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“Do not worry about your difficulties in Mathematics.
I can assure you mine are still greater.”
Albert Einstein



Introduction

This PhD thesis is devoted to some qualitative aspect of viscosity solutions of nonlinear second order

elliptic partial differential equations of the form
F(z,u(z), Du(z), D*u(z)) = f(z), (1)

where ' : Q CR" X R XxR*"x 8" — Rand f: Q CR"” — R are prescribed functions, €2 is a
domain, 8™ is the linear space of symmetric n x n real matrices and w is the real valued unknown
function. The gradient Du and the Hessian matrix D?u do not have a classical meaning, but they
are understood in a weak sense.

The notion of viscosity solution firstly appeared in the early 80s in the works of M.G. Crandall, L.C.
Evans, P.L. Lions [16]-[17]-[18] relatively to the first order Hamilton-Jacobi equations and afterwards
extended by Jensen [40] to the second order case.

Many other authors, among whom Cabré, Caffarelli, Hishii, Swiech, Trudinger, have contributed
to the development of this theory showing existence, uniqueness, regularity, approximation and
stability results so emphasizing the flexibility and the usefulness of viscosity solutions to handle
nonlinear elliptic (and parabolic) problems. Moreover the range of applications is plentiful: optimal
control, differential game, front propagation, Mathematical Finance are only some of the research
fields in which viscosity theory applies.

In this spirit Chapter 1 is a brief introduction to viscosity solutions. First we deal with the continuous
case (F and f in (1) are assumed to be continuous functions) and present some results: comparison
principle, Perron method, stability and half-relaxed limits, Jensen approximation. In the last section
we consider LP-viscosity solutions, a suitable notion of viscosity solutions to treat equations with
measurable dependence on .

Chapter 2 is concerned with the existence and uniqueness of entire solutions (i.e. solutions in the
whole space R™) of (1). The operator F' is uniformly elliptic and F(-,r,-,-) satisfies a superlinear
monotonicity assumption. No growth condition at infinity is assumed. Such results are known [4],

in distributional sense, for the equation
Au— o] tu= f(z), [ € Lie(R"), d>1 (2)
and [27] for
F(D*u) — [ul*"tu = f(2), [ € Lj(R"), d>1 (3)

in the L"-viscosity case. Our aim is to consider a larger class of equations than (3), allowing the
dependence on x, on the gradient Du and going below the exponent n. The technique used to
prove the existence of entire solutions allows us to solve the Dirichlet boundary problem in regular

domains (even unbounded). In the last section a non-existence result is proved for the equation

F(xz,Du,D*u) —e* =0 in R™



ii

Blow-up solutions are the content of Chapter 3. We extend to the nonlinear viscosity setting some
known results of [47]-[48] concerning the Laplace operator.
Chapter 4 is devoted to the Extended Maximum Principle (EMP). Every subsolution on the uniform

elliptic equation F(D?u) = 0 in a bounded domain {2 satisfies the condition

limsupu(zr) <0=u<0 in Q
x—00Q

in view of maximum principle. In other words the sign of u on the boundary 0f) propagate inside 2.
We show that the boundary condition can be weakened without altering the validity of the maximum
principle: any bounded subsolution u of F(D?u) = 0 is non-positive in € assuming u < 0 on 9 up
to a set E of null a-Riesz capacity (for a suitable «). So the set of zero capacity can be ignored in
the maximum principle. The key point to establish this result is to construct a supersolution of a
maximal equation which blows up on E and is finite outside F. The a-Riesz potential works in this
case.

Next we generalize such results to the class of uniformly elliptic equations depending on the gradient
variable F(Du, D?u) = 0. As application of EMP we present a removable singularities result: every
bounded viscosity solution of F(Du, D*u) = f(x) in Q\E, E € €, can be extended to a solution of
the same equation in all 2 if F has zero a-Riesz capacity.

Finally a larger class of pure second order degenerate elliptic operator is considered by showing that

EMP continues to work in this case.
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Chapter 1

Basic facts on viscosity solutions

1.1 Degenerate and uniform elliptic operators

Let Q be a domain (open connected set) of R, n > 2. By 8™ we denote the set of symmetric n x n

real matrices equipped with its usual partial order: if M, N € 8™ the condition
M>N

means that
(Mg, &) > (N, &) for all £ € R™,

where (-, -) is the Euclidean inner product. This implies that Trace(M) > Trace(N). In 8™ we use

the norm

M|} = max {[Mz| : [z] =1} = max {|(Mz,z)| : |z =1}
= max {|A| : A eigenvalue of M} .

The following Lemma states that every symmetric matrix can be uniquely decomposed as a sum of

two nonnegative symmetric matrices whose product is null.
Lemma 1.1.1. If M € 8" then M = M+ — M~, where M* € 8", M* >0 and MtM~ = 0.
The matrices M+ and M~ are called respectively the positive and negative part of M.

Proof. Let us suppose first M diagonal matrix: M = D with D;; = 0 for i # j. The diagonal
matrices £/ and F defined for ¢ = 1,...,n by

Ez” = (D”)+ = max(Dii, 0), F” = (Du)_ = — mln(D”,O) (11)

give the decomposition required. In order to prove the uniqueness of decomposition let us assume
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that D = E — F with E,F >

=)

,EF =0and prove that E = FE, F=F. Infact fori=1,...,n

j=1 J=1
2 =2 = = =2
=DiiFii+Fy+ Y Fy;=FyEi+» F
JFi JFi

Then E and F are diagonal matrices and D;; = E;; — Fy. Taking into account that EF =0, if
D;; >0it follows E” > Fii, F“ =0and E” = Dj;. Similarly in D;; < 0 then D;; = _Fiiy E“ = F”

if Dy; = 0. This prove the assert in the diagonal case. The positive and negative part of D are
Dt = (Dy)" and D™ = (Dy)". (1.2)

Now we treat the general case. Let us consider an orthogonal matrix O such that M = OT DO with
D diagonal matrix (D;; are the eigenvalues of M), then M = OTD+*0O — OT"D~0 and OTD*O,
OT D~ O satisfy the thesis. Finally we prove the uniqueness. Let us assume that M = P — Q with
P,Q > 0 and PQ = 0, we have D = OMO” = OPO" — OQO" and from the uniqueness in the
diagonal case DT = OPO”, D~ = OQO*. We conclude P = OT'DT0O and Q = OTD~ 0. O

Remark 1.1.1. From previous Lemma it follows that any nonnegative (nonpositive) matrix coin-
cide with its positive (— negative) part. Moreover Trace(M ™) (—Trace(M ™)) is the sum of positive

(negative) eigenvalues of M.

We will consider second order partial differential equations of general form
F(z,u, Du, D*u) = f(z), (1.3)

where F: Q x R x R” x 8" — R and f : Q — R are prescribed functions, Du and D?u correspond
respectively to the gradient and the Hessian matrix of the unknown real valued function u : 2 — R.
Equations of this type are said to be fully nonlinear to emphasize the fact that the operator F' can

also be nonlinear in its matrix variable.

Definition 1.1.1. The operator F': Q x R xR"” xS™ — R is degenerate elliptic if it is nondecreasing

in the matrix variable, namely
M >N = F(x,r,p,M) > F(z,r,p,N),
and proper if it is also nonincreasing in 7.

A stronger structure assumption on F' is the uniform ellipticity.
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Definition 1.1.2. The operator F': ) x R x R" x §" — R is uniformly elliptic if there exists two
constants A > X\ > 0, said ellipticity constants, such that

ATrace(N) < F(x,r,p, M + N) — F(z,r,p, M) < ATrace(N)

for all (xz,r,p) € A xR xR" M,N € 8" and N > 0. The ratio % > 1 is called the ellipticity of

F. The set of second order uniformly elliptic operators, with A > A > 0 as ellipticity constants,
satisfying the condition F(z,-,-,-) = 0 for any z € § is denoted by F) 4.
Moreover we say F' € Fy A p, with b > 0, if

ATrace(N) —blp — q| < F(x,r,p,M + N) — F(x,r,q, M) < ATrace(N) + b|lp — q|,
so that I’ € F) 5 is b-Lipschitz in the gradient variable.

According these definitions equations of type (1.3) are called fully nonlinear degenerate, respec-

tively uniformly, elliptic equations if F' is degenerate, respectively uniformly, elliptic.

1.1.1 Examples

We give examples of fully nonlinear elliptic equations. Some of them arise in problem of applied

Mathematics, as financial Mathematics, stochastic optimal control problems and differential games.

Example 1.1.1 (First order equations).
F(z, u(x), Du(z)) = f(x). (1.4)

First order operators are trivially degenerate elliptic and never uniformly elliptic. In particular
Hamilton-Jacobi equations
up + H(x,t,u, Dyu(z,t)) =0,

wheret € R,z € Qand H : Q@ x RxRxR" — R is the Hamiltonian, are of type (1.4) by considering
y = (z,t) and

F(y,r,p) = pny1 + H(y,r,p1, ..., ).
Example 1.1.2 (Linear equations).

n

D i (@), + Y bi()ua, + c(z)u = f(x) (1.5)
=1

ij=1
Equations of type (1.5) may be written in the form (1.3) by setting
F(x,r,p,X) = Trace(A(z)X) + (b(x),p) + c(z)r (1.6)

where A(z) = (a;j(z));; € 8" and b(z) = (bj(x));. The operator (1.6) is degenerate elliptic if
A(z) > 0 and it is uniformly elliptic if Al < A(x) < AI. Here and in the sequel I is the identity

matrix in S™.
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Example 1.1.3 (Quasilinear equations).

n

Z aij (T, Uy DU)Ug,z; + b(z,u, Du) = f(z) (1.7)

ij=1
The corresponding operator is

F(x,r,p,X) = Trace(A(z,t,p)X) + b(x,r, p) (1.8)
which is degenerate elliptic if A(x,r,p) = (a;j(z,r,p))i; > 0, uniformly elliptic if \I < A(z,r,p) < Al
for any (z,7,p) € Q@ x R x R™.

Example 1.1.4 (Bellman and Isaacs equations).

Consider a family of linear second order operators depending on a parameter o

n

Lo =" afi(@)ug,e; + D b3 (2)ug, + ()u — [ (),
=1

ij=1

where a € A, arbitrary set, f¢ is a real function in  for any a € A. The equation
sup {L%} =0 (1.9)
«

is degenerate (uniformly) elliptic if A%(z) = (afj(z))ij > 0 (M < A%(z) < Al) for each z €  and
a € A. The Bellman equation (1.9) is the fundamental partial differential equation of stochastic

control.

