect their

orbital motion around their common centre of mass.

This effect is called Xallarap since its effect on the light curve is the

same of the parallax (see Figure 1.12). It is possible define a parameter [24]
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Figure 1.12: Lightcurve of microlensing event MACHO 96-LMC-2 described

by a Xallarap model (continuous line) Credit image: Alcock et al, 2001, [23]

χE = (m2/MS)/(a/DSθE) where MS is the source mass and m2 is the source

companion. a represents the semi-major axis of the binary source orbit that

in a first approximation we can assume circular (refer to the chapter dedicated

to the event of MOA-2006-BLG-074 for further details).

If this effect is very marked, in principle it would also be possible to detect

an exoplanet orbiting the source, provided that the planet is very close to the

star and has at least one Jovian mass [24]. Further, the Xallarap effect can

mimic a planetary signal making it a contaminant for planetary microlensing.

1.5 Degeneracies in microlensing

The cases of microlensing events is disparate. We can have an incredible

number of different configurations (binary stars, star and exoplanets, free

floating planets, etc.). But often some problems arise during the analysis

of a microlensing event, i.e. the degeneracies. When we have a degeneracy

we are saying the we can describe the same light curve with a different set of

parameters.

The first degeneracy already occur in the case of a single lens: for example if we

consider the parameter tE: this is the only measured parameter that contains

physical information about the lens. Inside it there are mass and distance of

the lens but without other information (θE or πE) we have a degeneracy on
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the determination of mass and distance. Obviously we cannot consider a high

mass star located very near to the observer if there is no lens flux detectable.

Always from the single lens there is another degeneracy: u0 ↔ −u0. Indeed if

in a first approximation we assume a rectilinear uniform motion of the source.

In this case the lightcurve is the same whether the source passes the lens on

its right (u0 > 0) or left (u0 < 0). In the same way, extending this concept for

the binary lens, there is a similar degeneracy including the source direction α

and −α and we have (u0, α) ↔ −(u0, α). Considering the binary lens, in the

limit of q << 1 one more degeneracy comes to life: the close-wide degeneracy

s ←→ 1/s. It is due to the symmetries of the lens equation and it is very

relevant when the source passes near the central caustic (s << 1). Another

degeneracy that comes in planetary microlensing is the inner/outer degeneracy

[25]. This is caused by the passage of the source in the two opposite sides of

the central caustic. The inner case is when the source is in the inner region of

the planetary caustic, outer otherwise.

A unification of these two degeneracy is the offset degeneracy [26]. It is a

magnification degeneracy whose formulation is independent of caustics. The

relationship between the two configurations is given by:

sa =
1

2

[

2x0 −
(

sb −
1

sb

)

+

√

[

2x0 −
(

sb −
1

sb

)]2
+ 4

]

(1.32)

where x0 = u0/sin(α) and sa and sb indicate the two degenerate separations

s.

In planetary microlensing if the finite source effect parameter is measured we

have a degeneracy between ρ∗ and q: this happens because this two parameters

enter the determination of the planetary perturbation ∆tp [27]. The inclusion

of parallax gives rise to other degeneracies. For example, when the satellite

parallax is present there is the four-fold satellite degeneracy [28] where there

are four competitive models obtained by the reflection of the source trajectory

around the lens axis changing the signs of the parallax components.

Some degeneracies arise also with the binary source. The first happens when

the planetary perturbation with s > 1 can be described by a binary source
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model. Always with binary source models, when Xallarap is detected a

degeneracy with a binary model with parallax could be possible: this because

Xallarap can mimic the parallax effect thanks to the similarity in the lightcurve

of the binary source motion and the reflex motion of the Earth. We can deal

with another type of degeneracy called ecliptic [20]. This degeneracy takes

place in particular conditions: first of all it happens when the direction of the

Sun’s acceleration is constant and we have this condition when the source lies

on the ecliptic or if the timescale of the event is shorter than the variation of

the direction’s acceleration.

This degeneracy takes u0 → −u0 and πE,N → −πE,N [29]. Including

also the orbital motion the implementation is γ⊥ → −γ⊥ [20] When the

microlensing event is detected by two telescopes and one of these is a satellite,

there is a fourfold degeneracy due to the fact that the sign of u0 cannot be

determined. The Figure 1.13 shows all the possible configurations of the

source trajectory seen from Earth and satellite.

In principle the orbital motion may break this degeneracy but if it is not

measured we note that ∆β++ = ∆β−− and ∆β+− = ∆β−+. This implies that

πE,++ = πE,−− and πE,+− = πE,−+ with the passage from a fourfold degeneracy

to a twofold degeneracy that can be broken with the higher order effect in the

ground based data or by the so called Rich Argument, i.e. an extra geometric

factor that disfavors the large-parallax solutions [31].

1.6 Why is microlensing important?

A microlensing event is rare, unpredictable and with a transient signal.

Since most sources are low-mass stars the events are usually faint. But

despite everything, microlensing is a method of fundamental importance for the

discovery of exoplanets (see Figure 1.14). First of all is the principal method, if

not the only one, able to discover planets just beyond the snow mass line. This

because the Einstein ring radius is typically located just beyond the region
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Figure 1.13: The four combinations of the source trajectory seen from satellite

and Earth Credit image: Methods of detecting exoplanets, Bozza et al.[30]

where the midplane disk temperature is below the sublimation temperature

of water, i.e. the snow line. Microlensing is sensitive to low-mass planets:

this is possible since the magnification due to a planet does not depend on

its mass but on the distance of the source from the caustic whose size scales

as ≈ m
1/2
p . From this it can also be deduced that microlensing is capable

of detecting long-period planets and also free floating planets up to masses

equal to those of Mars. Moreover, it does not matter which object the planet

orbits, making it possible to find exoplanets in all types of systems: brown

dwarfs, red dwarfs, white dwarfs, etc. Even if the event occurs only once and

cannot be repeated, its duration is at most of the order of months and does

not require the intervention of large telescopes. Another important feature

of microlensing is its sensitivity to multiple-planet systems. In principle, for

low-magnification events we can detect multiple planets if the source crosses

the planetary caustics while for high magnification events it does not matter

where the planet is located respect to the source: the probability to detect it
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Figure 1.14: Mass versus semi-major axis of all exoplanets detected up to the

17 December 2022. We can see how all the techniques to discover exoplanets

are complementary each other. We can note how most exoplanets detected by

microlensing lie beyond the snow line, represented by the blue vertical line.

Credit image: Nasa Exoplanet Archive

is very high. The fact that planetary systems can be found in both the disk

and the bulge makes microlensing the only method by which it is possible to

study the exoplanet demographics of two different populations of stars.

Microlensing is not just important for exoplanets. Thanks to this technique

we are able to detect brown dwarfs (in binary systems or as free floating

objects) that are objects of which not much is known, given their difficulty

in being detected. In this way we are able to get more information about

this mysterious objects making possible the implementation of a statistics

for their distribution. With microlensing the importance of binary systems

is emphasized making it possible to have a better understanding of their

frequency and the variety of binary systems that can be detected making

a better comprehension of distributions star in our galaxy. Other objects

that can be revealed by microlensing are isolated black holes which, being

ultra-compact objects, would be unique lenses of their kind. Of the particular
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types of black holes that could be detected with microlensing are primordial

black holes (PBHs), compact objects formed soon after the Big Bang. Since

during their formations there were no stars PBHs are supposed to be composed

of dark matter [32]. Indeed they belong to the MACHOs that can be discovered

thanks to microlensing which, once again, is fundamental for the study of these

objects.
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CHAPTER 2

MODELLING A MICROLENSING

EVENT

The main goal of the analysis of a microlensing event is to find the

physical parameters of the lens system. In order to do this it is very important

to find the best model that describes the lightcurve by minimizing the χ2 with

the data. The data can be provided by the various telescopes around the world

and also in space, which are managed by various international collaborations.

2.1 Observations

The first observational campaigns of microlensing were focused on the

search for MACHOs. It was thanks to Mao and Paczynski that microlensing

was used to search for exoplanets. Being microlensing a random but above all

rare phenomenon, in order to have a large number of events it is necessary to

observe in areas of the sky densely populated by stars. Therefore the mainly

observed region is that of the galactic bulge (since the optical depth is of

≈ 10−6). In this way we have a large amount of sources and lenses located

both in bulge and disk with the possibility to study different star populations
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thus having a great help for understanding the structure of the Milky Way and

its dynamics.

Principally we have two types of microlensing observations: the ground-base

and the space-based. The former are made with telescope located on Earth

while the latter are obtained with the space satellites.

2.1.1 OGLE

The Optical Gravitational Lensing Experiment (OGLE) is the oldest

microlensing project still running at present time. It started in 1992 thanks to

Andrzej Udalski with the goal of the detection of variable stars, microlensing

events and novae together with the study of Milky Way structure. The main

targets observed are the Magellanic Clouds and the Galactic Bulge using the

telescopes located at the Las Campanas Observatory in Chile (see Figure 2.1).

Figure 2.1: Las Campanas Observatory, Chile Credit image: OGLE

collaboration

The OGLE collaboration gave us the first microlensing event in the

galactic bulge [33]. Now it has reached the fourth phase of observations
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(OGLE-IV, [34]) including the monitoring of Large and Small Magellanic

Cloud with the use of the 1.3 m telescope with a field of view of 1.5 deg2

covered by 32 mosaic CCD detectors whose resolution is of 2048 x 4102 pixels

(see Figure 2.2). The photometry spans the range of 12 < I < 21 mag for

the Bulge and 13 < I < 21.7 for the Magellanic system. The cadence of

observations spans from 19-60 minutes in the inner Galactic bulge to 1-3 days

for the rest of the fields. For the follow-up observations OGLE implemented

the Early Warning System software to report ongoing microlensing event [35].

Figure 2.2: OGLE fields in the sky map. Credit image: OGLE collaboration

2.1.2 MOA

The Microlensing Observations in Astrophysics (MOA) was born from

the collaboration between Japan and New Zealand in 1995. Their first goal

was the study of the optical depth towards the Galactic bulge. In collaboration

with OGLE they detected the first confirmed microlensing planet [36]. Always

with OGLE they found the signs of the first rogue black hole in our galaxy [37].

For the observation MOA uses the 1.8 m telescope 2.3 located at Mt. John
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University Observatory to which a wide field mosaic CCD has been mounted

with 2000 x 4000 pixels covering a field of view of 2.2 deg2. In addition to

microlensing events MOA analyzes and studies transits, variable stars and

more. The fields of view are basically the galactic bulge (see Figure 2.4) but

also the Magellanic system.

Figure 2.3: MOA telescope at the top of Mount John Credit image: MOA

collaboration

2.1.3 KMTNet

The third main group of microlensing observation is the Korean

Microlensing Telescope Network (KMTNet, [38]), a wide-field survey system

with three telescopes 1.6 m wide located in the Southern hemisphere: the

KMT-A in Siding Spring Observatory (SSO) in Australia, the KMT-S in the

South African Astronomical Observatory (SAAO) in South Africa (see Figure

2.5) and the KMT-C located in Cerro-Tololo Inter-American Observatory

(CTIO) in Chile. All the telescopes have a mosaic of four 18000 x 18000 CCDs

providing a 2.0 by 2.0 square degree field of view [38]. KMTNet is focused on
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Figure 2.4: The 22 target fields observed by MOA surveys with the discovery

of approximately 6000 microlensing events. Credit image: MOA collaboration

the search for exoplanets using microlensing especially the Earth-mass planets

in the habitable zone. The location of their telescope has the advantage of

being able to observe the galactic bulge continuously (see Figure 2.6). Also

this collaboration has implemented an alert system to report all microlensing

events discovered by KMTNet.

2.1.4 Satellite microlensing

Microlensing can be studied also using satellite telescopes.

Simultaneously observing a microlensing event from the ground and

from a satellite allows for parallax measurements, providing additional data

for determining the physical parameters.

Spitzer

The most important space-telescope used for creating a sample of events

with well-measured parallaxes is the Spitzer satellite [39]. It was launched in
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Figure 2.5: The 1.6 m telescope located in South Africa for the KMTNet

collaboration. Credit image: KMTNet collaboration

2003 and remained active until 2020. Starting from 2014 Spitzer has made a

great contribution to microlensing with more than 700 events detected toward

the Galactic bulge thanks to the IRAC camera (InfraRed Array Camera), an

infrared camera used to obtain images and photometry. Of the four bands

available, the one used for microlensing was centered at 3.6 micron. Among all

the microlensing events detected, there was information on the mass of about

ten isolated lens objects ([40]–[44]).

Kepler

Initially planned for the search for exoplanets with the transit method,

the Kepler satellite has also made an important contribution to microlensing.

Equipped with a 0.95 Schmidt telescope and 105 deg2 field of view acquires

images thanks to the array of 42 CCDs of 2200x1024 pixels each. The use of
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Figure 2.6: Fields observed by KMTNet in 2016, color-coded by cadence.

Credit image: KMTNet collaboration, Matthew Penny

telescope for microlensing was first considered to find primordial black holes

[45] but later with the Campaign 9 (K2C9) conducting a 3.7 deg2 survey toward

the Galactic bulge it was programmed to measure the parallax for more than

170 events and find exoplanets, including free floating planets [46].

Gaia

Gaia is one of the most important satellites of the present decade whose

mission is to construct the most accurate three-dimensional map of our Galaxy

observing more than 2 billion stars. Gaia is monitoring the sky continuously

and a small fraction of the objects observed constitutes microlensing events

which can reach up to magnitude 20.7 in Gaia’s G-band [47]. One of the

first and important microlensing events detected was Gaia16aye, a binary
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system composed by two main-sequence stars with follow-up covering of about

500 days [48]. Up to now more than 360 microlensing events were detected

and of these 90 have not been detected by other surveys [49]. The fact of

continuously monitoring the entire Milky Way means that microlensing events

can be detected all over the sky. Furthermore, Gaia can measure the small

deviation of the centroid of the two images around the trajectory of the source

giving huge prospectives for the new microlesing era based on astrometry [50].

Figure 2.7: (Left) The Spitzer telescope in the Jet Propulsion Laboratory.

(Center) Artistic represention of Kepler satellite. (Right) Artistic

representation of Gaia satellite. Credit images: NASA/ESA

Roman Telescope

The Nancy Grace Roman Space Telescope (formerly known as WFIRST,

the Wide Field Infrared Survey Telescope) is the future of microlensing.

The main goals of this telescope are the discovery of exoplanets through

microlensing and the study of dark matter and dark energy. The field of view

of this of 2.4 m telescope is 200 larger than Hubble. For the microlensing it

will use the Wide Field Instrument, a 300.8 megapixel camera. It is expected

that Roman will detect more than 2600 exoplanets by monitoring 100 million

stars (see Figure 2.8), where many of them are beyond the snow line, making

Roman an ideal companion for Kepler and Tess [51].

In the future, Roman will be able to work together with the Euclid

satellite for a joint survey on microlensing, the purpose of which will be to
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Figure 2.8: Prediction of exoplanets discovered by Roman telescope compared

with the Kepler satellite Credit image: NASA’s Goddard Space Flight Center,

adapted from Penny et al. (2019) [51]

detect free floating planets (130 per year) and the characterization of exomoons

[52].