In the theory of differential games arise a more general equation than (1.9) said Isaacs equation:
sup inf {Eaﬂu} =0 (1.10)
a B

where

n n
L% =" all (@) ga; + Y 677 (), + P (@)u — F*%(x)
i,j=1 i=1

is a family of linear second order operators indexed by « and (3 in two arbitrary set A and 5. Under
the assumption A%%(z) = (afjﬁ(a:))ij >0 (M < A8(z) < AI) for each z € Q, a € Aand 3 € B

Isaacs equation in degenerate (uniformly) elliptic.

Example 1.1.5 (Pucci’s equations).
Pucci’s extremal operators are defined for any M € 8™ by

T (M)= s T AM A (M)= inf T AM). 1.11
PyA(M) N race(AM), Py, (M) want race(AM) (1.11)

P)jf A € Faa and the equations associated are called Pucci’s equations:
Pia(D?u) = f, Py \(D*u) = f. (1.12)

We collect the main properties of Pucci’s operator in the following Proposition.
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Proposition 1.1.1. For any M € 8™
1. Py A (M) < PY (M),
2. Pya(M) = =P\ (=M).
3. P/j\fA(aM) = ozP/j\fA(M) for any o > 0
4. 77;\“7/\ (Py.a) is superadditive (subadditive)
5. Py a(M) = ATrace(M*) — ATrace(M ™)
=A Zei>0 e+ A Eei<0 e; with e; eigenvalues of M
6. Py o(M) = XTrace(M ™) — ATrace(M ™)
= )‘Zei>0 e; + A Zei<0 €;
Proof. We prove (5)-(6), the other ones follow directly from definition (1.11). For any \I < A < AT
Trace(AM) = Trace(AM ™) — Trace(AM ) < ATrace(M™) — ATrace(M ~)
and taking the supremum
PIA(M) < ATrace(M™) — ATrace(M ™). (1.13)

Since M = OT DO, where O is an orthogonal matrix and D the diagonal matrix of the eigenvalues

of M, if we consider the diagonal matrix X with

A if Dy >0
A if Dy <0,

Xii =

then the matrix OT X O satisfies the condition A\I < OTX0O < AT and
Trace(OT XOM) = Trace(X D) = ATrace(M ™) — ATrace(M ).
This prove (5). From (2) and (5) we obtain

P/;A(M) = —P;CA(—M) = —ATrace((—M)™") + ATrace((—M)")
= ATrace(M ™) — ATrace(M ™).

Using Pucci’s operators it is possible to characterize the uniform ellipticity.

Proposition 1.1.2. Let F: Q x R x R™ x 8™ — R, the following conditions are equivalent:

1. F is uniformly elliptic.
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2. F(x,r,p,M + N) — F(x,r,p, M) < ATrace(NT) — ATrace(N~) V(z,7,p) € Q x R x R",
M,N e 8".
3. Pxa(M —N) < F(z,r,p, M) = F(z,7,p,N) <Py (M = N) Y(z,7,p) € QxRxR", M,N €
S™.
Proof. 1) = 2). Using the uniform ellipticity of F' we have for any (z,r,p) € @ x RxR", M, N € §"
F($,T,p,M+N) _F(:E’rapaM)
= F(a,r,p, M =N~ + N*) — F(z,r,p, M — N7)
+ F(z,r,p, M — N7) — F(x,r,p, M)
< ATrace(N™') — ATrace(N ™).

2) = 3). It follows easily from (5)-(6) of Proposition 1.1.1.
3) = 1). For any (z,r,p) € QxR XxR" M,N e 8", N >0

ATrace(N) = Py A (N) < F(z,r,p, M + N) — F(2,r,p, M) < Py, (N) = ATrace(N).
O

In the following Proposition we compute the Pucci’s operator of Hessian matrices in the radial

case.

Proposition 1.1.3. Let u € C%(R™\ {x0}) be a radial function: u(x) = u(r), r = |z — xo| # 0.
Then

P (D?u(2)) = 6(a" ()@ (r) + 6 (a'”)> (n— 1)L (1.14)

T

A ifs>0
where 6(s) = ifs =

A otherwise.

Proof. A straightforward computation yields

w'(r)

r

D?u(z) = @"(r)P + (I —P)

with P = WM the orthogonal projection along x — xg. Any vector orthogonal to x — xg

is an eigenvector of D?u(z) with @) as the eigenvalue. Moreover x — x is itself an eigenvector

T
with eigenvalue @”(r). Thus the Hessian matrix D?u(x) posses two eigenvalues: @”(r) and UT(T) with

multiplicity 1 and n — 1 respectively. We conclude from Proposition 1.1.1. O

Remark 1.1.2. Assuming @ € C?([0,+oc)) and @' (0) = 0, a direct computation shows that
D?u(z¢) = @”(0)I. In this way the eigenvalue @”(0) is computable as the limit of the eigenval-
ues @”(r) and w of D?u(z) as r goes to 0. The condition @'(0) = 0 is fulfilled for instance by

functions depending on 72, @(r) = a(r?) with @ € C?%(]0, +o0).
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1.2 (-Viscosity solutions

In this section we will introduce a suitable notion of solution for fully nonlinear elliptic equations

(1.3) assuming the continuity of the functions F'(z,r,p, M) and f(x).

1.2.1 Definitions and properties

A function u : Q — R is lower semicontinuous at a point x € Q if u > —oo and

u(z) < liminf u(y).

Yy—x

We say that u is lower semicontinuous in § if it is lower semicontinuous at each point x € €.
Conversely u is upper semicontinuous if —u is lower semicontinuous. We will denote by LSC()
(USC(R)) the space of lower (upper) semicontinuous functions in € noting that v € LSC(Q)
(USC(92)) if, and only if, the super (sub) level sets

{z € Q such that u(z) > (<)t}
are open in € for all £ € R.

Theorem 1.2.1 (Weierstrass). An upper (lower) semicontinuous function on a compact set attains

its mazimum (minimum,)

Definition 1.2.1. Let F' : 2 x R x R" x 8" — R be a degenerate elliptic operator. An up-
per semicontinuous function u :  +— R is said to be a C-viscosity subsolution of the equation
F(z,u, Du, D*u) = f(x) if

F(z,u(z), Dp(x), D*p(x)) > f(z)

for all x € Q and ¢ € C?(Bs(z)) such that u — ¢ has a local maximum at x. Similarly u : Q — R
is a C-viscosity supersolution of F(x,u, Du, D?>u) = f(z) if u is lower semicontinuous and for all

x € Q and ¢ € C%(Bs(w)) such that u — ¢ has a local minimum at = we have

F(z,u(z), Do(x), D*p(x)) < f(x).
Finally v € C(Q) is a C-viscosity solution if is both subsolution and supersolution.
Remark 1.2.1. Sub(super)solution of F' = f or solution of F' > (<)f have the same meaning.

It easy to check that a classical solution of F' > (<)f, that is a function u € C%(Q) satisfying
pointwise the equation, is a viscosity solution of F > (<) f. Conversely a viscosity solution u € C?(Q)
is a classical one.

As shown in the next Proposition we may suppose in Definition 1.2.1 that test functions ¢ touch u

at x from above (below) and that the maximum (minimum) is strict.

Proposition 1.2.1. For u : Q — R the following conditions are equivalent:
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1. w is a viscosity subsolution (supersolution) of (1.3).
2. If p € C*(Bs(x)), u(x) = ¢(z) and u(y) < @(y) (u(y) = ¢(y)) for y € Bs(x) then

F(z,u(z), Dp(z), D*p(x)) = (<) f(2).

3. If ¢ € C*(Bs(x)), u(z) = ¢(x) and u(y) < ¢(y) (u(y) > ¢(y)) for y € Bs(x)\ {x} then

F(z,u(z), Dp(z), D?p(x)) = (<) f(2).

4. u satisfies 3) with p(x) = P(x), a paraboloid (by paraboloid P(x) we mean a polynomial of
degree two: P(z) = a+ (b,x) + 3 (Cx,z), witha € R, b€ R" and C € S"),

Proof. 1) = 2), 2) = 3) and 3) = 4) are trivial. We prove 4) = 1) in the subsolutions case. Let ¢
be a C? function in a neighborhood of z such that u — ¢ as a local maximum at 2. By using the

second order Taylor expansion
1

u(y) < u(@)+e(y)—p(z) = u@)+(Dp(r),y — 2)+5 (D*p(a)(y = 2),y — z)+o(ly—zl®) asy—a.
Fix € > 0, for § > 0 small enough the paraboloid

1

P(y) = u(x) + (Dp(x),y — 2) + 5 (D*¢(2)(y — 2),y — ) +ely — 2
touches u at = and u(y) < P(y) in Bs(x)\ {z}. Then
F(z,u(z), Dp(x), D*p(x) + 2¢1) > f(x)

and letting e — 0 we get F(x,u(z), Do(z), D*p(x)) > f(x). O

ol
Col

Example. The function u(x,y) = **~¥® is a viscosity solution in R? of F(z,u, Du, D?*u) = 0,

where
F(z,r,p, M) = ((|[r|]M — p ® p)p, p)

is a degenerate elliptic operator.
In fact u(x,y) is C® in A = R?\ ({(x,0), z € R} U{(0,y), y € R}) and a direct computation shows
that

{(uD*u — Du ® Du)Du, Du) = 0,

so u(z,y) is a classical solution in A and then solution in the viscosity sense. Let us prove that
u(x,y) is a subsolution in the viscosity sense, similar arguments hold in the supersolution case. First
of all we note that the set of test functions ¢ touching u from above at (0,y), y € R, is empty: by
contradiction if such ¢ exists we have

4

. ws(hy) . p(hy) —eV?
v (0,y) = Tim P20 g gy PULY) ZE 7
#a2(0,) hlg%) h hli% h?

e _
>2lim ——"7-———— — .
= hli% 2 “+00
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Conversely the set of test functions touching u from above at (z,0), x € R\ {0}, is not empty: for
4
example ¢(z,y) = €*® belongs to this set. Now let ¢ be a C2-function such that
U(ﬂfo, O) = QD($0, 0)
u(@,y) < ¢(x,y) V(z,y) € Bs((20,0)), zo # 0, 6 > 0.