2.1.5 High resolution imaging: Hubble and Keck

In some cases it is difficult to obtain the correct properties of lens and

source in microlensing events. If the proper motion of these objects is such

that years after the event they separate, they can be observed distinctly with

telescopes equipped with adaptive optics providing high resolution images. In

this way, telescopes such as the Hubble and Keck, come to our aid, thanks to

their instrumentation they are capable of distinguishing and separating lens

and source in order to obtain even more precise information on their physical

properties and proper motion. In conclusion the measure of the lens flux and

of the relative proper motion can be useful to provide strong constraints and

will discriminate between models in order to get a better measurement of θE

[53]
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2.1.6 Follow-up

A fundamental role for the observations of microlensing events belongs

to the follow-ups, thanks to which it is possible to have more data and

therefore more information on the event in progress. One of the first

follow-up was PLANET (Probing Lensing Anomalies NETwork, [54]), now

no longer in operation and merged in 2009 with another follow-up group,

Microlensing Follow-Up Network (µFUN, [55]), an informal consortium of

observers dedicated to photometric monitoring of interesting microlensing

events in the Galactic Bulge. For this thesis it is necessary to introduce

two more follow-up groups with which the microlensing events present in the

following chapters were analyzed.

MiNDSTEp

The Microlensing Network for the Detection of Small Terrestrial

Exoplanets (MiNDSTEp) is an international collaboration whose purpose is

to find exoplanets within our Galaxy using microlensing. The telescope used

for observations is the 1.54 m Danish Telescope located at La Silla in Chile

(see Figure 2.9)

The microlensing targets are from GAIA, MOA and OGLE in high

time resolution, using a two color lucky imaging camera. In addition to

microlensing, side projects such as transits, occultations, etc. are also carried

out.

OMEGA Key Project

Observing Microlensing Events of the Galaxy Automatically or OMEGA

Key Project is an international collaboration focalised on follow up of

microlensing event in order to detect and characterize cold planet and stellar

remnants. All the microlensing candidates are collected in the Microlensing

Observing Platform (MOP) and analyzed by pyLIMA. The observations are

made automatically with the aid of Las Cumbres Observatory automatic
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Figure 2.9: 1.54 m Danish Telescope at La Silla in Chile. Credit image: Paolo

Rota

robotic telescope network.
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2.2 Lightcurve computation

The computation of the light curve from the data obtained from the

telescopes of a microlensing event is the most important step in determining

the physical parameters of the event.

The numerical calculation of the light curve can be done in two ways: the

inverse ray shooting and the contour integration.

2.2.1 Inverse Ray Shooting

The starting point is the lens equation (1.4) introduced in the first

chapter:

~y = ~x− ~α(~x) (2.1)

where we are considering the normalized notation and ~α(~x) is the normalized

deflection angle that contains all the constants. This implementation of the

lens equation is suitable for mathematical study. We can consider it as a

mapping between the source plane and the lens plane. With this equation

we can describe the trajectory of a ray of light which goes from one plane to

another. Since the light ray is invariant under time reversal it doesn’t matter

which direction we consider from the mathematical point of view. The inverse

ray shooting is based on this assumption: starting from the observer we track

the trajectory up to the source plane in order to solve the lens equation [56].

From the observer to the lens the trajectory is a trivial straight line without

deflection. At the observer plane the rays will be deflected an amount given by

the deflection angle. In the end, from the lens plane to the source plane there

is no deflection and we have again a straight line. With a full scan of the lens

plane, whose points are switched on if the light rays complete their path within

the radius of the source, we are able to reconstruct all the images obtaining

information about magnification. The inclusion of the limb darkening is, in a

certain sense, almost automatic, given that we know where the ray falls in the

source, thus having information on the local surface brightness.
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2.2.2 Contour Integration

Another way to compute the lightcurve is the contour integration based

on the resolution of the lens equation for all the points in the source boundary

deriving the magnification with the Green’s theorem. In practice, the ~x

positions of the images are obtained starting from the ~y position of the source

by inverting the equation of the lens. To better understand the process we

consider the lens equation for a binary lens written in the following way:

~y = ~x− 1

1 + q

~x− ~xa

|~x− ~xa|2
− q

1 + q

~x− ~xb

|~x− ~xb|2
(2.2)

where the two masses are written in terms of q. In the binary lens case we

know that the number of images can be 1 or 3 when the source lies outside

the caustics and 1 or 5 otherwise. Let I be the index spanning the number of

images and n the number of points on the boundary indexed by i. The total

area of the images is [57]:

A =
∑

I

pI

n−1
∑

i=0

~xI,i ∧ ~xI,i+1 +
1

24
[(~x′

I,i ∧ ~x′′
I,i) + (~x′

I,i+1 ∧ ~x′′
I,i+1)]∆θ3 (2.3)

where pI is the parity of the images and the last term of (2.3) indicates the

parabolic correction.

Limb Darkening

The contour integration does not include automatically the limb

darkening. Following the work of Bozza 2010 [57] in order to do this we can

divide the source into concentric uniform discs with radius ρi where i indicates

a single disk and calculate their magnification. Introducing Ī as the average

surface brightness and r = ρ/ρ∗ the brightness profile can be described by a

linear-darkening law I(ρ) = Īf(r) [58] where:

f(r) =
1

1− (a/3)
[1− a(1−

√
1− r2)] (2.4)

45



2. MODELLING A MICROLENSING EVENT

The contribution of each annulus with an inner radius ρi−1 and outer

radius ρi is:

I = Īρ2∗F (r)

∫ 2π

0

dθµ(r, θ) = Īρ2∗

∫ ri

ri−1

rf(r)dr

∫ 2π

0

dθµ(r, θ) (2.5)

where F (r) = 2
∫ r

0
dr′r′f(r′) is the cumulative function, ri = ρi/ρ∗ and µ(r, θ)

is the point-source magnification factor. The limb-darkened magnification

factor will be given by Eq. (2.5) divided by the original source flux Īπρ2∗

M =
1

π

∫ ri

ri−1

rf(r)dr

∫ 2π

0

dθµ((r, θ) (2.6)

With the contour integration it is possible to estimate µi for a uniform

disc of radius ρi:

µi =
1

πr2i

∫ ri

0

rdr

∫ 2π

0

dθµ(r, θ) (2.7)

2.3 Modelling

2.3.1 VBBinaryLensing

After having seen the main protagonists of the microlensing observation

campaigns and the main methods for calculating the light curves, the modeling

of a microlensing event is now proposed. The starting point in the analyses

carried out and presented in this work is the RTModel platform, based on

VBBinaryLensing codes [57] [59] [21]. The main goal of an analysis of a

microlensing event is to find the best model that fits the light curve in the best

way. In order to find it we use the χ2 as indicator. Indeed the minimization

of χ2 is the most important process to find the best model.

The VBBinaryLensing codes form the core of the modeling of the microlensing

events presented in this thesis work. The lightcurve calculation is computed

with the contour integration explained above. In the version 2.0 of this

code [59] new upgrades are introduced and in version 3.0 also astrometric

microlensing is included [21].
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Finite source effects

A problem that arises from the computation of the lightcurve is when to

use the point-like source or the finite source. In order to solve this problem

VBBinaryLensing builds a sort of test where the plane of the source is divided

into two sections, one where the source is treated as a point source and the

other as a finite source, obtaining a magnification for both cases µp for the point

source and µf for the other case. The condition of point source is satisfied if

we have:

|µf − µp| < δ (2.8)

where delta is the required accuracy goal of the computation. In order to check

this condition we have to look at the value of angular radius of the source ρ∗: if

this parameter is very small we can consider the point-like treatment, otherwise

for larger source we use the finite treatment. The limb darkening should also

be included for completeness and the following condition would be obtained

|µf,LD − µp| ≤ |µf − µp| but wanting to have a simpler and faster resolution,

the uniform case is considered and limb darkening is introduced in successive

steps [59].

Quadrupole test

Assuming δ ≪ 1 we expand the µf in terms of µp, ρ∗ and σ [60] to see

where the point source approximation fails:

µf = µp +
ρ2∗
8

∆µp ∗
ρ4∗

192
∆∆µp + o(ρ4∗) (2.9)

where ∆ = ∂y1∂y1 + ∂y2∂y2 is the Laplacian operator. The term with ρ2∗ is

called quadrupole while that with ρ4∗ is called hexadecapole. Using the complex

notation where the images are described by zI = x1 + ix2 the magnification

for a point-source can be written in terms of the Jacobian:

µp =
∑

I

1

|J(zI)|
(2.10)
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where J(zI) = 1 − f(z)′ ¯f(z)
′

and f(z) = −m1/(z − s) −m2/z. Putting this

definition into 2.9 we can define the quadrupole term as first correction for

each image I:

µQ = −2Re[3f̄ ′3f ′′2 − (3− 3J + J2/2)|f ′′|2 + Jf̄ ′2f ′′′]

J5
ρ2∗ (2.11)

where J is obtained from point-source magnification calculation and f is a

rational function which can be calculated easily. In this way the condition to

use the finite source approximation is:

∑

I

cI |µQ| < σ (2.12)

where cI is chosen empirically. But this is not enough, because another

corrective term must be added which takes into account the regions near the

cusps:

µc =
6Im[3f̄ ′3f ′′2]

J5
ρ2∗ (2.13)

so that the total correction becomes:

∑

I

c|µqI + µcI | < σ (2.14)

Ghost image test

When we have a binary lens we can have the formation of 3 or 5 images.

This depends on the source position with respect to the caustic configuration

and it must be considered in the computation. In fact when the source crosses

a fold in the lightcurve there is a discontinuous slope change that corresponds

to the creation of a new pair of images making the Eq. (2.14) useful only if the

source is inside the caustic. In order to solve this VBBinaryLensing introduce

the ghost image test where we expand the Jacobian in the position of the ghost

images zG [59]:

J(z) = J(zG) +
∂J

∂z
dz +

∂J

∂z̄
dz̄ (2.15)
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If we have a shift from the source center by a quantity sζ = ρ∗e
iφ also

the ghost images will have a shift which satisfies the following equations:

ζ = zG + f(ẑ)

ẑ = ζ̄ − f(zG)
(2.16)

For the real images ẑ = z̄ but for the ghost image we must consider the

conjugate separately. So modifying the Jacobian as Ĵ = 1− f ′(zG)f ′(z̄) (that

becomes the original J when ẑ = z̄G). In conclusion the condition that states

if we can work in the regime of point source or in the finite source is:

1

2

∣

∣

∣
J(zG)

Ĵ2

Ĵf ′′(z̄G)f ′(zG)− ¯̂
Jf ′′(zG)f ′(z̄G)f ′(ẑ)

∣

∣

∣
> cGρ∗ (2.17)

Here cG is a coefficient set empirically. If the left-hand side member (that

represents the estimated distance needed to send the ghost image in the critical

point in the source plane) is larger than ρ∗ then we can use the point-source

approximation since we are far from the fold, otherwise we use the finite-source

approximation. This test must be made separately for each ghost image.

Planetary test

Everything we have seen so far works well for large binary caustics but

may have problems if you have planetary caustics that have small size. This

problems can be solved if we check that the distance from the centre of the

source to the center of the planetary caustic is greater than ρ∗ [59]:

|ζ − ζp|2 > cp(ρ
2
∗ + ∆2

p) (2.18)

where cp is another empirical term and ∆p = 3
√
q/s represents the extension

of the caustic (both in the close and wide regime) [61], [62].

High order effects: parallax, satellites, orbital motion and xallarap

In the simplest case of binary lens we assume the static configuration

where the two lenses are fixed and the motion of the source is rectilinear.
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However this assumption is acceptable if the duration of the event is short.

Otherwise we must take in account the high order effects. This can be made

in VBBinaryLensing with several functions. Parallax can be included with

the addition of two parameters π1 and π2. In this case the Earth orbit is

calculated using the JPL approximate ephemeris formulae and the user can

choose between the north-east reference and the parallel-perpendicular frame.

Moreover it is possible to include the satellite parallax. Concerning orbital

motion we can include it with the addition of three parameters (γ‖, γ⊥, γz) that

describe the orbit of the two lenses with the assumption of circular motion [20].

In addition to this we can compute the lightcurve also for the binary source,

in particular with the inclusion of the xallarap effect, with the addition of five

parameters (i, φ, ω, ξ‖, ξ⊥) following the work of Rahvar and Dominik [24]. In

addition to this we include also the mass ratio between the two sources (further

explanations will be given in the neet chapter).

2.3.2 RTModel

Modelling a microlensing event is complex and requires time, and fast

computation since every event is characterized by a large number of data and

parameters. The main goal is to find the best χ2. In order to do this the

platform RTModel 1 can help us since it has the ability to perform a modelling

in real time, since it works with ARTEMIS (Automated Robotic Terrestrial

Exoplanet Microlensing Search) [63] that gives an alert for a microlensing

event that is ongoing sending the data in real time to RTModel, which can

start modeling right away. The computation of RTModel is based on the

VBBinaryLensing codes.

2.3.3 Levenberg-Marquardt algorithm

The modeling of a microlensing event is developed starting from

the Levenberg-Marquardt algorithm (LMA), a useful method used for the

1http://www.fisica.unisa.it/gravitationastrophysics/RTModel.htm
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resolution of non-linear least squares problems during the minimization

processes when we have a large number of parameters. It is based on the

gradient descent method and the Gauss-Newton algorithm.

In order to explain how it works we define the model function f(x, t) where x

are the n parameters of the model and t is an independent variable. Now we

consider a dataset of N points y(ti) (where i = 0, 1, ..., N) with their respective

errors σyi . The sum of the difference between each points with the values

obtained by the model weighted by the error defines the χ2:

χ2 =
N
∑

i=1

(y(ti)− f(x, ti)

σyi

)2
(2.19)

Defining the weighting matrix W = 1/σ2
i the χ2 can be written as [64]:

χ2 = yTWy − 2yTWf + fTWf (2.20)

Gradient descent method

Widely used in the field of machine learning, the gradient descent method

is an optimization algorithm for finding local minimum of a differentiable

function. It is based on the update of parameter values in the downhill

direction i.e. the direction opposite to the gradient of f(x, t). We can calculate

the gradient of χ2 with respect to the function of the model as:

∂χ2

∂x
= 2(y − f(x, t))TW

∂(y − f(x, t))

∂x

= −2(y − f(x, t))TW
∂f(x, t)

∂x

= −2(y − f(x, t))TWJ

(2.21)

where J = ∂f(x, t)/∂x is the Jacobian of the matrix n × N of the partial

derivatives of f respect to x. We introduce a parameter h that moves the

parameters in the direction of steepest descent as:

h = αJTW (y − f(x, t)) (2.22)

where α is a scalar that adjusts the length of the step.
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Gauss-Newton method

This method is used for minimizing a sum-of-squares function [64]. The

first step is to approximate locally the function f with a first-order Taylor

expansion:

f(x + h, t) ≈ f(x, t) +
∂f

∂x
h = f + Jh (2.23)

If we put this result in (2.20) we have:

χ2(x + h) ≃ yTWy + fTWf − 2yTWf − 2(y − f)WJh + hTJTWJh (2.24)

Setting ∂χ2/∂h = 0 allows us to find the value of h:

∂χ2(x + h, t)

∂h
≈ −2(y − f)TWJh + 2hTJTWJ (2.25)

In this way we obtain the Gauss-Newton equations:

[JTWJ ]h = JTW (y − f) (2.26)

The Levenberg-Marquardt method

Starting from the (2.26) we introduce the damping parameter λ.

[JTWJ + λI]h = JTW (y − f) (2.27)

λ it is initialized to large values so that the first steps are small. If in

one step we have χ2(f +h) > χ2(f) then λ is increased, otherwise is decreased

and the scaling of the parameter is given by:

[JTWJ + λ diag(JTWJ)]h = JTW (y − f) (2.28)

Depending on whether the λ value is large or small, we will switch from

the gradient descent method to the Gauss-Newton method.
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2.3.4 Markov Chain

After the use of the Levenberg-Marquardt algorithm to minimize the χ2

another step is necessary in order to find the best models of a microlensing

model. The method that we use is a stochastic process and in particular we

adopt the Markov Chain Monte Carlo process. The particularity of this process

is that the evolution depends only on the previous state, without taking into

account everything that was there previously. We consider a set of parameters

~x with dimension n ∈ N on a state space S and we have the condition of

stochastic process, where the transition from the state n− 1 to the state n is

given by (here the time is represented by n and we are treating discrete-time

processes) [65]:

Pxn = in|xn−1 = in−1, ..., x0 = i0 = Pxn = in|xn−1 = in−1 (2.29)

for every in ∈ S. Introducing the stochastic matrix Wij we can evaluate the

probability of transition from a state i at the time t to a state j at the time

t + 1 as:

P{xt+1 = j|xt = i} = Wij (2.30)

Let us see the properties of this matrix. First of all the elements are

non-negative (they represent probabilities). Moreover
∑

j Wij = 1 ∀ i. Now we

express the conditioned probability for the two states i and j at the time t and

t + 1 respectively as:

pj(t + 1) =
∑

i

Wijpi(t) (2.31)

For this purpose we are considering the Chapman-Kolmogorov equations that

relates the probability distribution of two different sets of coordinates, during

a stochastic process. We can use the (2.31) to iterate the process, obtaining:

pj(t) =
∑

i

W t
ijpj(0) (2.32)
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where the stochastic matrix at the time (or jump) t is calculated as

W t
ij =

∑

k W
t−1
ik Wkj.

We apply the Markov Chain Monte Carlo process for the exploration of

parameters space in order to find the final (and hopeful best model). The

starting point is the model obtained by the Levenberg-Marquardt algorithm

and with the Markov Chain Monte Carlo process we get, step by step, in a

new configuration with a better χ2. The computation is performed according

to some global parameters. The first is the number of steps of the chain.

The higher is the number of steps the better will be the exploration in

the parameters space. The second quantity is the radius that is related to

the temperature, the third quantity that describes how large the region of

exploration is. Larger values of the temperatures allow to explore far from the

starting point in the parameter space and we can reach other minima, while

for lower values of the temperature there will be little step very near from

the starting point. These two parameters are important for the definition of

the acceptance, that give us the probability that we have a jump during the

Markov process.

Let us see the computation in deeper detail. We consider ~xk the k-element of

the chain. The next element will be xk+1 that can be xk (no jump) or a new

quantity x̂. This will be determined by the following probability that defines

the acceptance:

P = e−
1
2

χ2(x̂)−χ2(~xk)

T (2.33)

In this way, if the χ2(x̂) < χ2(~xk) the chain will accept the new point

~xk+1 = x̂. Otherwise, the new point will be accepted with some probability

0 < P < 1. If the new point is not accepted, the chain will remain in the

same point for one more step: ~xk+1 = ~xk . We can note how the probability

is modulated by the temperature T . Indeed, if we want to explore regions far

from the starting point we put high values for T alleviating the effect of big

sky differences. As we will see soon to explore wide regions it is important to
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set a suitable radius value. An important question arises: how to define the x̂.

To solve this problem we consider the curvature matrix Cij = ∂f/∂qi ∂f/∂qj

where f is the model and qi are the parameters. The matrix has dimension

m × m where m is the total number of parameters. The next step is the

diagonalization of this matrix which gives us the eigenvalues λi and the

eigenvectors ~vi. It is emphasized that these eigenvalues and eigenvectors are

obtained from the first element of the chain, i.e. the model that comes out

of the Levenberg-Marquardt algorithm and are no longer changed during the

Markov process. These eigenvectors will be located in the parameter space

with a certain orientation (they do not coincide with the parameter axes).

Now we define a box in the parameter space centered at the origin where every

edge in this m-dimensional space lies on every eigenvector ~vi with length 1/λi

At this point we choose x̂ as:

x̂ = ~xk +
m
∑

i=1

µi
~vi
|~vi|

1

λi

R (2.34)

where µi is a random number in the range [−1,+1] and R is the radius

selected for the Markov Chain and makes explicit how far we actually go

from the starting point in the parameter space. For small values of R it will

always remain nearby while for high values we will go far from the starting

point. For a good Markov process, it is important that for every steps, the

acceptance ranges from 0.2 and 0.6 [66]. In this way at the end of the process

we hope to obtain a smooth Gaussian-like distribution for every parameters.

Otherwise a low acceptance gives a distribution with some isolated peaks while

values of acceptance too high lead to a flat distribution. The Markov chain

process adopted in addition to taking the model obtained from the Levenberg

Marquardt algorithm also considers in the computation the limb darkening

coefficients for each telescope if present.
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CHAPTER 3

XALLARAP AS CONTAMINANT IN

PLANETARY MICROLENSING: THE

CASE OF MOA-2006-BLG-074

3.1 Motivations

In the most general case a microlensing event appears as a symmetric

bell-shaped curve. If there is a second lens (planet or another star) we will

see in the lightcurve additional peaks or dips depending on the geometry of

the caustics. It is possible that the most common case of short duration

additional peaks could be confused with the case of a secondary source suffering

microlensing [22]. A binary source system should thus lead to the sum of

two Paczynski curves, if both sources are luminous enough. Nevertheless,

considering the orbital motion of the two sources we can have additional

distortions to the light curve, with periodic modulations induced by the

oscillatory motion of the two stars around the common center of mass [67].

The periods of binary systems may range from a few hours for very close

systems to hundreds of years for widely spaced pairs. Furthermore, given the

56



3. XALLARAP AS CONTAMINANT IN PLANETARY

MICROLENSING: THE CASE OF MOA-2006-BLG-074

steepness of the luminosity–mass relation, in most cases the secondary star

might be much fainter than the primary, but its influence on the apparent

trajectory of the source can be still present. For this reason, the binarity of

the source may sometimes arise just from the perturbation of the motion of

the primary without any signs of additional light. We also had examples of

possible events observed by the EROS and MACHO projects with modulations

induced by the orbital motion of the source around a hidden companion are

in Palanque-Delabrouille et al. [68], Derue et al. [69], and Alcock et al. [23].

As said in the first chapter this effect is very similar to annual parallax ([70],

[16]) arising from the orbital motion of the Earth around the Sun, save for

the fact that it involves the other end of the line of sight. This is why it is

commonly referred to as xallarap (i.e., the inverse of parallax). It was soon

realized that the two effects may produce identical long-term perturbations

if the duration of the event is short compared to the orbital period [71].

Indeed, for many microlensing events of interest, models with xallarap compete

with models with parallax and cannot be excluded on the basis of physical

arguments [72]–[77]. However, the combination of constraints from the third

Kepler’s law with other information on the source may sometimes pinpoint the

masses of the two components [78]. This may help rule out the xallarap model

if the companion has a mass incompatible with the observed flux [79]–[81]

unless it is a black hole. Furthermore, if a xallarap model returns a period

of 1 year, there is a high chance that the fit has converged to a mirror

solution of a parallax model [82], [83]. Nevertheless, binary stars are common

around the Galaxy, with a multiplicity fraction around 40% [13], [84], which

should be probably further increased for the stars in the bulge targeted by

microlensing campaigns. Although most of these binaries are too wide to show

any signatures in microlensing events, a systematic study of 22 long-duration

events in the bulge showed that 23% of them were actually affected by xallarap

[29]. Indeed, some planetary microlensing events require binary sources for a

complete modeling of all deviations [85]–[87]. The contamination of xallarap

in planetary microlensing events has been poorly investigated, but it is known
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to exist [88]. The study of binary sources and their orbital motion may even

provide new opportunities: it may help break degeneracies in microlensing [78]

or it may open a new channel to discover planets orbiting around the source

star [89]–[91]. Indeed, xallarap must be considered as a possible alternative

before introducing additional bodies to explain the observed deviations [92] and

reducing the time of computation of such events. The event analyzed in this

chapter is MOA-2006-BLG-074, whose anomaly has been initially overlooked

and only recently noticed in a retrospective analysis by the MOA collaboration.

This event provides an enlightening example of a very promising planetary

candidate that can be explained by the xallarap effect. Understanding events

like this is important to develop methods to discriminate between the two cases

in future automatic analysis pipelines running on large data sets.

3.2 Observations

The event was detected by the Microlensing Observations in Astrophysics

(MOA;[93], [94]) at the following J2000 equatorial coordinates (R.A., decl.) =

(18h05m27s.341,−31◦47′17′′.68) corresponding to Galactic coordinates (l, b) =

(−0◦.316,−5◦.131). although data from many years of observation are

available for the purpose of microlensing modeling it is sufficient to consider

data within the 2006 season. In fact, the peak was reached on 2006 July

15 (HJD’ ≈ 3931.64) and the full duration of the microlensing magnification

is about 50 days, fully confined well within the season. For this event we

have 738 data points in the MOA-R broadband, which spans across Johnson–

Cousins–Bessell R and I bands. Unfortunately, no MOA-V data are available

for this event, a fact that makes a color analysis of the source particularly

difficult. In addition, there is no data from the Optical Gravitational Lensing

Experiment [95], the other main survey active at the time of the event, because

the event fell at the edge of the field. As usually adopted in the microlensing

field [75] error bars are adjusted as σ2
i = k

√

σ2
i,orig + e2min where emin is

fixed by requiring that the residuals are similar for high magnification and

58



3. XALLARAP AS CONTAMINANT IN PLANETARY

MICROLENSING: THE CASE OF MOA-2006-BLG-074

low-magnification sections of the light curve, while k ensures that χ2/d.o.f = 1

for the best model.

3.3 Modeling

In Fig. 3.1 we see that the residuals of the observed light curve from

such a model are evident in the peak and after the peak around HJD ∼ 3940.

The anomalies at the peak suggest the possibility that the central caustic is

not point-like (denoted with 1L for this analysis) due to the distortion of a

secondary lens. In the retrospective analysis carried by the MOA collaboration,

MOA-2006-BLG-074 was independently identified as a possible planetary event

using three different modeling codes (Bennett [96], Bozza [57], Sumi [85]). All

of them give the same close binary model with a mass ratio of q ∼ 10−4, that,

in principle, was identified as a promising planetary candidate. In order to

explore the parameter space, we use the RTModel platform which is based

on a template library approach [97]. The basic magnification calculation is

performed by the VBBinaryLensing code [21], [57], [59]. With this approach,

we find two planetary solutions with s < 1, and their corresponding wide duals

with s→ 1/s [98], [99]. Among these solutions, the best one plotted in Figure

3.1 and 3.2 as 2L is the wide one with the smaller separation. Its parameters,

listed in 3.1 indicate a planet with q ∼ 10−4 in a nearly resonant configuration.

As anticipated, the χ2 of the binary lens model is much lower than that of the

single-lens model. This is confirmed by the fact that the residuals around

HJD = 3940 in Figure 3.1 are flattened. However, some residuals remain

in the peak (see Figure 3.2). We also note that the alternative model with

slightly wider separation flattens the residuals at the peak while leaving the

deviation at HJD = 3940 untouched. The close duals of these two models

have higher χ2 and have a poorer performance. These residuals cannot be

explained by a simple static binary lens so it is natural to think that high order

effects (parallax and orbital motion) must be taken in account. Considering

the orbital motion of the two lenses ans using the parametrization described

59



3. XALLARAP AS CONTAMINANT IN PLANETARY

MICROLENSING: THE CASE OF MOA-2006-BLG-074

in the first chapter following the works of Skowron [20] and Bozza [21] we use

the three parameters describing the projected angular velocity γ‖, γ⊥ and γz.

With the assumption of circular orbital motion, these three parameters are

sufficient to completely characterize the orbit and thus allow us to explore a

subspace of possible physical solutions, as opposed to the two-parameter linear

orbital motion. We refer to the binary model including the parallax effect and

the circular orbital motion as model 2LO. In all the cases, the parameter space

is significantly enlarged.

In order to lead the broadest exploration possible, we start from the static

solution and minimize the χ2 by a Levenberg– Marquardt run. After that,

we start Markov chains at large temperatures and record all separate minima

we find. For each of the minima we run chains at lower temperature until we

single out the best solution. In the case of annual parallax, the symmetry of

the model for reflection around the star–planet axis is broken and we have to

consider possible reflections separately. As results of our search, we first note

that all models with parallax and no orbital motion for the lens converge to

unphysically large values of the parallax, with πE > 2, which would imply a

very close-by or very small lens. For this reason we discard such models and

take this outcome as a suggestion that some motion with a shorter timescale

is at work in this event.

A more satisfactory model (named 2LO in Figures 3.1, 3.2 and Table

3.1) is obtained when the lens orbital motion is included. The ∆χ2 = 136

with respect to the static model 2L can be appreciated especially in the

peak region visible in Figure 3.2. Some deviation is left on the left side at

HJD ∼ 3917. The parallax components of this model are poorly constrained

and still compatible with zero at 1σ, which confirms that parallax is not

the main motion to be considered here. The orbital motion has a zero γ⊥

component, which means that the planet orbit is seen edge-on. Note also that

the value of s < 1 indicates that this model comes as the evolution of one of the

static close models. However, the high value for γ‖ warns that the separation

rapidly evolves from the close to the wide regime. This evolution is apparent
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Table 3.1: Parameters for all models considered for MOA-2006-BLG-074,

Credits [100]

(Unit) 1L 2L 2LO 1L2SX

tE days 40.12+0.55
−0.47 39.84+0.46

−0.54 40.86+1.05
−0.91 33.29+0.31

−0.31

t0 HJD 3931.627+0.001
−0.002 3931.627+0.002

−0.001 3931.637+0.001
−0.006 3931.6100.001

−0.002

u0 0.0102+0.0002
−0.0003 0.0084+0.0003

−0.0002 −0.0067+0.0004
−0.0005 0.0091+0.0001

−0.0002

ρ∗ 0.01192+0.00026
−0.00043 0.00942+0.00037

−0.00024 0.00633+0.00110
−0.00041 0.00985+0.00064

−0.00022

α - 3.133+0.001
−0.001 −3.130+0.032

−0.005 -

s - 1.088+0.002
−0.001 0.755+0.015

−0.011 -

q - 0.00014+0.00001
−0.00001 0.00063+0.00005

−0.00013 -

πE,N - - −0.473+1.053
−0.177 -

πE,E - - 0.323+0.069
−0.352 -

γ‖ days−1 - - 0.0483+0.0030
−0.0020 -

γ⊥ days−1 - - −0.0060+0.0030
−0.0030 -

γz days−1 - - 0.0389+0.0031
−0.0004 -

ξ⊥ - - - 0.0198+0.0018
−0.0017

ξ‖ - - - 0.0088+0.0007
−0.0001

ω days−1 - - - 0.442+0.001
−0.008

i - - - −0.054+0.017
−0.049

φ - - - 4.493+0.630
−0.049

qs - - - < 0.4498

Rbase mag −9.913+0.002
−0.003 −9.921+0.003

−0.003 −9.924+0.008
−0.003 −9.937+0.009

−0.003

g 0.647+0.022
−0.017 0.710+0.020

−0.023 0.782+0.051
−0.032 0.422+0.026

−0.004

χ2 1594.4 849.5 713.1 699.1
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Figure 3.1: Light curve of MOA-2006-BLG-074 with the best model 1L2SX.

We also show the residuals for the single-lens model 1L, the static binary lens

model 2L, the binary lens model including orbital motion 2LO, the single lens

binary source model 1L2SX, Credits [100]

in Figure 3.3 where we see that the caustic is still in the close topology when

the source passes close to the central caustic. Soon after, the caustic becomes

resonant and finally the planetary caustic detaches to the right. The impression

is that in order to explain the peak anomaly together with the wing anomalies

the caustic “follows” the source along its motion, which looks quite suspicious.