In particular

u(z,0) < ¢(x,0)  for |x — xg| <,
u(zo,y) < p(xo,y) for Jy| <0
and
4 1 3
Ug(20,0) — g (x0,0) = gccé”exo — z(20,0) =0, (1.15)
uy(20,0) — ¢y (20,0) = py(20,0) =0, (1.16)
4 4 _2 2
Uz (20, 0) — Yra(x0,0) = §ex0§ (xo 34 4x5’) — @z (20,0) < 0. (1.17)

Taking into account (1.15)-(1.16)-(1.17) we conclude

<(u(m0, 0)D%*p(xg,0) — Dip(z0,0) @ Dy(xo, 0)) Dy(z0,0), Dp(xo, 0)>
= @3 (20,0) (u(zo,0)rz(z0,0) — @3 (x0,0))

4 4 903 ~2
> §gpx(mo,0)e 0z, >0.

Proposition 1.2.2. Let u,v € USC() be respectively subsolutions of F'(x,u, Du, D*u) = f(z) and
G(z,v, Dv, D*>v) = g(x). Then the function w = sup(u,v) € USC(Q) is a subsolution of
sup(F(x,w, Dw, D*w), G(z,w, Dw, D*w)) = inf(f(z), g(x)).
Proof. Let ¢ be a test function touching w at xg € 2 from above:
w(zg) = p(xo) and w(z) <p(x) in Bs(zg) CQ
for some ¢ > 0. Then ¢ touches from above one of two functions u and v, u for instance. It follows

sup(F'(zg, w(xo), Dp(zo), D2g0(a:0)), G(xo,w(zo), Dp(x0), De(x0))) >
F (o, w(x0), Do(x0), D*¢(x0) > f(x0) > inf(f(0), g(x0))

as claimed. O

Proposition 1.2.3. If u € C(Q) is a viscosity solution of (1.3) and if z : R +— R is a C%-function

such that 2/ > 0 in R, then the function v = z(u) is a viscosity solution of
K(z,v, Dv, D*) = f(x)

where
K(z,r,p, M) = F(z,w(r),w (r)p,w"(r)p @ p +w'(r)M) (1.18)

and w = z"1.
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Proof. First of all we note that the operator K is degenerate elliptic.
Let ¢ be a test function touching v from above at z¢ € 2. Then w(yp) satisfies

u(xg) = w(e(z)) and u(x) <w(p(x)) Vo € Bs(xo)

for some & > 0. Taking into account that Dw(p) = w'(p)Dye and D*w(p) = w"(p)Dy @ Dy +
w'(p)D%p we have
K (w0, v(20), Dp(0), D*p(0)) =
F (w0, u(x0), w'(p(20)) Dp(0), w” (¢ (20)) Do (a0) © Dip(o) + w'(p(0)) D*p(x0)) > f(x).
This prove that v is a subsolution. The proof in the case of supersolution is similar. O
With similar arguments of those of Proposition 1.2.1 one can prove that if 2’ < 0, then v = z(u)

is a solution of
H(z,v, Dv, D*v) = — f(x),

where
H(z,r,p, M) = —F(z,w(r),w (r)p,w"(r)p @ p + w'(r) M). (1.19)
In the particular case z(u) = —u, then v = —u is a solution of
—F(x,—v,—Dv, —D?v) = — f(z).

Moreover if F' € Fy a, in order to preserve the ellipticity of K (H) we need to assume the existence
of two constants ¢1, 2 such that 0 < ¢; < 2/ < ¢ (¢1 < 2/ < ¢3 < 0). In this way K € F a

(HEF_A_A). @

co’cy
c1’ ¢
We present a first stability result for viscosity solutions. We need the following Lemma.
Lemma 1.2.1. Let (ug)ren be a sequence of upper semicontinuous function on  which converges

to u uniformly in any compact sets K C Q. If T € Q is a strict local maximum point of u, there

exists a sequence of local mazimum points of u, which converges to .

Proof. By assumption there exists § > 0 such that
u(z) <u(z) Vxe Bs(x)\{z}. (1.20)
Let K C Bs(¥) be a compact set and
mkaxuk = uk(mk),

we claim that x; — Z. By contradiction, using the boundedness of (x)ren, we find a subsequence
(2, )hen and a point T # z, T € K, such that x;, — T as h — +oo. It follows from uniform
convergence

ik, (2, ) = u(T)

and

—u(2)| = — < — 0 k .
lug (zg) — u(Z)] \m[z(xxuk m[z(ixu|_m1?x\uk ul —0 ask — 400

Then u(Z) = u(x) which contradicts (1.20). O
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Theorem 1.2.2 (Stability). Let (ug)ren C USC(Q) be a sequence of subsolutions of
Fy(, ug, Dug, D*uy) = fi(x), (1.21)

where (Fi)ken is a sequence of degenerate elliptic operator and (fi)keny € C(Q). Ifugp — u, F — F,
fr — f as k — +oo uniformly in any compact sets of 2, Q@ x R x R™ x 8", Q respectively, then u

is a subsolution of the equation
F(x,u, Du, D*u) = f(z).

Proof. Let ¢ be a test function such that u — ¢ has a strict local maximum at x € 2. By Lemma
1.2.1 there exists a sequence (x)ren of maximum point of ux — ¢ converging to = as k — +oo.

Since uy, is a subsolution of (1.21) we have
Fp(wy, ur(zx), Do(ar), D*o(ar)) = fi(zr)
and passing to the limit as k — 400
F(z,u(z), Du(z), D*u(z)) > f(z)

because of the local uniform convergence. O

We give now a characterization of viscosity solutions based on the notion of “semijet” of a function
u:Q— R,

Definition 1.2.2. The second order “superjet” J?Vu(z) of u at © € Q is the set of all pairs
(p, M) € R™ x 8" such that

uly) < ula) + oy — 2+ 5 (M(y— )y — ) +olly — o) asy—

The second order “subjet” J*~u(z) of u at € Q is the set of all pairs (p, M) € R™ x 8" such that

u(y) 2u(:L‘)—i—(p,y—x>+%(M(y—x),y—x)—i—o(]y—ﬂz) as y — .

From definition it’s easy to check that super(sub)jets are convex sets (possibly empty!) and
J5"u(x) = =T (—u)(x). (1.22)

If (p, M) € J>FTu(x) N J*> u(z) then

1

u(y) —u(@) = (py— ) = 5 My —2),y—z) =o(ly —2f") asy—u,

'For example J*Tu(0) and J*~u(0) are empty if

zsind ifx#£0
u(z) = ¢
0 ifzx=0.
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so u is twice differentiable at x and
(p, M) = (Du(x), D*u(x)).
Conversely if u is twice differentiable at x then
J¥Vu(z) = {(Du(z), M) € R" x 8" : M > D*u(z)}
J¥"u(z) = {(Du(z), M) € R" x 8" : M < D*u(x)}.
In the next Proposition we prove a density property.

Proposition 1.2.4. Let u € LSC(Q) (USC(Q)), u < 400 (u > —o0) and x € 2. There exists a

sequence (Tx)gen converging to x such that
T () #0 (T () #0).

Proof. We give the proof in the case u € LSC(Q), if u € USC(R2) we conclude using (1.22). Fix
x € Q and r > 0 small enough such that B,(z) C Q. For k € N the function u(y) + k|y — z|? attains

its minimum over B,(x) at x, then

klxy, — z)? < u(z) — u(zg) < max(u(z) — u(y)) < +oo
B (x)

and z; — x as kK — +00. Moreover
u(y) > u(zy) + k (Jor — 2 — |y — 2f?)
u(zy) + k(2@ — 1),y — 1) — {(y — 1),y — 1))

and (2k(x — x1,), —kI) € J>"u(xy). O

Super(sub)jets are strictly related to test functions. In fact if ¢ € C?(Bs(z)) such that u — ¢

has a local maximum (minimum) at x € €, then using Taylor’s expansion

u(y) < (>)u(r) + ¢(y) — (o)
= u(z) + (Dp(z),y — x) + % (D*p(z)(y— ),y —x) +o(ly—=>) asy—uzx

and (Dy(z), D?p(x)) € J>Tu(z) (J> u(x)). On the contrary let us suppose (p, M) € J>Tu(x),
then

U(y)SU(w)+(p,y—w>+%<M(y—x),y—x>+|y—wl2€(y) asy —

where ¢(y) is a continuous function and lim £(y) = 0. The function
y—a

p(r) = sup |e(y)|
B, (z)NQ

is continuous and increasing on R, so it is well defined the function

by) = /|2 (/ " o) ir) at
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Direct computations show that

In this way

ply) = ulw) + o,y — ) + 5 (M(y — ),y — 2) +6(y)

is a test function touching v at x from above and

(De(x), D*p(x)) = (p, M).
So we have proved that

J?>u(z) = {(D¢(), ngo(x)) : ¢ is a C*-function and (1.23)
u —  has a local maximum at =} . '

Similarly
JPu(z) ={(Dy(z), D*p(x)) : ¢ is a C*-function and

(1.24)
u — ¢ has a local minimum at z} .

From (1.23)-(1.24) it follows next Theorem.

Theorem 1.2.3. The function uw € USC(Q) (LSC(Q)) is a viscosity solution of
F(x,u, Du, D*u) > (<) f(=)

if, and only if,
F(z, u(x),p, M) 2 (<) f(z)

for all (p, M) € J*>Vu(z) (J> u(z)).

Now we define a sort of closure of J*%u(x):

—2.4

J7u(zr) ={(p, M) e R" x 8" : I(zp,pr, Mj) € 2 x R" x §",

(P, M) € J*Fu(ay) and (zx, w(zy), pr, My) — (2, u(z), p, M)} .