In parallel with the binary lens model, we test an alternative direction to

explain the anomalies seen in Figure 3.3. Instead of adding a second lens, we
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Figure 3.2: Zoom of the light curve of MOA-2006-BLG-074 with the best

model. We also show the residuals for the single-lens model 1L, the static

binary lens model 2L, the binary lens model including orbital motion 2LO, the

single lens binary source model 1L2SX, Credits [100]

add a second source [22]. From the very beginning we include the orbital

motion of the two sources around the common center of mass under the

simplifying hypothesis of a circular trajectory. Therefore, in addition to

the four parameters of the 1L model (tE, t0, u0, ρ∗) we introduce five more

parameters [24]: the inclination of the orbital plane i, the phase from the

ascending node φ, the angular velocity ω and the two projections of the node
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line parallel and perpendicular to the source velocity at time t0: ξ‖ and ξ⊥,

with the angular orbital radius being ξ =
√

ξ2‖ + ξ2⊥ in units of θE. Finally, we

consider the possibility that the secondary source contributes to the observed

flux. Therefore, we introduce the mass ratio qs, of the secondary to the primary.

For simplicity, we assume a power-law mass–luminosity relation F2 = F∗q
4
s ,

and a mass-radius relation ρ2 = ρ∗q
0.8
s [101]. We will see that the results do

not depend on the particular choice of these relations. We have started our

search in the parameter space from the best single-lens-single-source model.

The five orbital parameters have been set to zero in the initial condition, while

qs has been set to 0.1. Similarly to model 2LO, we have run Markov chains

with decreasing temperature, and branched different chains for independent

provisional minima. At the end of our search, our best solution (labeled as

1L2SX) improves the fit with respect to model 2LO by ∆χ2 = 14. This model

represents the light curve plotted in Figures 3.1 and 3.2, which fits the peak

region well, while performing much better on the wing anomalies. It is still

too early to consider this model as the best, since that we must go through all

possible checks that this solution is indeed physically acceptable. The orbit

we find is nearly face-on with a period of P = 14.2. The orbital radius for

the primary is ξ = 0.022 in units of the Einstein angle, which suggest that

we are dealing with either a close binary system or a system in which the

secondary is much lighter than the primary. Indeed, for the mass ratio we only

find an upper limit qs < 0.422, which indicates that the secondary basically

intervenes through the reflex motion of the primary, while its contribution to

the total flux is not essential. Also for this model we delay a full discussion of

the physical constraints after the source analysis. The trajectories of the two

sources are shown in Figure 3.4 where qs is set to 0.33 (we will explain this

choice later).

The orbital and xallarap models fit very well the observations. But before

them we tried other models with not good results but that we still want to

mention. First we consider a static triple-lens model 3L. We have already

mentioned that for a static binary model we have found two solutions with
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Figure 3.3: Caustic configuration for the binary orbital model 2LO presented

in Table 3.1, with the source moving along the straight line from left to right.

The green color refers to time t0, while other colors represent the source and

caustics in time-steps of 5 days, Credits [100]

Figure 3.4: Trajectory of the primary source (black) and secondary

source(blue) for the best model with one lens and two sources in Table 3.1

with a choice of the mass ratio qs = 0.33. We have marked the positions of

the sources at t0 − tE, t0, t0 + tE, Credits [100]

a close-in planet and two solutions with a planet in a wide configuration.

Therefore, we have considered having two planets in the system placed in two

of the positions of these four different binary solutions, taking all six possible

combination in account. The best of these is the configuration with both the

planet in the wide case with a χ2 = 729.4 that is no better than 2LO so

there is no reason to consider this model. Another possibility is that we have

two sources and two lenses at the same time. Combining the parameters of

2L and 1L2SX we find a χ2 = 674.9 that is lower than the χ2 of 1L2SX

but is far below any conventional threshold in microlensing observations to
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claim evidence of an additional body and can be explained by overfitting of

systematics. Finally we tried to include the parallax in the 1L2SX getting

only a very modest improvement of the χ2.

3.4 Source Analysis

At this point we have to competitive models: 2LO and 1L2SX We must

discriminate between them on the basis of physical constraints. In order to do

that, we can use the information on the source size, which is well constrained

in both cases, to derive the size of the angular Einstein radius θE. We derive

this quantity using the values of the model 1L2SX indicating the values for

2LO in round brackets.

The source size parameter is ρ∗ = 9.85×10−3 (6.33×10−3). In this case it

is difficult find the Einstein angle because MOA observations are only available

in the MOA-R band for this event, and no additional observations have been

taken by other telescopes during the microlensing event. In Figure 3.5 we

show a color–magnitude diagram for the MOA field including our microlensing

event. The centroid of the red clump is at RMOA,clump = −11.120± 0.009 and

(V − R)MOA,clump = 1.295 ± 0.006. The next step is the conversion from

MOA bands to standard Johnson-Cousins bands using the cross-calibration

with OGLE-III photometry [102] and deriving the following relations:

IOGLE = RMOA + 28.206− 0.217(VMOA −RMOA)± 0.002

VOGLE = VMOA + 28.510− 0.146(VMOA −RMOA)± 0.002
(3.1)

From these we have IOGLE,clump = 16.805 ± 0.009 and VOGLE,clump =

18.496 ± 0.011. If we compare these quantities with the intrinsic red clump

color (V − I)clump,0 = 1.06± 0.07 [103] and the intrinsic magnitude Iclump,0 =

14.44 ± 0.04 [104] we obtain an extinction AI = 2.36 ± 0.04 and a reddening

E(V − I) = 0.63 ± 0.07. The blending parameter is g = 0.421(0.782) and

the baseline is Rbase = −9.931(−9.924). From this we can derive the source
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Figure 3.5: Color magnitude diagram (CMD) of the stars in the field of

MOA-2006-BLG-074. The red dot shows the position of the red clump. The

green dot represents the source star and the blue dot shows the blend position

for model 1L2SX. The empty circles represent the same objects for the 2LO

case, Credits [100]

magnitude RMOA,∗ = −9.549(−9.297) ± 0.010. Since there is no observation

in MOA-V band we can make the following hypothesis: the levels RMOA,∗

for the two models correspond to the region of the turn-off point of the main

sequence. The range of colors of the stars in the field is relatively narrow. So

we assume that the source color can be represented by the average color of

the stars in the field at RMOA,∗ with an uncertainty given by the rms. From

these we get VMOA,∗ = −8.480(−8.235) ± 0.164(0.155) and finally we have

the magnitude in OGLE-III bands: IOGLE,∗ = 18.424(18.678) ± 0.036(0.034)

and VOGLE,∗ = 19.874(20.120) ± 0.139(0.133) from which we have the

de-reddened values for the source of IOGLE,∗,0 = 16.064(16.318)± 0.054(0.052)

and VOGLE,∗,0 = 16.884(17.130) ± 0.160(0.155). Using the Bessel & Brett
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relations [105] we convert the color from V − I to V − K and with the

empirical formula of Kervella [106] we obtain the angular radius of the source

θ∗ = 2.15(1.89) ± 0.56(0.47)µas. Once θ∗ is obtained we can estimate the

angular Einstein radius:

θE =
θ∗
ρ∗

= 0.22(0.30)± 0.06(0.10)mas (3.2)

and consequently also the lens-source relative proper motion µrel = θE/tE =

2.40(2.67) ± 0.26(0.28) mas yr−1. It must be considered the limb-darkening

since we have a relevant value for the finite source effect. In order to estimate

it correctly we proceed in the following way: first we take the value of (V −
I)OGLE = 1.450 and the magnitude MI = 3.96 of the source. After this we

compute the simulation of a stellar population with solar metallicity using

IAC-STAR [107] with the stellar evolution library of Bertelli et al. [108] and

the bolometric correction library of Castelli & Kurucz [109] and we derive

log g = 4.31 and Teff = 5625K. Then we get the limb darkening coefficients

in I and R band aI = 0.462 and aR = 0.554 and we take the mean value for

the final limb darkening coefficient adopted since the RMOA band cover the

two bands almost equally.

3.5 Physical Constraints

Now we are able to derive the physical parameters of the system since we

have obtained θE Since we do not have a parallax measure in either models,

we resort to a Bayesian analysis for the estimate of the mass and distance of

the lens. We assume the galactic model of Dominik [110]. We will use the

values measured of tE and ρ∗ to constrain the lens physical parameters. We

also include the constraint from the lens flux, for which we use the mass–

luminosity model of Castelli & Kurucz [109] to estimate the magnitude RMOA

of the lens and impose that it does not exceed the blend flux. For the source

distance, the Galactic model predicts a modal value of DS = 9 kpc that we

use for the next part of the analysis which it will be divided in two part (one
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for every model).

3.5.1 Constraint on the 2LO model

The posterior probability obtained for the 2LO model is shown in Figure

3.6 where we note a best value for the lens mass of 0.5M⊙.

Figure 3.6: Allowed regions (in blue) in the plane DL(kpc) - Log M/M⊙ at 68%

and 95% CL for the 2LO model. In red, the regions allowed by the Keplerian

constraint, Credits [100]

To validate the orbital model it is necessary to take a further step: the

mass and the distance to the lens must be compatible with the orbital period

derived in our model. Following Skowron et al. [20], in order to have a bound

system, the projected kinetic energy must be less than the projected potential

energy:

v2⊥r⊥
2GM

=
(γ2

⊥ + γ2
‖)s3θ3ED

3
L

2GM
< 1. (3.3)

But as we can see in Figure 3.6 the only regions allowed are very near

to the observer or the source and there is no overlapping with model. In

conclusion we have to discard this model.
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3.5.2 Constraints on 1L2SX model

The posterior probability for the 1L2SX model is shown in Figure 3.7

where we can note a lighter lens and even closer to the source with respect to

the model 2LO. We derive ML = 0.38± 0.23M⊙, DOL = 7.9+0.6
−1.0 kpc. The lens

has a 70% probability to be a bulge star rather than a disk star.

Figure 3.7: Allowed region in the plane DL(kpc) - Log M/M⊙ at 68% and 95%

CL for model 1L2SX, Credits [100]

Using again the stellar libraries we are able to estimate also the source

mass obtaining MS = 1.32± 0.36M⊙. Now we can test if the xallarap solution

is compatible with the third Kepler’s law [75], [78]. We introduce:

fK(qs, ξ, ω) = K, (3.4)

where:

fK(qs, ξ, ω) = log

[

ω2ξ3(1 + qs)

q3s

]

, (3.5)

K = log

[

M1G

(DSθE)3

]

= −14.16± 0.90. (3.6)

All quantities in fK are fitting parameters of model 1L2SX, while the

quantities in K have been estimated by use of the Galactic model and stellar
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libraries. Only the models whose fitting parameters satisfy this constraint

within the uncertainties can be considered as physically allowed.

Figure 3.8: Distributions of the parameter log qS. The red histogram is

obtained with a flat prior, while the blue one is the same distribution where

each point in the Markov chain is weighted by the prior P (qs, ξ, ω) in Eq. (3.7),

Credits [100]

In Figure 3.8 it is represented the distributions for log qs made in two

ways: the first, in red, is generated by a Markov chain with a flat prior for this

parameter, while the second, in blue is obtained weighting each point of the

Markov chain by the following Gaussian prior

P (qs, ξ, ω) = exp

[

−(fK(qs, ξ, ω)−K)2

2σ2
K

]

, (3.7)

where σK is the uncertainty in the combination K. The red distribution is

generally flat with a sharp peak on the right end for higher mass ratios before

dropping to zero when the source becomes too luminous to be compatible with

the observed light curve. We can see how the two peaks coincide, meaning

that in both cases the same mass ratio is favored. Since the mass ratio only

intervenes when the light of the secondary source becomes relevant, this can

be interpreted as a marginal detection of the companion to the main source.
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DL(kpc) 7.9+0.6
−1.0

ML(M⊙) 0.38± 0.23

MS1(M⊙) 1.32± 0.36

MS2(M⊙) 0.44± 0.14

a(au) 0.043± 0.012

P (d) 14.2± 0.2

i(◦) −3.0± 1.9

Table 3.2: Physical parameters for model 1L2SX, Credits [100]

Such detection is perfectly compatible with the Keplerian constraint derived

from the properties of the primary source. The results obtained are shown in

Table 3.2.

3.6 Discussion

In the retrospective analysis of MOA microlensing events a sizeable

number of candidate planets has been found. For many of these events there

are no additional observations that may complement the MOA data set. In

particular for the event discussed in this chapter MOA-2006-BLG-074 there

is only a single band observation. Nevertheless, modeling of the available

photometry is possible and leads to interesting results that can be useful to

drive this and future analyses in similar situations. This is a high-magnification

event (A ∼ 110) with an anomaly in the peak that in principle can be

interpreted as the result of a central caustic perturbed by a small planet. High

order effects must be considered since there are modulations on the wings but

the orbital motion found is so fast that the Keplerian constraint for a bound

system can only be fulfilled by a lens in the immediate neighborhood of the

source. We consider another scenario: a binary source and a single lens. This

configuration is able to explain the peak anomaly and the wing modulations

with an orbital motion of 14 days. We obtain a lower χ2 and a physically viable

solution in which the primary is a star at the turn-off point of the main sequence
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and the secondary is a K-M dwarf whose light may have been marginally

detected. Observations in a second band would have been very useful to check

for a color difference of the two sources. The lens is probably an M-dwarf in

the bulge. In this case we have not discovered a new exoplanet despite three

different modelling platform indicated it as such. Although binary sources have

long been studied as possible contaminants in planetary microlensing searches,

they are often overlooked in real-time modeling or in the selection process from

large data sets. It is important to consider this contamination with the advent

of the Roman Galactic Exoplanet Survey [51] since it has never been seriously

estimated. This because we do not really know the precise fraction of binary

and multiple systems. But it is very important to check how often the planetary

signal can be mimicked by a binary source. In some cases the signal leads to

an exoplanet [111] but in other cases the result can be similar to that found in

this work [112], [113]. It can be possible to distinguish between the two cases

if we have multiband observations with high enough cadence, since it is helpful

to have a color constraint during the (sometimes short) anomalies, so we do

not expect that this issue would significantly affect the current predictions of

the exoplanetary yield from Roman. Nevertheless, it would be interesting to

clarify and quantify this contamination with a dedicated investigation.
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CHAPTER 4

PRECISION MEASUREMENT OF A

BROWN DWARF MASS IN A

BINARY SYSTEM: THE CASE OF

OGLE-2019-BLG-0033

4.1 Motivations

Brown dwarfs (BDs) are still poorly understood objects.. A first reason is

their low brightness which makes them difficult to detect and second their mass

is lower than that of stars. The minimum mass needed to trigger hydrogen

burning in the core corresponds to 0.078M⊙ at solar metallicity [114] and

it is the upper limit for the BDs that may still burn deuterium for a short

period [115]. The distinction with the planets it is not really clear; we know

that the deuterium-burning limit is of 0.013M⊙ [116] but its impact is very

small on the global properties and evolution of these substellar objects. The

formation of BDs may occur via the instability and collapse of gas clouds with

the same Jeans mechanism that generates stars [117] but it does not work at
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low masses excluding a fraction of BDs observed [118], [119] . Furthermore

we can have bigger planets formed by core accretion that may exceed the

above-mentioned planet-BD threshold and be classified as BDs [120], [121]. A

lack of transits of these objects has been detected in Kepler’s observational

campaigns just as there are no companions around Sun-like stars and this can

hint at some migration or instability mechanism depleting planetary systems

of overly massive objects [122]–[124]. The difficulty in their observation lies in

the fact that they are dim objects that can be detected when they are young

and hot [125], [126]. In principle BDs can be detected in the infrared [127],

[128] but there have also been discoveries of BDs in radio [129]. Spectroscopic

observations in systems with red dwarfs are too difficult since these objects are

too faint [130].

Microlensing does not rely on the luminosity of the lenses and can be a

precious technique to detect such substellar objects. Based on recent studies,

the majority of the lens population is considered to be made up of low-mass

stars or possibly BDs and even rogue planets [131]–[135]. In this respect with

microlensing we are able to define the mass function throughout our Galaxy

in the low end [136]. A problem can arise considering the degeneracies that in

general can be broken with high order effects. Indeed there are discoveries of

this type of object thanks to microlensing [137], [138]. The first isolated BD

discovered by microlensing was OGLE-2007-BLG-224 [139] while often they

are revealed in binary systems [140], [141]. It can happen to find a binary

system composed by two BDs [142] or of a planet orbiting around a BD [73].

During the years the number of BD discovered is increasing, but of particular

note are those discoveries with very precise mass measurements, with a better

than 10% accuracy [79], [139], [141]–[143] including the analysis presented in

this chapter.
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4.2 Observations

The microlensing event OGLE-2019-BLG-0033/MOA-2019-BLG-035

was announced by the OGLE collaboration at the beginning of the 2019 bulge

season on February 19 and independently found by MOA four days later. Its

equatorial coordinates (J200) are: RA = 18 : 08 : 38.26, Dec = −30 : 03 : 38.7

corresponding to Galactic coordinates l = 1.53◦, b = −4.90◦. The lightcurve is

shown in Figure 4.1 with all the observation taken from the ground telescopes

and from Spitzer. The OGLE observations were carried out with the 1.3

m Warsaw Telescope at Las Campanas Observatory, Chile (see Section

2.1.1 for more details) using the I-band filter with an exposure time of 100

s. Occasionally observations in V -band were taken for color information.

The event is located in the BLG521 OGLE field which was observed with

an average cadence of less than one observation per night. Photometry of

OGLE-2019-BLG-0033 was derived using the standard OGLE photometric

pipeline [34], based on difference image analysis implementation by [144].

Instead the MOA collaboration is carrying out a high cadence microlensing

survey with a 1.8-m MOA-II telescope at Mt. John University Observatory

in New Zealand (see Section 2.1.2 for more details). The filter used is the

MOA-Red filter and the images were reduced with MOA’s implementation

[93] of the difference image analysis (DIA) method [145]–[147]. The systematic

errors for MOA were de-trended considering correlations with the airmass and

the seeing as well as the motion of a nearby possibly unresolved star [148].

This event was selected for Spitzer observations on 2019 May 10 at UT 04:11

(HJD′ = HJD − 2400000 = 8613.67) as a ”subjective, immediate” target

with an ”objective” cadence with roughly one observation per day starting

in Week 2 of the 2019 Spitzer campaign using the 3.6 µm (L-band) channel

of the IRAC camera. Each observation consisted of six dithered exposures.

Because the target was very bright, the first ten epochs were taken with 12s

exposures. Then, 30s exposures were used after HJD′ = 8692 once it was

established that the target would not be saturated as seen from Spitzer. The
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Spitzer data were reduced using the photometry pipeline developed by Calchi

Novati [31] for IRAC data in crowded fields.

Figure 4.1: Light curve of the event OGLE-2019-BLG-0033 showing all

observations from different telescopes as described in the text. The black curve

is the best microlensing model for ground observers, and the red curve is the

best model for Spitzer observations, as described in Section 3. In the bottom

panel, we show the residuals from several models: best model including the

parallax and orbital motion, best model with parallax without orbital motion,

and best static model without parallax., Credits [149]

For this event follow-up observations were particularly useful. There

were observations in I-band and H-band by µFUN using the SMARTS Cerro

Tololo 1.3m telescope (CT13) in Chile. They used these two bands in order to

measure the color of the source but starting from HJD′ = 8666 this event

was added to a group of events followed at a higher cadence in order to

increase the sensitivity to small planets and so this follow-up took a couple
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of observations per night sending an anomaly alert at UT 17:09. In addition,

there are more observations from µFUN with the Auckland Observatory (AO),

Farm Cove Observatory (FCO), and Kumeu Observatory in New Zealand

where the first and the last used R filter while the second did the observations

without filter. Other observations made without filter were taken by the Klein

Karoo Observatory in South Africa and from the Observatorio do Pico dos

Dias (OPD) we have observations in i band. The data reduction were made

using the DoPHOT pipeline [150]

Through the 0.4m telescope at the South African Astronomical Observatory

(SAAO) in South Africa and the Haleakala Observatory in Hawaii (FTN)

the Las Cumbres Observatory (LCO) global network conducted several

observations. In this case data were reduced using a custom DIA pipeline

[151] based on the ISIS package [146], [147].

Finally there are also data collected from the MiNDSTEp collaboration using

the Danish 1.54m telescope at ESO La Silla Observatory in Chile for the

microlensing follow-up program [152]. The telescope is equipped with a

multiband EMCCD [153] providing shifted and co-added images in its custom

red and visual passbands. This work utilizes red band time-series photometry

which was reduced with a modified version of DANDIA [154], [155].

4.3 Modeling

In Figure 4.2 the zoom of the double peak is shown occurring at

moderate magnification (Amax ≃ 15). This structure indicates that the

central caustic generated by the lens has a typical astroid shape, which may

arise either for close binary lenses or for a lens perturbed by a wide companion

[15], [62]. This caustic is shown in Figure 4.3 for the best models, with a

zoom-in shown in Figure 4.4.
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Figure 4.2: Zoom on the double-peak region of the light curve. The color

coding for the observations is the same as in Figure 4.1, Credits [149]

4.3.1 Detailed modeling procedure

From Spitzer we have 29 data points spanning 32 nights. These

observations are around the peak of the magnification as seen from the ground

observations and are very far from the baseline. Without a baseline, Spitzer

observations for this event must be complemented by a flux constraint to be

included in the analysis [31]. In this analysis we try to obtain the microlensing

parameters considering, at first, only the ground data. Then we use the flux

constraint on Spitzer data and we compare it with the measured flux, in order

to infer the geometry of the event as seen from the satellite alone. In this way

we obtain an independent estimate of the parallax that we can compare with

the ground-only measurement [156]. In the last part we combine all data and

we discuss the impact of satellite data in the fit.

Modeling of ground data

Using RTModel (see Section 2.3.2), we try to find and evaluate all

possible competing models with all the available ground data. From the

four-fold satellite degeneracy [28], [157] we find four competitive models
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Figure 4.3: Caustics of the four binary lens models examined in our analysis,

with the best model labeled as A. The source trajectories are also shown as

seen from Earth observatories (black) and from Spitzer (red), Credits [149]

obtained by the reflection of the source trajectory around the binary lens axis

and by changes of signs in the parallax components. We label them A, B, C

and D (as shown in Fig. 4.3). A big improvement is obtained including the

orbital motion that impacts the estimated component of the parallax [20],

[158]. We work in the geocentric frame, setting the reference time for the

parallax and orbital motion calculations as t0,orb = t0,par = t0.

Once we find these four models with parallax and orbital motion we proceed

to the second step where the error bars of all dataset are re-normalized to

ensure that χ2/d.o.f. = 1. This standard procedure makes the fit more robust

against possible low-level unknown systematics in the data [159]. At this

point including also the limb darkening coefficient for the source in each band

(the process of deriving the limb darkening coefficients will be explained later)

we ran a Markov Chain Monte Carlo with one million samples to explore the
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parameter space around each model. In Table 4.1 the final parameters for the

four models are shown.

Figure 4.4: Zoom-in on the caustic of the best binary lens model with the

source trajectory. The size of the source is shown by the gray disk, Credits

[149]

We note that the model A stands out with a ∆χ2 = 120 from the closest

model, the B. Without considering the orbital motion we have ∆χ2 = +477

from the best solution. If we consider only the static lens we have ∆χ2 =

+4020. We tried also the binary source and single lens model with a ∆χ2 =

+906 and a model with a binary lens with parallax and xallarap that gives

∆χ2 = +215. None of these were included in the further analysis. Since the

timescale is long and the blending is negligible we can have accurate estimates

for all the microlensing parameters. The event can be clearly ascribed to a

close binary system with a secondary object that is one-third as massive as the

primary. The source size parameter, ρ∗, is measured at 3% precision, in spite

of the fact that the source trajectory does not cross any caustics. This happens

because the giant source passes over the magnified lobes surrounding two cusps
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Table 4.1: Parameters of the best microlensing models found with ground-only

data. Credits [149]

(Unit) A B C D

tE days 103.64+0.57
−0.57 119.26+1.55

−0.25 102.70+0.71
−0.38 121.56+0.81

−0.60

t0 HJD′ 8689.840+0.017
−0.013 8689.854+0.005

−0.029 8689.841+0.011
−0.019 8689.7580.008

−0.020

u0 −0.06498+0.00036
−0.00036 0.05479+0.00017

−0.00081 0.06899+0.00034
−0.00055 −0.05594+0.00044

−0.00029

ρ∗ 0.01017+0.00030
−0.00030 0.00857+0.00020

−0.00050 0.01083+0.00046
−0.00058 0.01042+0.00049

−0.00079

α 1.0311+0.0029
−0.0024 5.2539+0.0052

−0.0011 5.2480+0.0037
−0.0017 1.0173+0.0016

−0.0041

s 0.3325+0.0024
−0.0024 0.3228+0.0008

−0.0056 0.3381+0.0016
−0.0035 0.3136+0.0012

−0.0042

q 0.3157+0.0059
−0.0059 0.2712+0.0085

−0.0017 0.3360+0.0098
−0.0051 0.3076+0.0115

−0.0046

πE,N 0.29710.0033
−0.0082 −0.2566+0.0039

−0.0075 0.2742+0.0077
−0.0064 −0.2740+0.0119

−0.0033

πE,E −0.1962+0.0035
−0.0019 −0.11990.0042

−0.0010 −0.2021+0.0046
−0.0038 −0.1448+0.0045

−0.0018

(ds/dt)/s yr−1 −1.109+0.079
−0.055 −1.756+0.051

−0.142 −0.675+0.051
−0.124 −1.770+0.050

−0.154

dα/dt yr−1 −0.146+0.084
−0.088 1.729+0.008

−0.097 −2.369+0.091
−0.149 0.569+0.179

−0.087

(dsz/st)/s yr−1 < 0.65 < 1.58 < 0.77 < 3.57

IOGLE mag 15.64630.0011
−0.0005 15.6397+0.0010

−0.0005 15.6505+0.0009
−0.0013 15.6409+0.0012

−0.0003

BFOGLE 0.0461+0.0048
−0.0066 0.2529+0.0187

−0.0037 −0.0195+0.0081
−0.0046 0.2307+0.0094

−0.0077

χ2 4793.2 4913.0 4919.6 4921.6
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of the astroid caustic. Its size is large enough to make it sensitive to the steep

gradients in these regions, as shown in Figure 4.4. Using ground data only

we have an accurate measure for the parallax components. About the orbital

motion we have well measured parameters concerning the first component,

while the second is marginally seen. In the end we have only an upper limit for

the third component. Since the blending is negligible the source flux dominates

making the source analysis easier.

Parallax determination from Spitzer

Since the parallax parameters obtained from ground data only can be

affected by high order effects, using a different observation point is desirable.

For this purpose the data obtained by Spitzer comes in handy and we can

test the consistency of the results. In order to do this, we follow the cheap

space-based parallax method suggested by Gould & Yee [156] and tested

previously by Shin et al. [43], [160]. With Spitzer we can check if, actually,

the blending is negligible, the fact that the satellite has a pixel scale of 1.2′′

compared to 0.26′′ for OGLE makes it more exposed to blending by nearby

objects. Fortunately, no stars within this angular distance appear in OGLE

images or in OGLE catalog and, indeed, the source appears well isolated in

the Spitzer images. The lack of blending is confirmed by the comparison of

the CMD obtained by MOA observations in V and R filters (top panel of

Figure 4.5) with a CMD derived using the I-OGLE band and the L-Spitzer

band (bottom panel of Figure 4.5). In both cases, the source lies just slightly

below the centroid of the red clump, demonstrating that the ground and

space measurements refer to the same object with no appreciable blending.

Following the work of Yee et al. [161] and based upon Spitzer photometry

of field stars cross-matched with OGLE-EWS CMD, we calculate the color

I −L = −5.67± 0.06 for a zero point at 25 for Spitzer. Considering a baseline

of I = 15.65 we get the following baseline flux for Spitzer in instrumental units

[149]:
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fbase,Sp = 29.65± 0.82 (4.1)

The measurements of Spitzer during the event show a quite flat light

curve. Taking the average of the two closest observations at time t0 equal to

ft0,Sp = 69.52 ± 0.26 we can get the magnification seen from Spitzer at this

time:

A0,Sp =
ft0,Sp
fbase,Sp

= 2.34± 0.07 (4.2)

Also in this case we are considering the blending negligible. Considering

the Eq. (1.9) seen in the first chapter and inverting it we can obtain the

angular separation of source and lens in Einstein radii (assuming the lens a

point mass):

u(A) =
√

2[(1− A−2)−1/2 − 1] (4.3)

In our case we get |u0,Sp| = 0.460 ± 0.015. The angular separation

can be calculated in more detail considering that the lens is binary. We

find that 0.44 < u0,Sp < 0.48 depending on the orientation of the source

as seen from Spitzer with respect to the binary lens axis: a result very

similar from that obtained by single lens. Indeed, the Spitzer separation

is seven times larger than the size of the caustic in Einstein units, so that

perturbations of the magnification from lens binarity are small. The offset of

the source as seen from Spitzer with respect to the ground again depends

on the unknown relative position angle. Therefore, this offset may range

from |u0,Sp| − |u0| to |u0,Sp| + |u0|. Combining the uncertainties we set

∆u0 = |u0,Sp|− |u0| = 0.46±0.07. Considering that at t0 the distance between

Spitzer and Earth projected orthogonally to the line of sight was d0,Sp = 1.51

au we can derive the satellite parallax:

πE,Sp = ∆u0
au

d0,Sp
= 0.304± 0.05 (4.4)
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The parallax obtained above can be compared with the ground-only

parallax πE,gr = 0.356± 0.006. These two results are completely independent

each other. The consistency becomes even more evident when we note that for

the best model A, the predicted offset of the source δu as seen from Spitzer

is indeed close the maximal value quoted before. We conclude that Spitzer

fully validates the ground-only derived parallax making our result more robust

against any possible sources of systematics that would remain uncontrolled

with ground-only data [149].

Models including ground and Spitzer data

The final step is dedicated to the check for the consistency between

ground and Spitzer observations. We conduct a Markov chain explorations

including all the data with the constraint for the Spitzer flux based on the Eq.

(4.1) so as to remain in acceptable regions during the exploration. The final

result is shown in Table 4.2 where we can see that the best model is the A with

∆χ2 = 46 compared to ∆χ2 > 71 for other models. The best model is the only

in which the parallax remains within 2σ while in the other models is altered

proving that the space parallax would be in tension with the ground parallax

in these cases. This tension is apparent in the light curves of these models,

which predict a declining trend for the Spitzer light curve that is not observed.

The Figure 4.1 shows how the Spitzer lightcurve is quite flat as predicted by

model A. Therefore, Spitzer provides an additional strong confirmation of the

model found using ground data only. The accuracy for the parallax measure

is shown in Figure 4.6. With this analysis we found that Spitzer photometry

was free of any important systematic effects, which may be present when the

source is faint or blended [136] and that a correct use of the color constraint

makes Spitzer data extremely useful for validating ground data and excluding

possible additional effects [149].
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Figure 4.5: Color-magnitude diagrams using different resources. Top panel:

CMD of stars in the 2’ field of the event OGLE-2019-BLG 0033 built from

MOA observations. The red dot corresponds to the center of the red clump

and the green dot shows the position of the source. Bottom panel: CMD built

from I-band observations from OGLE and L-band measurements from Spitzer.