Theorem 1.2.3 continues to hold by continuity if (p, M) € jQ’iu(x). More generally one can defines

the semijets of a function u : ¥ — R (X C R™ arbitrary set, not necessary open) at x € ¥ by

e u(e) = {(p. M) €R" x 8" uly) < (2)u(z) + (p.y — 2) (1.35)
+1/2(M(y —z),y —z) +o(|ly — z|?) as % 9y—>1:}
and
jzz’iu(a:) ={(p,M) € R" x 8" : Ik, pr, M) €T x R" x ",

1.26
(prs M) € J2 u(ay) and (zp, w(ze), pr, Mi) — (2, u(@), p, M)}. (1.26)

Clearly if ¥; C 3y then J%liu(x) - J;Qiu(x) and j;fcu(x) € j;ju(x) Moreover if z is an interior
point of ¥ we have Jé’iu(x) = J%’iu(x) and j;’iu(:v) = j%iu(a:).
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Proposition 1.2.5. If u: X — R and ¢ € C? in a neighborhood of ¥, then
J2 (u+ ¢)(x) = (Dp(x), D*p(x)) + JoFu(z), (1.27)
—2,+ 2 —2,+
Iy (u+p)(z) = (Dp(x), D*¢(x)) + T3 u(x). (1.28)

Proof. Let (p, M) € Jg’i(u + ¢)(x). By Taylor’s expansion we have

oly) = ola) + (Dp,y — ) + 3 (Dp(@)y — )y~ ) +olly —af) asy—z, (129
u(y) <(Z)u(z) + (p — Dp(x),y — )

, , (1.30)
(M —D*(2))(y —x),y —x) +o(ly —z[?) asy—uz

_l’_

N |

and (p, M) = (Dy(), D*p(x))+(p—Dep(), M — D*p()) with (p—Dip(x), M —D?p(x)) € J3 ™ u(x)
because of (1.30).
Conversely let (p, M) € J;’iu(:n), using (1.29)

u(y) +¢(y) <(>)u(z) + () + (p + Do(x),y — x)

45 (4 D)y~ a),y — ) +ofly —a’) asy -,

we conclude (p + Dy(z), M + D*¢(z)) € J%’i(u + o) ().
By approximation it follows (1.28).

1.2.2 Comparison Principle

This section is concerned with comparison principle which is the main issue in viscosity theory to
prove uniqueness of Dirichlet problem. Roughly speaking comparison means the following: if u, v
are respectively sub and supersolution of (1.3) and v < v on 92 then u < v in Q. In the proof of

comparison principle we will need the following Theorem, due to Ishii’s [19, Theorem 3.2].

Lemma 1.2.2 (Ishii). Let O; be a locally compact subset of R™ fori=1,... k,
O=0; X x O,
u; € USC(O;) and ¢ be twice continuously differentiable in a neighborhood of O. Set
w(z) =ui(z1) + - +ug(zg) forz=(x1,...,2,) €O

and suppose that w — ¢ ha a local mazimum at & = (Z1,...,2x) € O. Then for each £ > 0 there
exists X; € 8™ such that

(Dgyp(2), X;) € j?g’ju@(iz) fori=1,...,k
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and
Xy ... O

—(1+\|A||>1§ Lo cagen
(3

where A = D?p(%).

DEGENERATE CASE

Theorem 1.2.4 (Maximum principle). Let Q C R" be bounded, u € USC(Q) and v € LSC(Q)

be respectively sub and supersolution of (1.3) in Q. Assume the following conditions:
1. there exists v > 0 such that
F(x,r,p,M) — F(x,s,p, M) < —v(r — s) (1.31)
forr > s and (x,p, M) € Q x R" x S™.
2. There exists a modulus of continuity w : [0, +00) — [0, +00), w(0) = 0, such that
F(z,r,k(z —y), M) = F(y,r,k(z —y), N) < w(klz —y|* + |z — y)

foranyx,y e Q, ke N, reR, M and N satisfying
1 0 M 0 I I
—3k < < 3k : (1.32)
0 I 0 —N -1 1

max(u — v) < max(u — v)*. (1.33)
Q o0

Then

Proof. By contradiction we suppose

max(u — v — max(u —v)") =9 > 0.
Q o0

For k € N consider the function ®; : Q x Q — R defined by

k

-5 )+

Pr(x,y) = u(w) —uly) - 5 lo -y — max(u v

and let (71, yx) € Q x Q be a maximum point of ®y:

O (zk, yr) = max Py (x,y) > max Py (z,z) = 0. (1.34)
Q

Qx0N

Up to a subsequence we can assume (z3,yx) — (Z,7) € Q x Q. From (1.34) we have

k
2|z = unl® < ulzk) = vo(ye) - max(u —v)* -9

< maxu — minwv
Q Q
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and T =y by letting k — +o00. Moreover
..ok 2 _ 1 k 2
0 < liminf |z — yx|* < limsup — |z — yg|
k—+oo 2 k—400 2

< lim sup(u(zg) — v(yx)) — max(u —v)* — o
k——+o0 09

<u(x) —v(T) — I%%X(u —v)t -9 <0,

then L
lim =z, —yi? =
Jm 5o k" =0
and
u(T) —v(T) — né%x(u —v)T = 9. (1.35)

From (1.35) T € Q and (xg,yx) € Q x Q for k large enough. In view of Ishii’s lemma (taking
O1=0=Q w=u—0v, p="~5z—y?+maxsg(u—v)* e= 1) there exist M, N € 8" such that

(k(ay — yi), M) € T Fu(ay)

(k(zy, — i), N) € T u(yy)

I M I -1
s (P < s papr = O ) casrla_gp .
0 I 0 —N k -1 I

Using the assumptions 1)-2) we have

and

0 < y(max(u—v)" +9) < y(u(zr) —v(yx))

< F(ﬂfkav(yk)vk(xk - yk)vM) - F(xkau(yk)v k;(xk - yk)7M)
< F(zg, v(yx), k(e — yx), M) — F(yg, v(yk), k(xk — yx), V)
< w(klzy — yul® + |2 — yi)

and we get a contradiction passing to the limit as £ — +o0. O

Remark 1.2.2. If u and v are respectively super and subsolutions of (1.3) we have

in(u—v) > — —v)".
r%n(u v) > r%%x(u v)

From Theorem 1.2.4 it follows a comparison principle.

Corollary 1.2.1 (Comparison principle). Under the assumptions of Theorem 1.2.4, if u < v on
0 then u <wv in Q.

Example 1.2.1. Let G : R x R" x 8" — R be proper (degenerate 4+ nonincreasing in r) and
f e (). The operator F':  x R x R" x 8™ — R defined by

F(x,r,p, M) = G(r,p, M) — n|r|*"'r + f(z)



CHAPTER 1. BASIC FACTS ON VISCOSITY SOLUTIONS 17

where d > 1 and 1 > 0 satisfies (1.33). In fact if » > s, using the inequality ||a|?ta — [b|*~1b| >
Ola — b|? with 6 > 0, we obtain

F(z,r,p, M) — F(z,8,p, M) < —nf(r — s)*

and this inequality plays the same role of (1.31) in the proof of Theorem 1.2.4. In order to prove

assumption 2 let us introduce the modulus of continuity of f:

w(p) = sup |f(z) - f(y)l,

lz—y|<p

so if M an N satisfy (1.32) (in particular M < N, see Remark 1.2.3) we have

F(w,r,k(x—y),M)—F(y,r,k(x—y),N) ZG(T,p,M)—G(T,p,N)+f(.T) _f(y)
<w(la - yl) < w(kle -y + |« - yl).

I -1
Remark 1.2.3. The latter inequality in (1.32) implies M < N since the matrix ( I > anni-

hilates vectors of the form (g) .

Remark 1.2.4. Assumption 2 of Theorem 1.2.4 implies degenerate ellipticity. Let M < N, the
idea is to prove the claim with N + &I, € > 0, in place of IV, then pass to the limit as ¢ — 0 and use
the continuity of F'. Fix € > 0, for any &, n € R"

M 0 ey (e\\ _ - e
() () v -on

N
< (1+ 1) e - o2
forkzl(l

()0 0)
(8 ) () )

if k > Lmax (|M|,|N| +¢). Then if k > 1 max(||M|| y|N|y+g,2(1+‘ >HNH) by assump-

tion 2 we have

) ||V and

b
rF P
(a:—i—k

for (z,r,p) € Q x R x R™ and, letting k — +oo, F(z,r,p, M) — F(x,r,p, N +I) < 0. We conclude

as € — 0.

1
M) = Flarp N +e0) < o (1067 +19))
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Remark 1.2.5 (Comparison without coercivity). Coercivity assumption 1 in Theorem 1.2.4

can be dropped if the operator F' is proper and u(v) is a strict sub(super)solution of (1.3), that is
F(z,u, Du, D*u) > f(x)+ ¢

(F(x,v, Dv, Dzv) < f(z) +¢)

for some positive constants ¢, which provides the contradiction at the end of the proof of Theorem
1.24 as k — +oc:

Cc

IN

Fxg, u(zy), k(xr — yk), M) — F(yg, v(yr), k(xr — yr), N)
F( ,U(yk), k(xk - Z/k);M) - F<yk7v(yk)7k(xk - yk)7N>
< w(kleg — yel® + |k — yrl).

T
T

IN

Instead, if u(v) is a sub(super)solution of (1.3) but for all € > 0 there exist 1. € USC(Q)

(LSC(£2)) and . > 0 such that |¢.] < € and
F(@,u+ e, D(u + ¢e), D*(u+ 1)) = f() + 6

(F(z,u+ ¥s, D(u+ 1), D*(u +4.)) < f(z) + 6.),

reasoning as above we obtain

max(u + . — v) < max(u + . —v)7,
a o0

SO

max(u — v) < max(u — v)t + 2
Q a9

and maxg(u — v) < maxgo(u —v)T as e — 0.

UNIFORMLY ELLIPTIC CASE

Theorem 1.2.5. Let F' € Fy ap be proper. Assume that condition 2 of Theorem 1.2.4 holds. If

ue USC() and v e LSC(QY) be respectively sub and supersolution of (1.3) in Q then

—v) < —v)™.
max(u U)_I%%X(u v)

Q

Proof. Fix e > 0, let R > 0 such that Q C Bg(0) and 0 < a < ce~ R, The function

o) o (e = 27)
satisfies the inequality |¢:] < € in  and a straightforward computation in viscosity sense shows

that
2ab2 _ QTbR

A
From Remark 1.2.5 we conclude. O

F(z,u+ve, D(u+ ), D*(u+v.)) > f(z) +
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1.2.3 Existence results

First we introduce the notion of semicontinuous envelope of a function u : 2 — R.

Definition 1.2.3. The upper (lower) semicontinuous envelope u* (uy) of w is the function defined

by
o) = lim sty (1) = iy int )

From definition it follows u, < u < u*, u* (u,) is an upper (lower) semicontinuous function if

u* < 400 (uyx > —00) and
v =inf{v:v e USC(Q) and v > u}, wu.=sup{v:ve LSC(Q)and v <u}.