Credits [149]

4.4 Source analysis

Since both the results from ground-only and satellite data are very

similar, with a slightly smaller uncertainty if we include the Spitzer data, we
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Figure 4.6: Components of the parallax vector as found by the fit excluding

Spitzer (in gray) or including Spitzer data (in cyan). Confidence levels at 68%

and 95% are given. Credits [149]

adopt the values of the combined fits, that are shown in Table 4.3.

As in the previous chapter in this section we derive the angular source

radius θ∗ and the limb darkening coefficients adopted for the analysis of

the event. In this case there are no observations in V -OGLE band. But

for the construction of the CMD, as shown in Figure 4.5, we can use the

MOA observations in V and R band and always considering the same figure

we can determine the position of the red clump. We have RMOA,Clump =

−12.5931± 0.0091 and (V −R)MOA,Clump = 1.0543± 0.0065. We can convert

them to standard Johnson-Cousins magnitudes using the photometric relations

by Bond et al. [148]:
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Table 4.2: Comparison of parallax πE and χ2 for our four models if Spitzer

data are included or excluded. Credits [149]

Model πE χ2

Spitzer Data Excluded

A 0.3560+0.0061
−0.0061 4973.2

B 0.2832+0.0060
−0.0040 4913.0

C 0.3406+0.0078
−0.0068 4919.6

D 0.3099+0.0032
−0.0121 4921.6

Spitzer Data Included

A 0.3439+0.0005
−0.0005 4839.1

B 0.3333+0.0005
−0.0008 5001.0

C 0.2878+0.0008
−0.0011 5231.0

D 0.3099+0.0011
−0.0005 4992.0

IClump = RMOA,Clump + 28.0264− 0.1984(VMOA,Clump −RMOA,Clump)

VClump = VMOA,Clump + 28.6274− 0.1682(VMOA,Clump −RMOA,Clump)
(4.5)

From these we obtain IClump = 15.2241 ± 0.0095 and (V − I)Clump =

1.6872 ± 0.0074. Comparing to the Red Clump Intrinsic magnitude

IClump,0 = 14.384± 0.040 [104] and color (V − I)Clump,0 = 1.06± 0.07 [103] we

find a reddening of E(V − I) = 0.627 and an extinction AI = 0.852.

The best model considered has a negligible blending so we can attribute

the baseline flux entirely to the source. In this way applying the same equations

as above and including exctintion and reddening we obtain (V −I)∗,0 = 1.137±
0.071 and I∗,0 = 14.835±0.042. As made in the previous chapter we pass from

the (V, I) bands to the (V,K) bands and following Kervella et al. [106] we find

the angular radius of the source:

θ∗ = 5.49± 0.32µas (4.6)
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Table 4.3: Microlensing parameters for model A including Spitzer data.

Credits [149]

Parameter Model A w/ Spitzer

tE days 103.85+0.47
−0.47

t0 HJD′ 8689.856+0.015
−0.011

u0 −0.06491+0.00035
−0.00035

ρ∗ 0.01007+0.00035
−0.00035

α 1.0338+0.0030
−0.0023

s 0.3336+0.0024
−0.0024

q 0.3114+0.0059
−0.0059

πE,N 0.2884+0.0010
−0.0006

πE,E −0.1873+0.0018
−0.0009

(ds/dt)/s yr−1 −1.080+0.084
−0.055

dα/dt yr−1 −0.091+0.091
−0.073

(dsz/st)/s yr−1 < 0.45

IOGLE mag 15.64590.0006
−0.0005

BFOGLE 0.0477+0.0040
−0.0071

χ2 4839.05
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From the Gaia EDR3 we get the source parallax πS = −0.013±0.089 mas

that is compatible with zero within the errors [47], [162]. So, for an estimate

of the source distance, we solely rely on the CMD. As the source position in

the CMD is very close to the bulge red clump, it is reasonable to assume it

is a bulge giant. Using the Galactic model by Dominik [110] for this event

we find that the peak stellar density in the bulge along the observation cone

is encountered at a distance DS = 8.1 kpc which we assume to be a valid

proxy for the source distance as well. The uncertainty in the source distance is

assumed to be 1 kpc, reflecting the FWHM of the stellar density distribution

along the line of sight [149]. For the limb darkening coefficients we adopt

the same procedure followed in the previous chapter: we simulate a stellar

population using IAC-Star [107] with the stellar evolution library by Bertelli

et al. [108] and the bolometric correction by Castelli & Kurucz [109] and we

find for the source Teff = 4950K, log g = 2.77 and Z = 0.011. Comparing

these values in the tables by Claret & Bloemen [163] we get the linear limb

darkening coefficients in the relevant bands: aI = 0.5015, aR = 0.5983 and

aV = 0.6945. The analysis explained in the previous section has been made

with these coefficients.

4.5 Lens system properties

4.5.1 Mass and distance

For the event OGLE-2019-BLG-0033 we have just one best model

without degeneracies and with accurate estimates for parallax and source size

parameters. We also have a negligible blend with all the base flux generated

by a red clump giant source that allow us to estimate the Einstein angle:

θE =
θ∗
ρ∗

= 0.545± 0.037mas (4.7)

Having both πE and θE measured we are able to estimate the mass and

the distance of the lens:
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Table 4.4: Parameters of the binary lens system. Credits [149]

Parameter Value

M1 (M⊙) 0.1494± 0.0099

M2 (M⊙) 0.0463± 0.0031

a⊥ (au) 0.585± 0.054

DL (kpc) 3.22± 0.21

M =
θE
κπE

= 0.195± 0.013M⊙

DL =
au

θEπE + πS

= 3.22± 0.21 kpc
(4.8)

Using the mass ratio q we get the masses of the two components of the

binary system: M1 = M/(1+q) = 0.1494±0.0099M⊙ and M2 = Mq/(1+q) =

0.0463± 0.0031M⊙. The projected separation of the two lenses is:

a⊥ = sθESL = 0.585± 0.054 au (4.9)

These results are summarized in the Table 4.4.

The binary system is composed by a red dwarf of 0.15M⊙ and a BD of

0.046M⊙. The result is in agreement with the negligible blending flux since

the light from this system is very weak, V ∼ 26 for a M5V red dwarf [164].

The separation of 0.58 au is typical for binary systems discovered through

the microlensing method as the sensitivity to companions is maximized for

separations of the same order as the Einstein radius.

4.5.2 Orbital motion

In order to check if the orbital motion is physically acceptable we

calculate the mass ratio between the projected kinetic energy an the projected

potential energy (like in the previous chapter). Taking the Eq. (3.3) and

putting the values of the parameters obtained we get K = 0.0153 which
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satisfies the constraint, but remains relatively smaller than typical expectations

from a random distribution of orbits. Such small values indicate a nearly

edge-on orbit, which would apply to our case, given that γ⊥/γ‖ = 0.09 So, with

the information in hand, we can conclude that the orbital motion suggested by

the light curve fit is perfectly acceptable and consistent with the constraints

on the mass and scale of the system coming from the combination of parallax

and finite source effects [149].

4.5.3 Lens kinematics

Once we have the Einstein angle we can get the lens-source proper

motion:

µrel =
θE
tE

= 1.92± 0.13mas yr−1 (4.10)

From this we can derive the components in the eastern and northern

directions in the geocentric frame, using the parallax vector:

µrel,geo =
µrel

πE

(πE,E, πE,N) = (−1.04± 0.07, 1.61± 0.11)mas yr−1 (4.11)

The result can be converted in the heliocentric frame using the velocity

components of the Earth at time t0 projected orthogonally to the line of sight:

µrel,hel = µrel,geo + v⊕
πrel

au
= (−0.04± 0.07, 1.56± 0.011)mas yr−1 (4.12)

Using the measurement of the proper motion of the source from Gaia

EDR3, we can derive the lens kinematics. From Gaia we have:

µs = (−0.872± 0.093,−7.28± 0.067)mas yr−1 (4.13)

that are the components in the eastern and northern directions respectively.

The lens proper motion will be:

µL = µrel,hel + µS = (−0.91± 0.12,−5.72± 0.13)mas yr−1 (4.14)
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In order to measure µL in the Galactic frame we rotate it by 61.36◦;

µL,Gal = (−5.46± 0.12,−1.94± 0.12)mas yr−1 (4.15)

Here, the first component is along the Galactic longitude direction l and

the second component is along the Galactic latitude b. Knowing the distance

of the lens we can get the velocity components:

vL,Gal = (−83.2± 5.7,−29.6± 2.7) km/s (4.16)

Finally, subtracting the peculiar velocity of the Sun, we may move to the

local standard of rest (LSR):

vL,LSR = (−71.0± 5.7,−23.3± 2.7) km/s (4.17)

Since the line of sight is very close to the Galactic center, these

components are very close to the peculiar velocity components of the lens along

the tangential circle, v, and orthogonal to the Galactic plane, w, respectively

[149]. The value for the velocity obtained is common for red metal-poor

old stellar populations from the disk, as can be inferred from studies of the

asymmetric drift [165]. Studying the kinematics allows us to firmly assign our

lens, made up of a red and a brown dwarf, to Population II stars in the thick

disk. Similar conclusions were obtained by Gould [16] proving the effectiveness

of microlensing in the investigation of populations of very low-mass components

of our Galaxy.

4.6 Discussion

OGLE-2019-BLG-0033 is not the first binary microlensing with a BD

discovered. In Table 4.5 there are other similar microlensing events. In

particular we collect the events with the best precision measurement for BDs

in literature and we realize that this event is among those with the most precise

mass measurements ever realized for a BD in binary system. With the analysis
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Table 4.5: Binary microlensing events with relative error less than 10% for

the BD mass. The suffixes A and B in the names indicate that the BD is the

primary or the secondary component in the lens. No suffix means that the BD

lens was isolated. Credits [149]

Name of the event BD mass (M⊙) Rel. unc. (%) Reference

OGLE-2011-BLG-0420A 0.025 4 Choi et al. 2013 [142]

MOA-2007-BLG-197B 0.039 5 Ranc et al. 2015 [141]

OGLE-2009-BLG-151A 0.018 5.5 Choi et al. 2013 [142]

OGLE-2019-BLG-0033B 0.046 6.8 this work

OGLE-2007-BLG-224 0.056 7.1 Gould et al. 2009 [139]

OGLE-2012-BLG-0358A 0.022 8.6 Han et al. 2013 [79]

OGLE-2016-BLG-1266A 0.015 10 Albrow et al. 2018 [143]

MOA-2011-BLG-149B 0.019 10.5 Shin et al. 2012 [166]

of this event we demonstrate how microlensing is very important to the study

of low mass objects in the Milky Way. In general it is very difficult find

a solution without degeneracies. The case of OGLE-2019-BLG-0033 shows

that long events with clear parallax and orbital motion signals are optimal

for at least two reasons: a precise parallax detection gives a mass-distance

relation to be combined with other constraints on θE; orbital motion may

distinguish otherwise degenerate solutions and help single out the correct

model. For short events difficulties increase because discrete degeneracies

can give several interpretations for the lens geometry with typically different

values for the masses in spite of individual low uncertainties for the degenerate

models [133], [167]. However, annual parallax measurements rely on long-term

modulations in the observed flux for which there might be possible alternative

explanations or contaminants, including lens orbital motion itself, xallarap,

long-term variability of the source, or systematics in the data. Therefore, the

presence of measurements from a different point of observation such as Spitzer,

allows for an independent determination of parallax that goes back to pure

geometry rather than subtle modulations in the photometry. In fact, Spitzer
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observations contribute to a further reduction with regard to the uncertainty

inherent in our best model [149]. The second quantity needed to have precision

mass measurement is θE that in our case we derived from the detection of the

finite source effects. Since the source is a red clump giant the analysis was very

easy. The importance of the source analysis should not be underestimated

in microlensing mass measurements. Indeed, even in our optimal situation,

θ∗ dominates the error budget in the derived masses. One way to improve

the source knowledge could be a systematic spectroscopic survey of bright

sources of microlensing events, which certainly may enhance the significance

of microlensing mass measurements [103], [168], [169]. If finite source effects

cannot be estimated high-resolution imaging can help, in particular for event

with fast-moving lenses (and also sufficiently bright) [170]. The discovered

BD adds to the more than 3,000 already found. Most of them are in the solar

neighborhood [171] while some are in binary systems or in young clusters [172].

A BD desert was postulated since none of these object was discovered around

FGK stars in a close orbit < 5 au [123]. The theories describing the formation

of BD binaries are various as their detection is complicated. Microlensing can

be very important for its ability to identify such systems, especially with regard

to measuring the masses of BDs in binaries and quantifying their occurrence

throughout the Galaxy. Kinematic studies combining relative lens-source

proper motions from microlensing and source proper motion from Gaia provide

very interesting perspectives for assigning low-mass systems to the correct

dynamical component of the Galaxy and understanding how the production

of BDs may have evolved during the history of the Milky Way [149]. For this

purpose the upcoming Roman Telescope will give a huge contribution for the

census of these objects combining high-resolution imaging, space parallax and

precise characterization of resolved source, and in some cases, also with the

xallarap. It has a 100 wider field of view with respect to the James Webb

Telescope [173] that will be very important for this topic since it will be

well-suited for the detection of BDs and free floating planets in smaller fields,

such as clusters and for the detailed investigation on nearby BDs. In the next
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years we will have he Extremely Large Telescope equipped with Advanced

Optics [174] that will be fundamental for astrometry in crowded fields. In this

way we can re-analyze all past microlensing events since every year about 100

microlensing binary events are discovered and most of them are composed of

low-mass objects. A systematic astrometric investigation of all events would

thus build a very broad, detailed, and reliable statistics of binary systems in

our Galaxy.
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CHAPTER 5

MICROLENSING IN THE GAIA

ERA: GAIA20BOF AND GAIA21BLX

The advent of the latest generation of large-sky surveys is changing the

face of microlensing. An important role is played by the Gaia satellite which,

by observing the entire sky, allows us to discover microlensing events that

are of considerable importance for several reasons. First of all we are able

to discover events not only in the bulge direction but also in other regions of

the sky (obviously with less cadence than the bulge direction). Moreover with

Gaia observations we can characterize microlensing events with the detection

of parallax or orbital motion since the duration of events in the Galactic Disk

is usually long enough to detect high order effects. And with the astrometric

series delivered by Gaia we will have a new way to measure the Einstein angle

[175] providing mass/distance relation for a large fraction of lenses.

In this contest the follow-up observations make the difference and the OMEGA

Key Project, specialized in performing automatic follow-up of microlensing

events detected by large-sky surveys in the entire sky whose primary goal is

the characterization of cold planets and stellar remnant (as explained in the

dedicated section), plays a fundamental role.
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In this chapter we present the analysis of two microlensing events detected by

the Gaia satellite: Gaia20bof and Gaia21blx. The first has several degenerate

solutions (including some planetaries) while the second is still with degenerate

solutions but with an interesting way to derive the lens properties using the

Gaia parallax and the blend flux.

5.1 Gaia20bof

5.1.1 Observations

The event is located in the Galactic Disk at (R.A., decl.) =

(12h18m28s.36,−63◦29′50′′.14) corresponding to Galactic coordinates l =

299.26406◦, b = −0.86052◦. It was alerted the 30 March 2020 by Gaia Science

Alerts while the spectroscopic observation of SALT [176] confirmed the fact

that it was a microlensing event the 10 June 2020.

In Table 5.1 all the data collected for this event are summarized. As we can see

there are a lot of images taken in the SDSS-g’ and SDSS-i’ bands from Siding

Spring in Australia (COJ), South African Astronomical Observatory in South

Africa (CPT) and La Silla in Chile (LSC). We note that just few images are

taken from the LSC telescopes: this is due to the COVID-19 pandemic which

blocked the observations. Data reduction was made with pyDANDIA.

5.1.2 Modeling

From the Figure 5.1 we can see the anomaly at HJD′ ∼ 9025 which

suggests to us that we could have a binary lens configuration or even a binary

source. We start the analysis using the RTModel platform [21], [57], [59]. In

a first step we try the binary source single lens model in order to describe the

anomaly but we obtain a χ2 two times higher than the binary lens model so we

excluded it. We keep the binary lens model including the parallax and we start

a Markov Chain in order to explore the space parameters. The results are listed

in Table 5.2 where we presented eight degenerate models. This is due to the
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Table 5.1: Summary of photometric observations. Due to the low number of

observations, the LSC datasets were not used in the modeling. This is mainly

due to the COVID-19 pandemic and the LCO site at La Silla remains closed

longer than other sites. Courtesy of Etienne Bachelet, (Bachelet et al. 2023,

in prep.)

Name Filter Observations k

Gaia G 169 2.058

COJA gp SDSS-g’ 43 7.052

COJA ip SDSS-i’ 64 4.779

COJB gp SDSS-g’ 61 3.905

COJB ip SDSS-i’ 55 3.782

CPTA gp SDSS-g’ 5 1.087

CPTA ip SDSS-i’ 10 3.759

CPTB gp SDSS-g’ 11 1.043

CPTB ip SDSS-i’ 14 2.327

CPTC gp SDSS-g’ 12 1.496

CPTC ip SDSS-i’ 12 1.710

LCO-coj1m003 gp SDSS-g’ 41 1.223

LCO-coj1m003 ip SDSS-i’ 68 1.598

LCO-coj1m011 gp SDSS-g’ 34 0.903

LCO-coj1m011 ip SDSS-i’ 72 1.689

LCO-cpt1m010 gp SDSS-g’ 17 0.741

LCO-cpt1m010 ip SDSS-i’ 19 0.798

LCO-cpt1m012 gp SDSS-g’ 24 0.634

LCO-cpt1m012 ip SDSS-i’ 30 0.736

LCO-cpt1m013 gp SDSS-g’ 22 0.732

LCO-cpt1m013 ip SDSS-i’ 25 1.021

PROMPT04 ip SDSS-i’ 15 2.286

TRT-SB007 ip Johnson-I 11 1.993

TRT-SB007 vp Johnson-V 11 1.993

LSCA gp SDSS-i’ 3 *

LSCA ip SDSS-g’ 2 *

LSCC gp SDSS-g’ 2 *
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fact that there is no clear caustic crossing by the source, as it is immediately

noticeable from the fact that ρ∗ parameter is not measured but there is only

an upper limit. On the other hand this configuration is very similar to the

approach of a Chang-Refsdal lens that presents a strong degeneracy in terms

of lens geometries [15]. Among these solutions the Wide+ seems to be the

best, but all the solutions may be possible.

Figure 5.1: Lightcurve with residuals of the best model (Wide+) for Gaia20bof

About the the χ2 calculated we adopt the usual procedure used also in

the Chapter 3 where the original errors in magnitude are rescaled with the two

parameters k and emin. Also for this model emin is set to zero for each dataset

since it is not a high magnification event and k is such that χ2/d.o.f ∼ 1 (see

Table 5.1.

5.1.3 Source analysis

During the event one spectrum was collected by the SALT (Southern

African Large Telescope) the 6 June 2020 when the magnification was ∼ 1.8

while another one was taken by the XShooter at the VLT at the baseline the
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7 January 2022. Both the spectra are shown in Figure 5.2 and the results

are listed in Table 5.3 with a good agreement with the measurements released

from Gaia-DR3 that indicates Teff = 5430K and logg = 3.52 and a source

distance of DS = 2.2 kpc. In addition to this information we consider the

PARSEC stellar isochrones and we found that the source is most likely an old

subgiant. From the source luminosity, the source magnitude in GGaia band

and the extinction law obtained from the analysis of the spectra we found

that the source angular radius is θ∗ ∼ 5.5µas and it is independent of the

source distance that is DS = 2.0+0.6
−0.3 kpc. The result obtained is in agreement

with the parallax measurements from Gaia, but slightly closer, probably due

to the presence of the blend in the Gaia measurements (Bachelet et al. 2023,

in prep.).

Figure 5.2: The two spectra from SALT (black) and XShooter (red), as well as

several models from the MCMC exploration, are visible. The gray vertical lines

indicates absorption bands, where the data were not used for the modeling.

Courtesy of Etienne Bachelet, (Bachelet et al. 2023, in prep.)

5.1.4 Constraint on the lens and discussion

From the derivation of the source distance and the blend we can have

an upper limit for the lens mass ML ≤ 0.8M⊙. More details can be obtained

with the astrometry from which we can derive the Einstein angle and the lens
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Figure 5.3: (Left) PARSEC stellar isochrones for 9, 9.5 and 10 Gyr with a fix

metallicity of -0.75. The source is most likely an old subgiant. (Middle) Source

angular radius based on the spectral models as a function of the source distance

and age (color-coded). (Right) Source distance based on the Gaia source

measurements from the model (Gs ∼ 16 mag) and the extinction estimated

from the spectral modeling. Black dash lines indicates the 1-σ confidence

region from the parallax measurement of Gaia. Courtesy of Etienne Bachelet,

(Bachelet et al. 2023, in prep.)

mass. In Figure 5.4 we show the astrometric signals as seen by Gaia assuming

θE = 1 mas. Information from astrometry was used for the first time in

Gaia16aye [48] so we the advent of the Gaia DR 4 we can finally break the

degeneracy of Gaia20bof. Another step forward could be done with the use of

high resolution imaging, like the blend flux: we can note from the Table 5.2

how the blend is different for every model. With the high resolution imaging

we can fix this value measuring the lens flux directly, limiting the number of

possible scenarios. In conclusion, for the moment, we can assume that the lens

is a binary system with an upper limit for the mass that can be defined more

precisely considering the astrometry with the Gaia DR 4 and with the high

103



5. MICROLENSING IN THE GAIA ERA: GAIA20BOF AND

GAIA21BLX

Parameters

Av [mag] 1.56+0.02
−0.04

Teff [K] 5300+30
−30

Fe/H −0.7+0.3
−0.1

log g 3.50+0.30
−0.25

Table 5.3: Parameters of the source from spectroscopic analysis. Courtesy of

Etienne Bachelet, (Bachelet et al. 2023, in prep.)

resolution imaging.

Figure 5.4: (Left) The source trajectories (blue), caustics (red) and critical

curves (black) for the eight models for Gaia20bof. Note that the center of mass

of the lenses is kept fixed at (0,0). The microlensing astrometric deflections

in right ascension (Middle) and in declination (Right) versus time are also

displayed. The color indicates the observed Gaia G magnitude. Courtesy of

Etienne Bachelet, (Bachelet et al. 2023, in prep.)
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5.2 Gaia21blx

5.2.1 Observations

Gaia21blx is located in the Galactic Disk at (R.A., decl.) =

(14h53m15s.42,−62◦01′30′′.61) corresponding to Galactic coordinates l =

316.69911◦, b = −2.45443◦. The alert was published the 22 March 2021 with

Gaia magnitude of ∼ 16.64. After the alert follow-up observations started with

data collected in g’ band from the CTIO telescope and i’ band from the SAO

telescopes of the LCOGT network.

5.2.2 Modeling

The first step is made using the RTModel platform [21], [57], [59] from

which we obtain a close binary lens model with parallax. Since from the

beginning we have ρ∗ and πE well measured so that in principle we are able to

derive mass and distance of the lens. From the best solutions obtained with

RTModel we start a Levenberg-Marquardt algorithm in order to minimize

the χ2 and after this we run Markov Chains to find the best solution. In a

second moment we consider the inclusion of the orbital motion for a more

robust estimate of errors in parallax (we label it LOClose). Starting from

the initial model (the parallax one) we run three other cases: the first is

obtained changing the s parameter due to the offset degeneracy [26] (the wide

configuration LOWide), while the second is derivated from the first changing

the sign of u0 and α (called LOCloseR whose lightcurve is shown in Figure 5.5).

The last is obtained with the reflection of u0 and α from the wide configuration

(LOWideR). All the caustic configurations and the source trajectories are

shown in Figure 5.6. The final results, including the orbital motion, are shown

in Table 5.4 where we can note that the orbital parameters can be compatible

with to 0 in the errors and the χ2 are similar, which forces us, at first, to retain

all competitive models.
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Table 5.4: Parameters of the best models. Rota et al. 2023 in prep.

Parameters (Unit) LOcloseR LOclose LOwide LOwideR

tE days 152.800+7.700
−7.700 134.374+13.374

−16.626 101.270+4.470
−13.029 120.960−18.960

−7.040

t0 HJD 9300.318+0.027
−0.524 9300.755+0.092

−0.209 9297.420+0.158
−0.046 9297.830+0.072

−0.072

u0 0.0887+0.0046
−0.0017 −0.0968+0.0061

−0.0061 0.0263+0.0016
−0.0016 −0.0093+0.0007

−0.0027

ρ∗ 0.0019+0.0001
−0.0003 0.0020+0.0003

−0.0002 0.0027+0.0001
−0.0002 0.0021+0.0005

−0.0001

α −4.9001+0.0115
−0.0115 4.9009+0.0032

−0.0216 4.9909+0.0219
−0.0201 −5.0379+0.0498

−0.0498

s 0.4332+0.0124
−0.0048 0.4539+0.0159

−0.0159 2.0116+0.0033
−0.0033 1.9926+0.0019

−0.0019

q 0.5471+0.0401
−0.0429 0.4509+0.0269

−0.0611 0.2344+0.0188
−0.0063 0.2049+0.0099

−0.0208

πE,N 0.1360+0.0420
−0.0190 0.1048+0.0229

−0.0411 0.2247+0.0127
−0.0823 0.2193+0.0833

−0.0097

πE,E 0.0001+0.0456
−0.0049 −0.1468+0.0097

−0.0447 −0.2114+0.0136
−0.0464 −0.0504+0.0998

−0.0006

γ‖ days−1 −0.0020+0.0021
−0.0003 −0.0022+0.0015

−0.0015 0.0009+0.0008
−0.0003 0.0022+0.0023

−0.0001

γ⊥ days−1 0.0001+0.0007
−0.0007 0.0023+0.0011

−0.0005 −0.0003+0.0004
−0.0005 0.0049+0.0033

−0.0007

γz days−1 0.0028+0.0020
−0.0022 0.0024+0.0024

−0.0051 0.0006+0.0004
−0.0026 0.0056+0.0029

−0.0013

χ2 443.6 444.1 457.3 451.0

106



5. MICROLENSING IN THE GAIA ERA: GAIA20BOF AND

GAIA21BLX

Figure 5.5: Lightcurve with residuals of the best model (called LOCloseR) for

the microlensing event Gaia21blx. (Rota et al. 2023 in prep.)

5.2.3 Constraint on the lens and discussion

From the four models we derive the source flux and the blend flux listed

in Table 5.5. We can immediately note that the blend is very high for all the

models and attribute it to the lens itself. Indeed the fact that the blend flux is

generated by the lens is our first assumption (that in future can be confirmed

by spectroscopic observations). In order to derive the physical parameters of

the lens we also use the parallax measured by Gaia with the GAIA-DR3 release

πGaia = 0.45± 0.13 mas with a Re-normalised Unit Weight Error (RUWE) of

1.18 that is acceptable [177]. At this point we assume that the Gaia parallax

is the flux-weighted average of the parallaxes of lens and source. The three

parallaxes (πGaia,πl and πs) are related by the following equation:

πs =
πGaia(10−0.4Gs + 10−0.4Gl)− πl10−0.4Gl

10−0.4Gs
(5.1)

We make this hypothesis since the blending is high and probably the Gaia

parallax does not correspond to the source or lens parallax only. With these

two assumptions we can estimate separate information on lens and source and
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Figure 5.6: Caustic configuration for all the models. On the top we have the

LOClose on the left (R) while on the right there is the LOCloseR (CR). On

the bottom on the left we have the LOWide model (W) and then on the right

the LOWideR model (WR). (Rota et al. 2023 in prep.)

restrict the physical range of the parameters.

The second step is to derive the magnitude in V band in order to derive

a mass-luminosity relation for low-mass star. Using the relationship in Riello

et al. [178] we derive the Gaia color GBP −GRP from the color g′− i′ with the

following equation:

GBP−GRP = 0.3971+0.777(g′−i′)−0.4164(g′−i′)2+0.008237(g′−i′)3 (5.2)

Once we obtain the Gaia color from the equation (5.2) we take the

equation that relates the G Gaia band with Johnson V band using the Gaia

color in order to obtain the V magnitude for the lens:
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Table 5.5: Magnitudes of baseline (source) and blend (lens flux for our

assumption) of the best models for each telescope. Rota et al. 2023 in prep.

Unit LOcloseR LOclose LOwide LOwideR

Gs mag 19.544± 0.056 19.381± 0.101 18.354± 0.088 18.522± 0.103

Gl mag 18.203± 0.016 18.257± 0.036 19.142± 0.183 18.859± 0.141

gs mag 21.259± 0.059 21.105± 0.106 20.099± 0.082 20.283± 0.102

gl mag 19.229± 0.009 19.261± 0.020 19.607± 0.052 19.501± 0.050

is mag 19.119± 0.057 18.964± 0.104 17.961± 0.084 18.144± 0.106

il mag 17.368± 0.012 17.413± 0.025 17.884± 0.078 17.733± 0.073

G−V = −0.02704+0.01424(GBP−GRP )−0.2156(GBP−GRP )2+0.01426(GBP−GRP )3

(5.3)

from which we obtain Vlens = 18.84 ± 0.05. At this point we use the

mass-luminosity relation of Xia et al. [179] where we include the extinction

following the work of Capitanio et al. [180]. Since the lens is binary, we

consider the two components separately using the following equations (in the

end we sum the fluxes of the two lenses):

LogM = 0.213− 0.0250MV − 0.00275M2
V ifM ∈ (0.50, 1.086)M⊙

LogM = 0.982− 0.128MV ifM ∈ [0.28, 0.50]M⊙

LogM = 4.77− 0.714MV + 0.0224M2
V ifM ∈ (0.1, 0.28)M⊙

In this way we construct a function of the mass depending on the

distance with the inclusion of the extinction.

Another constraint arises from the source: following Boyajian et al. [181] we

derive θ∗ considering the color g’-i’ that we use to derive the zero-magnitude

angular diameter θmλ=0, that represents the angular diameter of a star when

it is at a distance at which its apparent magnitude equals zero, using the

following relation [181], [182]:
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logθmλ=0 = logθLD + 0.2mλ (5.5)

where θLD is the angular diameter of the star (our θ∗) and mλ is the apparent

magnitude of a star in a certain filter λ. In this case we use the g’ filter.

The parameter obtained, combined with ρ∗ and the parallax gives us another

relation between mass and distance explained in the following equation:

M =
(θ∗
ρ∗

)2 1

κ(πl − πs)
(5.6)

Finally we use a third constraint from microlensing where, using the parallax

obtained from the Markov Chain we obtain again the mass as function of DL:

M =
πl − πs

κπ2
E

(5.7)

The result is shown in Figure 5.7. With this approach we exclude the wide

cases since there is no overlapping between the three bands allowed by the

physical constraints. In this way we are able to obtain information about lens

an source and list it in the Table 5.6.