In the following Theorem we show that the upper semicontinuous envelope of the supremum of

viscosity subsolutions is in turn a viscosity subsolution.
Theorem 1.2.6. Let (uq)aca € USC(Q) be a family of solutions of
F(z,uq, Dug, D*uy) > f(z) in Q

where f € C(Q) and A arbitrary set of parameters. Let u = sup, uq and assume u* < +oo in Q.

Then u* is a viscosity solution of F' > f.
Proof. Let zo € Q and ¢ € C?*(Bs(z0)), § > 0, such that

u*(x0) = ¢(x0) and u*(z) < ¢(x) Va € Bs(xo).
Consider a sequence (zj)ren converging to zo and uyy), (k) € A, satisfying

ut(wo) = Hm ) (2)-

Fix p < ¢ and let 7y, be the maximum point of u, ) — ¢ over B(x0) so that for k big enough

Uo(k)(Tk) — P(Tk) < Ua@r) (Th) — ©(Tk).
Up to a subsequence T, — & € B,(zg) and taking into account that

u'(2) = (&) = limsup (u*(Ty) = (Ty)) = limsup (u(Ty) — o(T3))
k—4o00 k—+o00

> lim sup (ua(k) (Tg) — so(fk)) = u*(z0) — (o)
k——+o0

we have & = xg, Ty, € B,(zo) for k big enough and, from definition of viscosity subsolution,

F(Tp, o) (Tr), Do(T), D*@(T1)) > f (). (1.36)
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Moreover

u (zo) = lim  (uau (i) — @(zk) + ¢(Tk))

k—+o00

< lim inf w5 (Tg) < limsup ua) (Tk)
k—-+o0 k——+o00

< limsup u(Zx) < limsup u™(7y) < u*(x0)
k—+o00 k—+o00

then limg ., o0 Ua(r)(Tk) = u*(20) and letting & — +o0 in (1.36) we conclude
F (0, u*(0), Dp(0), D*p(20)) > f (o).
O

Lemma 1.2.3 (Bump). Let v € USC(R) be a solution of F > f such that u. fails to be a
supersolution at some point x € Q. Then for § > 0 small enough there exists a subsolution Us

satisfying

Us > u (1.37)

sup (Us —u) >0 (1.38)
Q

Us =u in Q\Bg (). (1.39)

Proof. Let ¢ be a test function touching u, from below at x such that

F(z,¢(z), Dp(x), D*p(x)) > f(x).

By continuity if § > 0 is small enough the function
3

B 5 , 0
Y(y) = »(y) — §|y—x| iy

is a classical solution of F' > f in Bs(z). In view of Proposition 1.2.2, max {u,} is a viscosity

subsolution. For % < |y — x| <6, max{u, 1} = u being

u(y) > ue(y) > o(y) > ¥(y).

In this way the function

max {u,®} in Bs(x)
Us =
U otherwise

is a viscosity solution of F' > f satisfying (1.37)-(1.39). To prove (1.38) it suffices to consider a
sequence (zy)ken converging to x such that u(xp) — u.(x) and note that
53

kEToo Us(zk) — u(xg) = max {Y(z), us(z)} — us(x) = ik 0.
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Now we prove the existence of solutions of Dirichlet problem

{ F(z,u,Du,D?*u) = f in (DP)

u=g¢g on Of)

with g € C(99Q) via Perron’s method. By a solution (subsolution, supersolution) of (DP) we mean

a function u € C(Q2) (USC(QY), LSC(£2)) satisfying in  the equation F' = f (F > f, F < f) in the

viscosity sense and the boundary condition u = g (u < g, u > g) on 0f.

Theorem 1.2.7 (Perron’s method). Assume that comparison principle holds true and that there

exist a subsolution u and a supersolution w of (DP) locally bounded satisfying

u, =u"=g on 0.

Then u(zx) := sup,es v(z) is a solution of (DP), where
S={veUsc®): F(x,v,Dv,D%*) > fin Qandu < v <winQ}.
Proof. The subsolution u € S, so S # () and u is well defined. On the boundary 0
U, <up <uut <T

and u = uy, = u* = g. By Theorem 1.2.6 u* is a subsolution of (DP) and, by comparison, u* < w.
Moreover u* > u > u, hence u* € § and u* = u. If u, fails to be a supersolution of (DP), via bump
Lemma 1.2.3 we find a subsolution U such that, for § small enough, Us = g on 02, Us > u > u
and by comparison Us < @w. Then Us € S, u > Uy in view of the maximality of u and we obtain a
contradiction because of (1.38). Hence u, is a supersolution of (DP) and by comparison we conclude

U= u* = uy. O
Remark 1.2.6. The uniqueness of solutions of (DP) follows from comparison.

To complete the analysis of Perron’s method we show how to construct the functions v and w of
Theorem 1.2.7. We will make further assumptions on F' and on the regularity of 0f).

Fix zg ¢ Q and consider the radial function (r = |z — z¢|)

h(r):i— !

o o)
o r

where o is a positive constant to be fixed and 0 < 79 < r < r; Vo € Q, so that h(r) > 0and h =0
on 0By, (zp).

Proposition 1.2.6. Let ' € F) 5 be a proper operator. For o, T big enough then

F(z,7h,D(th),D*(th)) < f in Q.
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Proof. A direct computation yields
F(z,7h, D(th), D(7°h)) < F(x,0, D(th), D*(Th))
< PYA(D*(rh)) + b D(7h)|
< % (n— 1A = Ao +1) +bry)
< if f
if o =o(n,\,A,b,r1) and 7 = 7(0, 70, f) are chosen big enough. O

Regarding the smoothness of the domain € we assume the following

Definition 1.2.4. We say that {2 satisfies an uniform exterior sphere condition if there exists a
radius ro > 0 such that for any y € 9Q then B,,(z,) N Q = {y} for a suitable z, ¢ Q.

Proposition 1.2.7. Under the assumptions of Proposition 1.2.6, the function

a(z) = ( i (g(y) + &+ Cohlla — zym)

y€IN,e>0 %
is a supersolution of F' = f in Q satisfying the boundary condition u* = g.
Proof. Let us extend g in Q so that g € C(Q2) and choose the constant C. such that

9(y) + e+ Coh(|lz — 2y]) > g(z) Vo € Q. (1.40)
This choose can be done uniformly in y € 9Q2. We put

Gy@(x) = g(y) +e+ Ceh(’x - zy’)

and observe that G, . > C' > —oo in . As in Proposition 1.2.6 the function G, is a supersolution
of F = f as well as

u(x)—( inf Gy,g(m)>.

y€9N,e>0 »

Moreover U(z) < Gy.(x) € C() for any x € €, then u*(y) < Gy(y) = g(y) + € for y € IQ. As
e — 07* < gondN. In view of (1.40) we conclude u* > g on JS. O

Remark 1.2.7. The function

u(z) = < sup  (g9(y) —e — Cch(lz — Zﬂ)))
y€IN,e>0

is a subsolution of F' = f such that u, = g on 0f).

Remark 1.2.8. The smoothness of the boundary 92 can be weakened by requiring the more general

uniform exterior cone condition (see [20]).
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1.2.4 Stability

By stability we intend the following fundamental problem: let 1y be a solution? of Fj, = 0, if u;, and
F}, converge as k — 400 respectively to u and F in a suitable sense, is it true that u is a solution of
the limit equation F' = 07 We already know, from Theorem 1.2.2; that the local uniform convergence
is a sufficient condition. We generalize this result. To this end we consider the “half-relaxed”limits:

given a sequence of function (ux)gen in € set

1
u(x) = limsup*ug(x) := ,ligl sup {uk(y) ck>j,yeQand |z —y| < j} (1.41)
k—+o0 J—Too
and )
u(z) = iminf ug(z) := lim inf {uk(y) ck>j,yeQand |z —y| < } (1.42)
k—400 , Jj—+oo 7
Note that liminf, .|, ur = —limsup,_ " (—ux) and if up = w then u (u) coincide with the

upper (lower) semicontinuous envelope of u. Moreover for any sequence xj converging to x we

have (x) > limsup ug(z) (u(z) < liminfug(zy)) and there exists a sequence ry; — x such that
uk; (wr;) — u()(u(z)).
Proposition 1.2.8. The function u(zx) (u(x)) is upper (lower) semicontinuous.

Proof. We prove that © € USC(2) by showing that the set A; = {x € Q: u(x) >t} is closed for
any t € R. Fix ¢t € R and let (7,,)men € A a sequence converging to z. For any j € N let z,,, such
that Bi(x) 2 B1 (Tm;). In this way

J 27

1 1
sup{uk(y): kE>j,y€eQand |z —y| < } Zsup{uk(y): k>2j,y€Qand |z, —y|l < 2} >t
J J
and as j — 400 we conclude @(z) > t. The proof u(z) € LSC(Q) is similar. O
Analogously for given continuous function Fj : 2 x R x R™ x S"™ — R we consider

F(xz,r,p, M) = limsup* Fy(z,r, p, M)

k—-+oo
1
= lim sup {Fk(y,s,q, N):k>j,yeQand |z —y| < -, (1.43)
J—+o0 j
1 1 1
s—rl <= la—pl <=, IN = M| < }
J ¥ 7
and
F(z,r,p, M) = liminf Fy(z,r,p, M)
k—+00
1
~ {F’“(y’s’q’m PkzjyeQand |z —yl < -, (1.44)
J—+0o0 ]

IN

1 1 1
s—rl <, lg-pl<-, ||N—M||g,}.
J ] 7

2In this subsection we refer to the equation F' = 0, in place of F = f, because we will not use the fact that
F(x,0,0,0) = 0.
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As above F € USC(2 x R x R" x 8™) (F € LSC(2 x R x R™® x 8™)), limsup F (z, 7%, Dk, My) <
k—-+o00

F(l’, D, M) (llim inf F(l’k, Tk Pk, Mk) > F(:Ea D, M)) for any sequence (xkv Tk Pk, Mk) - (.fL', D M)
— 400
as k — 400 and the equality holds for a suitable sequence. Now we are in position to prove the

following stability result.

Theorem 1.2.8 (Stability 2). Let (ur)ren be a sequence of viscosity subsolution (supersolution)
of Fy(x,ug, Dug, D*u;) = 0 in Q, where F}, are continuous functions. Then U (u) is a viscosity
subsolution (supersolution) of F(x,u, Du, D*u) =0 (F(z,u, Du, D*u) = 0).