A further reinforcement of this work is given to us by astrometry. Using

the latest version of VBBinaryLensing of Bozza [21] we are able to simulate

the astrometric microlensing of the event as shown in Figure 5.8. The fact that

the baseline of Gaia data is very long compared to the microlensing duration

and the absence of Gaia points during the amplification of the lightcurve

strengthens the hypothesis that the parallax measured by Gaia is unaffected

by microlensing and that can be considered the flux-weighted average of the

parallaxes of lens and source. In conclusion we can say that with this approach

we managed to extrapolate the information on the lens, discovering that it is a

binary system distant 2.2 kpc with a total mass of 1.5 M⊙. The two lenses are

probably a G-star of 0.95 M⊙ and a K-star of 0.52 M⊙. Using IAC-STAR with
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Figure 5.7: Plot of the three mass-distance functions for the LOCloseR model.

In blue we have theconstraint from the microlensing and Gaia parallax. In red

the constraint from the lens flux where mass-luminosity relations for low mass

star are used. In green the constraint obtained from the finite source effects

and the angular radius of the source. (Rota et al. 2023 in prep.)

the stellar evolution library of Girardi [183] we extrapolate the magnitude in

the Johson Cousin’s bands. In this way using the conversion from Johnson to

SDSS band [184] we are able to obtain the g’ and i’ band for each lens and

using the formulas present in [178] backwards, the magnitude is also obtained

in the GAIA band. About the source we can assume that is distant about 2.4

kpc and probably it is a F-subgiant star. Spectroscopic observations should

explicitly show the presence of lines from the source and at least the primary

lens, which contributes most of the blending. Moreover, since the lens is bright

we expect that with high resolution imaging we are able to separate, in future

observations, the source and the lens making a further constraint on their

physical properties.
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Table 5.6: Physical parameters of lens and source for the best model. Rota et

al. 2023 in prep.

Distance (kpc) Mass(M⊙) g’ i’ G Spectral class

Total lens 2.18± 0.02 1.47± 0.05 19.229± 0.009 17.368± 0.012 18.203± 0.016 -

Primary lens 2.18± 0.02 0.95± 0.06 20.373± 0.295 17.913± 0.295 18.217± 0.418 G star

Secondary lens 2.18± 0.02 0.52± 0.06 25.402± 0.278 20.765± 0.278 20.475± 0.394 K star

Source 2.38± 0.29 1.21± 0.43 21.259± 0.059 19.119± 0.057 19.544± 0.056 Subgiant F star

Figure 5.8: Astrometry simulation for the LOCloseR model. (Rota et al. 2023

in prep.). The blue curve is the source trajectory in a frame in which the lenses

are fixed. The orange curve shows the centroid trajectory. The two brown disk

are the two lenses and the black points are the Gaia points. Rota et al. 2023

in prep.
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CHAPTER 6

CONCLUSIONS

In this thesis I presented my work about the modeling of microlensing

events. We started from the gravitational lensing theory introducing all

the physical information needed to understand this physical scenario and we

introduced all the techniques used to analyze a microlensing event in order to

derive physical informations as the distance and the mass of the lens. After

this we examined several microlensing event where for each of them, the usual

procedure was used to obtain the final result: we start with RTModel to find

the base models from which to start for the exploration of the parameter

space to minimize the χ2 with the Levenberg-Marquard algorithm and then

find the best solutions with Markov Chains. The first event analyzed is

MOA-2006-BLG-074: it was selected as a prominent exoplanetary event but

after a detailed analysis we found that the lightcurve is better described by a

binary source with orbital motion and a single lens whose properties are derived

with a Bayesian analysis. The second event analyzed is OGLE-2019-BLG-033:

in this case we have data from Spitzer satellite so from the beginning we have

to consider satellite parallax and this allows us to find the physical parameters

of the lens directly without having to resort to statistical analysis. In this

case we find a binary system with a brown dwarf and the measurements are
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so precise as to place this work among those with the greatest accuracy in

determining the physical parameters of a binary system with brown dwarfs.

In the end we analyzed two microlensing events detected by Gaia satellite:

for the first, Gaia20bof, we find degenerate models, including even planetary

solutions, which can be confirmed with high resolution imaging in order to

detect separately lens and source and make a constraint on these. The second

is Gaia21blx which turned out to be a binary system composed of one G-star

and one K-star. The interesting aspect in this case was the fact that, given

the presence of a high blending, which was assumed to be the lens flux, the

solution of the system was obtained by considering the gaia parallax as the

weighted average of the fluxes of the lens and source parallaxes. In this way,

using the appropriate conversion formulas to pass into V band, for which

mass-luminosity relationships are obtained for low mass stars we found several

constraint for the lens coming from the parallax, the flux and from the finite

source effects that are well measured in this event. Summing up we find

that with microlensing we can have many different approaches that allow us

to find the final solution of the event using an advanced modelling method.

The importance of microlensing is also based on this and we remember that

it is one of the few, if not the only method, capable of detecting faint or

dark objects otherwise impossible to find with other techniques such as brown

dwarfs, free floating planets, stellar black holes and more thus providing more

precise and detailed information on the distribution of objects in the Milky

Way and therefore providing information on the dynamics and evolution of

our Galaxy. With the advent of telescopes such as the Roman telescope,

microlensing will therefore become fundamental not only for the discovery of

numerous exoplanets, in particular terrestrial ones, which are located beyond

the snow line, but also for having more information on how our Galaxy is

made, which despite the various surveys carried out in all this time, still remain

hidden.
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[133] P. Mróz, R. Poleski, A. Gould, et al., “A Terrestrial-mass Rogue Planet

Candidate Detected in the Shortest-timescale Microlensing Event,”,

vol. 903, no. 1, L11, p. L11, Nov. 2020. doi: 10.3847/2041-8213/

abbfad. arXiv: 2009.12377 [astro-ph.EP].

[134] H.-W. Kim, K.-H. Hwang, A. Gould, et al., “KMT-2019-BLG-2073:

Fourth Free-floating Planet Candidate with θE ¡ 10 µas,”, vol. 162,

no. 1, 15, p. 15, Jul. 2021. doi: 10.3847/1538-3881/abfc4a. arXiv:

2007.06870 [astro-ph.EP].

132



[135] Y.-H. Ryu, K.-H. Hwang, A. Gould, et al., “Shortest Microlensing Event

with a Bound Planet: KMT-2016-BLG-2605,”, vol. 162, no. 3, 96, p. 96,

Sep. 2021. doi: 10.3847/1538- 3881/ac062a. arXiv: 2104.07906

[astro-ph.EP].

[136] N. Koshimoto and D. P. Bennett, “Evidence of Systematic Errors in

Spitzer Microlens Parallax Measurements,”, vol. 160, no. 4, 177, p. 177,

Oct. 2020. doi: 10.3847/1538- 3881/abaf4e. arXiv: 1905.05794

[astro-ph.EP].

[137] J. H. An, M. D. Albrow, J. .-. Beaulieu, et al., “First Microlens Mass

Measurement: PLANET Photometry of EROS BLG-2000-5,”, vol. 572,

no. 1, pp. 521–539, Jun. 2002. doi: 10.1086/340191. arXiv: astro-

ph/0110095 [astro-ph].

[138]  L. Wyrzykowski and I. Mandel, “Constraining the masses of

microlensing black holes and the mass gap with Gaia DR2,”, vol. 636,

A20, A20, Apr. 2020. doi: 10.1051/0004-6361/201935842. arXiv:

1904.07789 [astro-ph.SR].

[139] A. Gould, A. Udalski, B. Monard, et al., “The Extreme Microlensing

Event OGLE-2007-BLG-224: Terrestrial Parallax Observation of a

Thick-Disk Brown Dwarf,”, vol. 698, no. 2, pp. L147–L151, Jun.

2009. doi: 10 . 1088 / 0004 - 637X / 698 / 2 / L147. arXiv: 0904 . 0249

[astro-ph.GA].

[140] V. Bozza, M. Dominik, N. J. Rattenbury, et al., “OGLE-2008-BLG-510:

first automated real-time detection of a weak microlensing anomaly -

brown dwarf or stellar binary?”, vol. 424, no. 2, pp. 902–918, Aug.

2012. doi: 10.1111/j.1365-2966.2012.21233.x. arXiv: 1203.1291

[astro-ph.EP].

[141] C. Ranc, A. Cassan, M. D. Albrow, et al., “MOA-2007-BLG-197:

Exploring the brown dwarf desert,”, vol. 580, A125, A125, Aug.

2015. doi: 10 . 1051 / 0004 - 6361 / 201525791. arXiv: 1505 . 06037

[astro-ph.EP].

133



[142] J. .-. Choi, C. Han, A. Udalski, et al., “Microlensing Discovery of a

Population of Very Tight, Very Low Mass Binary Brown Dwarfs,”,

vol. 768, no. 2, 129, p. 129, May 2013. doi: 10.1088/0004- 637X/

768/2/129. arXiv: 1302.4169 [astro-ph.SR].

[143] M. D. Albrow, J. C. Yee, A. Udalski, et al., “OGLE-2016-BLG-1266: A

Probable Brown Dwarf/Planet Binary at the Deuterium Fusion Limit,”,

vol. 858, no. 2, 107, p. 107, May 2018. doi: 10.3847/1538- 4357/

aabf3f. arXiv: 1802.09563 [astro-ph.SR].

[144] P. R. Wozniak, “Difference Image Analysis of the OGLE-II Bulge Data.

I. The Method,”, vol. 50, pp. 421–450, Dec. 2000. doi: 10.48550/

arXiv.astro-ph/0012143. arXiv: astro-ph/0012143 [astro-ph].

[145] A. B. Tomaney and A. P. S. Crotts, “Expanding the Realm of

Microlensing Surveys with Difference Image Photometry,”, vol. 112,

p. 2872, Dec. 1996. doi: 10.1086/118228. arXiv: astro-ph/9610066

[astro-ph].

[146] C. Alard and R. H. Lupton, “A Method for Optimal Image

Subtraction,”, vol. 503, no. 1, pp. 325–331, Aug. 1998. doi: 10.1086/

305984. arXiv: astro-ph/9712287 [astro-ph].

[147] C. Alard, “Image subtraction using a space-varying kernel,”, vol. 144,

pp. 363–370, Jun. 2000. doi: 10.1051/aas:2000214.

[148] I. A. Bond, D. P. Bennett, T. Sumi, et al., “The lowest mass

ratio planetary microlens: OGLE 2016-BLG-1195Lb,”, vol. 469, no. 2,

pp. 2434–2440, Aug. 2017. doi: 10.1093/mnras/stx1049. arXiv: 1703.

08639 [astro-ph.EP].

[149] A. Herald, A. Udalski, V. Bozza, et al., “Precision measurement of

a brown dwarf mass in a binary system in the microlensing event.

OGLE-2019-BLG-0033/MOA-2019-BLG-035,”, vol. 663, A100, A100,

Jul. 2022. doi: 10.1051/0004-6361/202243490. arXiv: 2203.04034

[astro-ph.SR].

134



[150] P. L. Schechter, M. Mateo, and A. Saha, “DoPHOT, A CCD

Photometry Program: Description and Tests,”, vol. 105, p. 1342, Nov.

1993. doi: 10.1086/133316.

[151] W. Zang, M. T. Penny, W. Zhu, et al., “Measurement of Source

Star Colors with the K2C9-CFHT Multi-color Microlensing Survey,”,

vol. 130, no. 992, p. 104 401, Oct. 2018. doi: 10.1088/1538-3873/

aadcd3. arXiv: 1803.09184 [astro-ph.EP].

[152] M. Dominik, U. G. Jørgensen, N. J. Rattenbury, et al., “Realisation of a

fully-deterministic microlensing observing strategy for inferring planet

populations,” Astronomische Nachrichten, vol. 331, no. 7, p. 671, Jul.

2010. doi: 10.1002/asna.201011400.

[153] J. Skottfelt, D. M. Bramich, M. Hundertmark, et al., “The two-colour

EMCCD instrument for the Danish 1.54 m telescope and SONG,”,

vol. 574, A54, A54, Feb. 2015. doi: 10.1051/0004-6361/201425260.

arXiv: 1411.7401 [astro-ph.IM].

[154] D. M. Bramich, “A new algorithm for difference image analysis,”,

vol. 386, no. 1, pp. L77–L81, May 2008. doi: 10 . 1111 / j . 1745 -

3933.2008.00464.x. arXiv: 0802.1273 [astro-ph].

[155] D. M. Bramich, K. Horne, M. D. Albrow, et al., “Difference image

analysis: extension to a spatially varying photometric scale factor and

other considerations,”, vol. 428, no. 3, pp. 2275–2289, Jan. 2013. doi:

10.1093/mnras/sts184. arXiv: 1210.2926 [astro-ph.IM].

[156] A. Gould and J. C. Yee, “Cheap Space-based Microlens Parallaxes

for High-magnification Events,”, vol. 755, no. 1, L17, p. L17, Aug.

2012. doi: 10 . 1088 / 2041 - 8205 / 755 / 1 / L17. arXiv: 1205 . 5801

[astro-ph.EP].

[157] S. Refsdal, “On the possibility of determining the distances and masses

of stars from the gravitational lens effect,”, vol. 134, p. 315, Jan. 1966.

doi: 10.1093/mnras/134.3.315.

135



[158] V. Batista, A. Gould, S. Dieters, et al., “MOA-2009-BLG-387Lb: a

massive planet orbiting an M dwarf,”, vol. 529, A102, A102, May

2011. doi: 10 . 1051 / 0004 - 6361 / 201016111. arXiv: 1102 . 0558

[astro-ph.EP].

[159] N. Miyake, T. Sumi, S. Dong, et al., “A Sub-Saturn Mass Planet,

MOA-2009-BLG-319Lb,”, vol. 728, no. 2, 120, p. 120, Feb. 2011. doi:

10.1088/0004-637X/728/2/120. arXiv: 1010.1809 [astro-ph.EP].

[160] I.-G. Shin, J. C. Yee, K.-H. Hwang, et al., “OGLE-2016-BLG-1093Lb:

A Sub-Jupiter-mass Spitzer Planet Located in the Galactic Bulge,”,

vol. 163, no. 6, 254, p. 254, Jun. 2022. doi: 10.3847/1538- 3881/

ac6513. arXiv: 2201.04312 [astro-ph.EP].

[161] J. C. Yee, L. .-. Hung, I. A. Bond, et al., “MOA-2010-BLG-311:

A Planetary Candidate below the Threshold of Reliable Detection,”,

vol. 769, no. 1, 77, p. 77, May 2013. doi: 10.1088/0004-637X/769/1/

77. arXiv: 1210.6041 [astro-ph.EP].

[162] Gaia Collaboration, A. G. A. Brown, A. Vallenari, et al., “Gaia Early

Data Release 3. Summary of the contents and survey properties,”,

vol. 649, A1, A1, May 2021. doi: 10.1051/0004-6361/202039657.

arXiv: 2012.01533 [astro-ph.GA].

[163] A. Claret and S. Bloemen, “Gravity and limb-darkening coefficients for

the Kepler, CoRoT, Spitzer, uvby, UBVRIJHK, and Sloan photometric

systems,”, vol. 529, A75, A75, May 2011. doi: 10.1051/0004-6361/

201116451.

[164] G. F. Benedict, T. J. Henry, O. G. Franz, et al., “The

Solar Neighborhood. XXXVII: The Mass-Luminosity Relation for

Main-sequence M Dwarfs,”, vol. 152, no. 5, 141, p. 141, Nov. 2016. doi:

10.3847/0004-6256/152/5/141. arXiv: 1608.04775 [astro-ph.SR].

[165] O. Golubov, A. Just, O. Bienaymé, et al., “The asymmetric drift, the
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ma, spero, non unico lavoro insieme. Sarà strano non vederti più come prima
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