Proof. We prove the subsolution case. Let g € Q, Br(z¢) C Q and ¢ € C?(Bg(xg)) such that

u(z) — ¢(z) <u(zo) — ¢(xo) =0 Va € Br(wo)\ {zo}-
Consider a sequence (7, )jen converging to xo such that

jginm ug; (zg;) = u(@o)

and a sequence (ykj )jen of maximum points of Uk, — ¢ in B, (zo) with » < R. Up to a subsequence

we may assume Y, — 2 € B,(xg). Then

0= _lim (ug; — @) (@) < lminf(u; —@)(ye,) = lim infug, (ye;) = ()

j—oo

< limsup ug; (yx,;) — ¢(2) < (@—¢)(2).
j—too

It follows z = xg and lim;, o0 ug; (Yk;) = U(zo). For j big enough yi, € By (x¢), by definition of
subsolution

Fk‘j (ykJ y Uk (ykj )7 DQO(:I/].CJ), DQSO(yk?J )) >0
and the thesis as j — 4o00. 0

Remark 1.2.9. Theorem 1.2.2 is a particular case of Theorem 1.2.8. If (ug)kren is a sequence of

upper semicontinuous function converging locally uniformly in 2 to u, then u = u:

u(z) = limsupug(z) = lm sup{ug(x): k> j} <u(zx)
k—4o00 k—-o00

and, taking into account that u € USC(2),

1
u(z) < lim sup {uk(y) —u(y): k>j,yeQand |z —y| < }
J

Jj—+o00

1
+ lim sup {u(y) cry€eQand |z —y| < } < u(x).
j—-+oo j

Analogously if Fj, — F locally uniformly in Q x R x R" x 8" then F = F.
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1.2.5 Approximations

We are concerned with regular approximations of viscosity solution, first introduced by Jensen in
[40]. Let u € USC(Q) be a locally bounded function, for any open H € ) the upper e-envelope of

u with respect to H is the function

1
u(z) = sup {u(y) +e——|z— y\Q} for z € H. (1.45)
yeH €
Similarly
1
ue(z) = inf{u(y)—s—l—\m—y\Q} forx e H (1.46)
yeH 3

is the lower e-envelope of u with respect to H. In the sequel we analyze the main properties of
(1.45), noting that the analogous properties for (1.46) follow from the equality u. = —(—u)®. First
of all we note that u®(z) > u(z) + ¢ by choosing y = x in (1.45) and the supremum is achieved, that
is there exists a point y* € H such that

w(@) = u(y) +e — o~y P (1.47)

From (1.47)
o — ¥ |? = e (u(y®) — u(@) +¢) < e (u(y®) —ulz)) < coscu, (1.48)

—yE 2 . . .
soy® — xase— 07 and % — 0 by semicontinuity. Moreover

1
w@)= s fut)re- o2 (1.49)
yeHNB,(z) €

with r = (e osc u)'/? in view of (1.48).
The upper e-envelope is a semiconvex function (i.e. u(z) + $|z|? is convex for a suitable C' > 0)

on every convex subset on H. In fact

1 1 2
u%@+mﬁzmm{ww+a—wﬁ—@w&
g yEﬁ g 13

is convex as supremum of affine functions.
Proposition 1.2.9.
1. u® is a Lipschitz function.
2. u® is punctually second order differentiable a.e. in H.

3. For any xog € H there exists a concave paraboloid of opening % touching u® by below at xg in
H3

4. uf L uase— 0" ifue C(H) then u® | u locally uniformly.

By paraboloid P of opening ¢ > 0 we mean P(z) = a+ (b,z) + §|z[*, a € R, b€ R



CHAPTER 1. BASIC FACTS ON VISCOSITY SOLUTIONS 26

Proof. 1. Let x, z € H, for any y € H
1 1
u'(@) Zu(y) +e— —lr -yl Zuy) +e - Zly -2 - ———lo - 2|

Taking the supremum over y € H

and changing the role of z and z we are done.

2. € is semiconvex in any ball B C H and, according Alexandroff Theorem [28, Theorem 1 - Section
6.4], is punctually second order differentiable a.e in B from which we conclude.

3. Let zg € H and y§ such that u®(zo) = u(y) +¢ — |zg — y§|% then P(z) = u(yg) +& — 1|z — y§|?
is the paraboloid required.

4. For any ¢’ < e, x € H we have v (z) < u®(x) and

u(x) + e <u(x) <u(y®) +e.
Taking the limsup and remembering that y° — x as ¢ — 07 we have

lim v®(z) = limsup u®(z) = u(x).
e—0t e—0+

If w € C(H) the uniform convergence on compact sets follows from Dini Theorem (Proposition 11
in Chapter 9 of [50]). O

The class of viscosity subsolutions of F(Du, D?*u) = 0 is preserved under the operation of e-

envelope. Precisely the following Proposition holds, see also [14].

Proposition 1.2.10. Let u be a viscosity subsolution of F(Du, D*>u) = f(x) in Q and let H; € H.

Then for e small enough (depending on u, Hy and H) u® is a viscosity subsolution in Hy of
F(Duf, D*uf) +osc > [f(x) (1.50)
where r as in (1.49).
Proof. Let ¢ € C?(Bs(z)) touching u® by above at z in Bs(z) C Hy. If ¢ is small enough u(z) =
u(y®) + & — 1|z — y*|? with y° € H. The function w(z) = ¢(z + z — y°) € C*(Bs(y°)) and
u(y?) — w(y) =~ + o — 7P

Choosing ¢’ < § such that By (y) C  we have

u(e) ~w(z) S wleta—yF) —e+ —lr—y P~ pleta—y7) < <+ o~y
then u — w has a maximum at y° in By (y®) and

0 < F(Dw(y®), D*w(y®)) — f(y°) = F(Dyp(x), D*¢(x)) — f(z) + (f(z) — f(¥°))
< F(Deo(x), D*¢(x)) — f(x) +osc_f

Br(z)

as desired. 0
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Remark 1.2.10. As a consequence of Propositions 1.2.9-1.2.10 the function ¢ satisfies (1.50) a.e.

in H; for € small enough.

Remark 1.2.11. If u is a solution of F(u, Du, D?>u) > f with F(u,-,-) nonincreasing, it easy to
check that F(u® — e, Duf, D*u®) —|—%s<c>f > f(x) in Hy.

The next Proposition is based on [14]-[40]. We assume F' € F) A p:

PyaM —=N)—=blp—gq| < F(z,r,p, M) — F(z,7,¢,N) < P;CA(M — N) +blp — ¢ (1.51)
for any x € Q, p,qg e R", M, N € §™.
Proposition 1.2.11. Let u,v € C() N VVI})COO(Q) be respectively viscosity solutions of
F(Dv, D*v) < f < F(Du,D?u) inQ

and f € C(Q). If H € H € Q, then u® — v, is a viscosity solution of

PipA(D(uf —v2)) + b D(uf — )| > 2 gsc fin Hy (1.52)

for & small enough and r = max ((E 0s¢ u)1/2, (e 0s¢ v)1/2> .

Proof. Fix x € Hy and let P a paraboloid of opening ¢ > 0 such that the function w(y) = (u® —
ve — P)(y) satisfies
0=w(z) <w(y) Yye By (x)\{z} C H;.

In view of Proposition (1.2.9), w € W1°°(B,(z)) is punctually second order differentiable and

4
D2w2—<+c> I.
g

Using [40, Lemmas 3.10-3.20] the upper contact set
I'Y(w) = {z € By(z)|3p € Bs(0) and w(y) < w(z) + (p,y — x) Vy € B,(z)}

has positive measure for § small enough, D?w < 0 a.e. in I'j (w) and

—PT (D*w n 2 A=\ T
/ ol ) d — )\n/ <(TraceD w) ) dr — 400,
Tt (w) | Dw| T (w) | Dw|

In this way there exists a subset of F;(w) of positive measure in which
Py (D*w) < —b|Duw|. (1.53)

Repeating the above argument for rp = 1, k € N, we deduce the existence of a sequence xj, — x for
which (1.50)-(1.53) holds true (remember Remark 1.2.10). Using the structure condition (1.51) we
get

-2 905¢ >f < F(Duf(zy), D*u®(z})) — F(Dv.(zy), D*ve ()
T\TL
< PA(D*(w + P) (1)) + b|D(w + P)(xy)]
< Py A(D*P(x1)) + b| DP(xy,))|
and the thesis as k — +o0. O
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Theorem 1.2.9. Under the assumptions of Proposition 1.2.11 the difference u — v is a viscosity
solution of

Pya(D*(u=v)) + 8| D(u—2v)[ >0 in Q. (1.54)

Proof. Let H) € H € Q. The difference u® — v is a solution of (1.52) and converges uniformly to
u — v in Hy. By continuity gsc f — 0ase— 0" and from the stability result (1.2.1)

Pl (D*(u—v)) +bD(u—v)| >0 in H.
Since H; is arbitrary the proof is complete. ]

Remark 1.2.12. Under the structure condition (1.51), viscosity solutions belong to I/Vlfmoo (Q) ([39,
Theorem VIIL.2]).

Remark 1.2.13. If F(u,-, ) is nonincreasing we deduce from Remark 1.2.11 that v — v is a solution
of (1.54) in QN {u > v}.

1.3 [P-Viscosity solutions
In this Section we present a suitable viscosity notion for solutions of elliptic equation
F(x,u, Du, D*u) = f(x) in Q, (1.55)

when F(x,-,-,-) and f(z) depend measurably (and not continuously as in Section 1.2) on z. For
an extensive treatment about LP-viscosity theory we refer to [9]-[20]-[21]-[42]. In contrast to the
definition of C-viscosity solution we consider as test function space the Sobolev space Wi’f supposing
at least 2p > n so that a function u € VVlif is continuous and pointwise twice differentiable a.e.
(in the sense that u has the second-order Taylor expansion) (see Appendix C in[9]). In addition

sub(super)solutions are required to be continuous functions.

Definition 1.3.1. Let F be proper and f € LP (). A function u € C(Q) is an LP-viscosity

loc

subsolution (supersolution) of (1.55), or solution of F' > (L) f, if

ess lim sup (F(y, u(y), Do(y), D*p(y)) — f(y)) 0

y—z

v

(ess h{,&?f (F(y, u(y), De(y), D*p(y)) — f(y)) < O>

for any z € Q and ¢ € W2P(B,.(r)) such that u — ¢ has a local maximum (minimum) at x.

Equivalently if € is a positive number such that

F(y,u(y), De(y), D*¢(y)) — f(y) < —e(>¢)

a.e. in some neighborhood of z, then u — ¢ cannot have a local maximum (minimum) at z.

Finally u € C(Q) is an LP-viscosity solution of F' = f if it is both sub and supersolution.
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Remark that if ¢ < p and f € LP () then an L4-viscosity subsolution (supersolution) is

loc

automatically LP-viscosity subsolution (supersolution) because of the inclusion VVli’f C I/Vlzf It’s
worth noting that considering C? as test function space in the above definition then uniqueness
results fails dramatically as shown in [9] (Example 2.4).

In the sequel we will also use the notion of strong solution.
Definition 1.3.2. A function u € W2P(Q) satisfying

F(z,u(z), Du(z), D*u(z)) > (<,=)f(z) a.e. in Q
is said to be a strong subsolution (supersolution,solution) of (1.55).

To clarify the connection among C-LP-strong solutions we need a structure condition on F: for

each R > 0 there exists a nondecreasing continuous function wg such that wr(0) = 0 and
P}:A(M_ N) - b’p_ q’ —CUR((T - S)Jr) < F(x,r,p,M) - F(‘T787Q7N)
<PIAM = N) +blp = q| —wr((s = r)"),

for M,N € §", p,q € R", |r|, |s| < R a.e. x € Q. Note that (1.56) for » = s is the uniformly
ellipticity plus b-Lipschitz continuity in the gradient variable, while if M = N and p = ¢ the right

(1.56)

hand inequality ensures that the mapping r — F(-,r,-,-) is nonincreasing.

Another ingredient we will use is the generalized maximum principle, GMP for short (see [22],[26],
[43], [53]): there exists po = po(n,A/A) € (5,n) such that if f € LP(Q) with p > pg and u €

VVlif(Q) N C(Q) is an LP-strong solution of the maximal equation

Py a(D?u) +b|Dul > f,

then

maxu < maxu + Cdiam(Q)%% £ e () (1.57)
Q o0

with C' a positive constant depending on n, A, A, p, bdiam(£2).

As a consequence of (1.56)-(GMP) LP-strong solutions are LP-viscosity solutions [9, Lemma 2.6].
Conversely if u € V[/lif (Q) is an LP-viscosity solution then it is an LP-strong solution [9, Corollary
3.7]. If then F and f are continuous functions the notions of C- and LP-viscosity solutions coincide
[9, Proposition 2.9].

We recall a fundamental tool in the viscosity theory: the Alexandroff-Bakelman-Pucci (ABP for
short) maximum principle, see [9, Proposition 3.3], [21, Proposition 2.3], [8, Theorem 3.6] and |9,
Proposition 2.12] . The ABP estimates give an upper bound for the supremum of u (—u) in terms
of the supremum on the boundary 992 and the L"-norm of f, for any subsolution(supersolution) of
the equation P;A(DQU) +7|Du| = f (P):A(DQU) —v|Du| = f). In the statement I'* (u) denotes the

upper contact set of the graph of the function u

I't(u) = {x € Q| Ip € R" such that u(y) < u(x) + (p,y — ) for y € Q}.
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Proposition 1.3.1 (ABP estimates). Let f € L"(2) and u € C(Q) be an L™-viscosity solution

of the equation

Pia(D?u) +b|Dul > fin {u >0} (1.58)
(P;A(D%) _bDul < f infu< 0}) : (1.59)
then there exists a positive constant C = C(\, b, n,diam(Q2)) such that
+ . —
sgpu < s;g)u + diam(Q)C || f HLn(F+(u+)) (1.60)
supu” < supu” + diam(Q)C || F+ " ) 1.61
< oP oL @, (I (u™) (1.61)

Remark 1.3.1. Proposition 1.3.1 applies to subsolution (supersolution) of (1.55) taking into account
that, if F' satisfies the structure condition (1.56), a subsolution (supersolution) of F' = f is in turn
a subsolution (supersolution) of Py, (D?*u) + v|Du| = f in {u > 0} (P)(D?*u) —~|Du| = f in
{u < 0}).
Remark 1.3.2. If the inequalities (1.58)-(1.59) hold in £ (not only in {u > 0}, {u < 0}), the func-
tions v = v — mingu + 1 and w = u — maxg u — 1 are respectively solutions of

PIA(D%) +~Dv| > f inQ={v>0},

P):A(Dzw) — v Dw| < f in Q={w<0}.

Since 't (v+) = ' (u) and I'"(w™) = T'*(—u) we deduce the estimates

sgpu < S;g)u + diam(Q)C Hf_HLn(r+(u)) ,

- +
sgp(—u) < Saué)(—u) + diam(Q)C Hf HLn(F+(—u)) .

For Maximum Principles and ABP estimates in unbounded domains, see [2]-[6]-[12]-[13]-[15]-[54].

Concerning the stability properties of LP-viscosity solutions there will be useful the following
Theorem. To state the result we introduce some notations: for B,.(z) C Q and ¢ € W?P(B,(x)) we
set for k € N

9k(y) = Fr(y, ur (), Do(y), D*0(y)) — fir(y),
9(y) = F(y,u(y), De(y), D*¢(y)) — f(y)
for y € B,(x).
Theorem 1.3.1. Let Fy, F satisfy (1.56), let fx, f € LP(Q2) with p > py and let ux, € C(Q) be

LP-viscosity subsolution (supersolutions) of
Fi(z,up, Dug, D*up,) = fi  in Q
for k € N. Assume that u, — u locally uniformly as k — 400 and that for B.(x) C Q and
p € WHP(B,(x))
19 = 96Nl o, ey = O <H(9 =9 ooy — O) '

Then u is an LP-viscosity subsolution (supersolution) of F' = f.
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Entire Solutions

2.1 Statement of the problem

We are interested with the well posedness of a class of fully nonlinear second order uniformly elliptic

problems
F(z,u, Du, D*u) = f(x) (2.1)

in the whole space R™. Solutions of these problems are said to be entire solutions. Starting from

Brezis’s paper [4], in which the existence and uniqueness of a distributional solution u € L (R") is

proved for the semilinear elliptic equation
Au— |u|*lu = f(z) inR" (2.2)

with d > 1, f € LL _(R"), and from the related results of Esteban-Felmer-Quaas [27] for the L"-

loc

viscosity solutions of a more general class of uniformly elliptic equations
F(D*u) — Ju|*'u = f(z) inR" (2.3)

with f € Ll (R™), we propose to extend these results in various directions: consider a more general

class of equations than (2.3), including lower order terms, allowing the dependence on z in the op-
erator F' and assuming a minor local summability of f. It is worth to notice that no assumptions on

the behaviour of » at infinity and no limitation on the growth at infinity of the datum f are required.

We assume I’ € F) pp, namely
PiaM = N)=blp—gq| < F(z,r,p,M) = F(z,1,¢,N) < ’PIA(M —N)+blp—¢| (2.4)
forx e R", r e R, p,qg e R", M, N € §" and
F(x,0,0,0) =0. (2.5)

The constant b > 0 plays the role of Lipschitz constant.

As regards the monotonicity in the r-variable we ask something more than usual monotonicity

31
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assumption (6 = 0): there exists 6 > 0 such that
F(:r,r,p,M)—F(a:,s,p,M)S—é(r—s)d ifr>s (2.6)
for d > 1. We collect the above assumptions in the structure condition
(SC) := (2.4) — (2.5) — (2.6). (2.7)
Making these assumptions we have in mind equations of the form
F(z, D*u) +b|Du| — g(u) = f(x),
where F is uniformly elliptic and g : R + R is a function such that g(r) — g(s) > 6(r — s)? for r > s

(for example g(r) = |r|%"1r or g(r) = sinhr).

In the sequel pg = po(n,A/\) € (§,n) is the exponent such that for p > po the GMP (1.57)

holds true. It is important to notice that GMP continues to hold for LP-viscosity subsolutions as
p > po, see [53, Lemma 1.4] and [43, Theorem 3.2].

The key tool to have existence and uniqueness of entire solutions is to prove local uniform

estimates for solutions of (2.1)

2.2 Uniform Estimates

Let us introduce the Osserman’s barrier function (see [4]-[27]-[49])

CrR*

"=

in Bg, (2.8)

where u = % (recall that d > 1) and Cp is a constant depending on R as precised in the next

lemma.

Lemma 2.2.1. Suppose for a.e. x € Br that
F(z,s,q,N) < PIA(N) + blg| — &5 (2.9)

for all (s,q, N) € Ry x R" x 8", where § >0 and d > 1.
If we take
Ot =2u6  (A(n 4 2(1 + ) + bR),

then the function ® € C?(Bg), defined in (2.8), is a LP-strong solution of the equation

F(z,®,D®,D?®) <0 in Bg.
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Proof. By the assumptions, it is sufficient to show that
Py (D?®) + b|DP| — 68 < 0.
Since ®(z) = ¢(r) := Cr R*(R? — r?)™#, where r = |z, then from Proposition 1.1.3 and Remark
1.1.2
P A(D?*®) + | D®| — 08¢ = Alp" + %L '] + by’ — 6"
and the result follows by choosing C'r > 0 as claimed. O

The following Lemma is useful in the sequel.

Lemma 2.2.2. Let u, v be respectively LP-viscosity subsolution and strong supersolution of the
equations F(x,u, Du, D*u) = f and F(x,v, Dv, D*v) = g in Q. Assuming (2.4)-(2.6) a.e. in , the
difference w = u — v is an LP-viscosity subsolution of the mazximal equation

P;A(DQw) +b|Dw| —dw? = f — g (2.10)
in QN {w > 0}.
Proof. By contradiction let ¢ € W2P(B,(z)), with B.(z) C QN {w > 0}, such that w — ¢ has a
local maximum at = and P;CA(Dng(y)) + b Dp(y)| — S(w(y))? — (f — 9)(y) < —¢ ae. in B.(x) for
some ¢ > 0. Then v + p € W2P(B,(x)), u — (v + ¢) has a local maximum at = and
F(y,u(y), D(v +¢)(y), D*(v + ¢)(y) = f(y) < Fly, u(y), Du(y), D*v(y))

+ P (D?e(y)) + 0| Do (y)| — f(y)
< PEA(D%e(y)) + b Dep(y)| — 6(w(®)? = (f — 9)(y)

< —¢ a.e. in By(x)

a contradiction. O

Remark 2.2.1. Lemma 2.2.2 remains valid in the C-viscosity sense: if u and v are respectively
(C-viscosity subsolution and classical supersolution of FF = f and F = g, then w = v — v is a
C-subsolution of the maximal equation (2.10) in Q N {w > 0}.

Lemma 2.2.3. Let Q be a domain of R™ such that Qg := QN Br # 0. Suppose that F satisfy
structure conditions (SC) a.e. x € Q. Ifu € C(QR) is a LP-viscosity solution (p > py) of the
equation
F(z,u, Du, D) > f(x)
with f € LP(QR), then for each r € (0, R) we have
Co(1+ R)M2RH _
+
S;leu < Us0 + (R2 — T‘Z)'u + CHf ”LP(QR) (2]‘1)

r

with p=2/(d —1), Cop = Cy(n,A,b,d,d) and C = C(n,p, X\, A, bR) are positive constants. Here

sup ut if BRnoQ #£ 0
ugﬂ = { BgrnoQ

0 if Bgp C Q).
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Proof. By (SC) we have

F(z,s,q,N) = F(z,s,q,N) — F(z,s,0,0) + F(x,s,0,0)
< Py A(N) +blg| — 857

for all (s,q, N) € Ry x R" x §™. Thus from Lemma 2.2.1 we deduce that ® is a LP-strong superso-

lution of the equation
F(z,®, D®,D?®) =0 in Qp.

On the other hand u is a LP-viscosity subsolution of the equation
F(z,u,Du, D*u) = f(z) in Qg.
Hence by Lemma 2.2.2 the function w = u — ® is a LP-viscosity solution of the equation
PIA(D2w) + b|Dw| > PIA(Dzw) + b|Dw| — dw? > f(x)

inA:QRﬂ{u><1>}.
Let r € (0, R) be such that u(z) < ®(z) as x € Q and r < |z| < R, then A C Q, and w < 0 on
QN 0B,. Therefore, applying GMP (1.57), we get

supw < sup w+ C|lf 7 || rap) < udg + CIF ™ ne@n)
A B,

from which

CrR"
(R? — []?)#
for all z € Qpg. ]

u(z) < ujg + + CIf e on)

Proposition 2.2.1. Let Qr, F and f as in Lemma 2.2.3. If u € C(QR) is a LP-viscosity solution
(p > po) of the equation
F(z,u, Du, D*u) = f(z),

then for each r € (0, R) one has

Co(1 + R)*/2RH
(=)

SgpIUI < |ulaq +

T

+ Cl fllzrr) (2.12)

with Cy, C and |u|sq = max(ulg, uy,) defined as in Lemma 2.2.3.

Proof. From Lemma 2.2.3 we already know that

CrRH

u(z) < ugg + (R? — [z]2)m

+Cllf v V€ Qr.

The assert will be proved showing the same inequality for —u. To this end firstly observe that the

function v = —u satisfies the equation

G(z,v, Dv,D*v) = —f(z) in Qg,
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where
G(x,s,q,N) = —F(z,—s,—q,—N)

that turns out to satisfy (SC). Arguing as in Lemma 2.2.3 we conclude

CrRH
(R? — |z|*)#

for all z € Qpg. ]

—u(z) < uyg + + Cllf e (g

2.3 Existence results

In this section, using a stronger variant of the structure condition (SC) and the uniform estimates

of Proposition 2.2.1, we construct an LP-viscosity solution of the equation

F(z,u, Du, D*u) = f(z)

p

in R", assuming f € L,

(GMP) holds true.

(R™) with p > po. Remember that py € (§,n) is the exponent for which

We will suppose that for all R > 0 there exists a function wg : Ry — Ry such that wg(t) — 0
ast — 0T and
|F(z,r,q,N) — F(z,s,q,N)| <wpr(|r —s|) (2.13)

a.e. in x for |r| + |s| + |¢| + || V|| < R. We put
(SC) :=(SC) and (2.13). (2.14)
It is worth to recall that condition (SC)’ is equivalent to (SC) in the case that F' is continuous.

Theorem 2.3.1. Let F : R® x R x R” x 8" — R be measurable in x and satisfy the structure
condition (SC)' a.e. x € R". If f € LI (R™), then equation

loc
F(x,u, Du, D*u) = f(x) (2.15)
has an LP-viscosity solution in R™ for any p > po.

Proof. In view of [20, Theorem 4.1 - Remark 4.8] we can solve in the LP-viscosity sense any Dirichlet
problem for the equation F' = f in the ball Byx with continuous boundary condition. Choose a

solution uy, for each k € N. Using Proposition 2.2.1, we have for h > k

sup [up| < Co + C| fllr(B

2k:+1) ?
B,k

where Cy = Cy(n, A, b,d,d) and C = C(n,p, A, A, b2¥*1) are positive constants as defined in Lemma
2.2.3. By the structure condition (SC)" we have
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and
F(.CL',S,q, N) > P,\iA(N) - b|q| + F(CL’,R,0,0) > ’P):A(N) - b|Q| - WR(R)
a.e. v € R” for |s| < R. Therefore for h > k we have
P}CA(D%Lh) — b|Duh| — wR(R) < f < P;A(Dluh) + b|Duh] + wR(R)

in Byr with R = Cp + C||f||Lp(B

we deduce that

k1) By C“-estimates [8, Proposition 4.10] and [52, Theorem 2],

lunllea(sye) < Cr (14 1f (s, 1))
for a positive constant C; independent of h > k. By a diagonal process, using Ascoli-Arzela theorem
we extract a subsequence hy, € N such that up, — v € C(R") uniformly on every bounded domain.

From the stability results for LP-viscosity solutions (Theorem 1.3.1) u is a solution of the equation
(2.15). O

The technique used in the Theorem 2.3.1, combined with a global Hoélder continuity result due
to Sirakov [52], allows us to solve the Dirichlet problem in any regular domain, even unbounded, of

R™. For other results in unbounded domains see [38].

Theorem 2.3.2. Let Q2 C R" be a domain satisfying an uniform exterior cone condition and
F(z,s,q,N) be measurable in x € R"™ for all (s,q,N) € R x R" x 8" such that the structure
condition (SC)’ holds a.e. z € Q. Then for p > pg the Dirichlet problem

{F(a;,u,Du,DZu):f in Q (2.16)

u=1 on 0N

has an LP-viscosity solution u € C(Q) for every f € LY. (R™) and every ¢ € C(99).

loc

Proof. For any k € N let ug, € C(Qqx) be an LP-viscosity solution in Qyx = QN By of the problem

(2.17)

F(z,u,Du,D?*u) = f in Qo
u=1r on 0y,

where 1, is a continuous extension to R" of ¢[yo5 , see [28, Theorem 1-Section 1.2]. Since Qgx
2

satisfies the uniform exterior cone condition, we remark that the solvability of (2.17) is a consequence

of the already mentioned [20, Theorem 4.1]. Let R = 2F, by Proposition 2.2.1 for h > k we get

sup |up| < max [¢] + Co + C|fl|r(0yp)-
Qr oQNBR

The argument of the proof of Lemma 2.2.3 leads to inequality and therefore the u; are equibounded

in Qg. As a consequence, by C*-estimates they are equi-H6lder continuous in every subset
{z € Qg | dist (z,00) > ¢}
with € > 0. By [52, Theorem 2]

osc up < K (p™ 4+ osc )

QRNBp(x) 9QRNB _/5()
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for every z € 09 and p < p, and therefore the wj, are also equicontinuous in Qz. Thus, using a

diagonal procedure as in the proof of Theorem 2.3.1 we find a LP-viscosity solution u € C'(2) of the

Dirichlet problem under consideration. O

2.4 Maximum principle

From the uniform estimates of Section 2.2 we get at once the following Maximum Principle.

Theorem 2.4.1 (Maximum Principle). Let 6 > 0, d > 1 and Q be a domain of R™. Suppose for
a.e. x € €) that
F(z,5,q,N) <Py, (N) +blg| - d]s]" s (2.18)

for all (s,q,N) € R x R" x 8" and u € C(Q) is a LP-viscosity solution (p > po) of the equation
F(z,u, Du, D*>u) >0 in Q.

M1) If Q@ = R"™, then u <0 in R™.
M2) If Q CR™ and u < 0 on 09, then u < 0 in Q.

Proof. Let x € Q and r = |z|. Since
F(x,5,q,N) = P{,(X) +blg| — d]s|"'s

satisfies (SC), we can apply Lemma 2.2.3. Letting R — +o0 in (2.11) with f = 0, we get u(z) <0

as asserted. O

Moreover considering the function u(z) = —v(z) and the operator G(z, s,q, N) = —F(x,—s,—q,—N),

as in the proof of Proposition 2.2.1, we obtain a Minimum Principle.

Theorem 2.4.2 (Minimum Principle). Let § > 0, d > 1 and Q be a domain of R™. Suppose for
a.e. x € () that
F(z,5,4,N) > Py y(N) — blg| - 8[s|" s (2.19)

for all (s,q,N) € R x R" x 8" and u € C(Q) is a LP-viscosity solution (p > po) of the equation
F(z,u, Du, D*u) <0 in Q.

M1) If Q =R"™, then u > 0 in R™.
M2) If Q C R™ and u > 0 on 0%, then u >0 in Q.

Remark 2.4.1. The above implies that, assuming (SC), the function u = 0 is the unique viscosity

solution of the problem F' = 0 in R".
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2.5 Uniqueness
The issue of this Section is to prove uniqueness of entire solutions of
F(x,u, Du, D*u) = f(z). (2.20)

The existence results we present follows from Theorem 2.3.1 and the relationship between C-LP-
strong solutions, see Section 1.3. In the sequel we will focus our attention, giving detailed proofs,
only on the uniqueness part. As we will see the key point is to use suitable assumptions on F' and
f to have a homogeneous maximal equation for the difference between two solutions of (2.20) and
then get at once the uniqueness using the Maximum Principle of Theorem 2.4.1.

We separate the C-viscosity case from the LP one.

2.5.1 (-Viscosity case

We establish a first result in the case of F' independent of z.

Theorem 2.5.1. Let F': R" Xx R x R® x §" — R be a continuous function satisfying the structure
condition (SC) such that

F(z,s,q,N) = F(s,q,N) (2.21)

for all (x,s,q,N) € R" x R x R" x §". If f € C(R"™), there exists a unique C-viscosity solution of
equation
F(u, Du, D*u) = f(z) in R™

Proof. Let u and v be solutions of the equation FF = f. Set Q = {z e R" | w = u —v > 0}. We
claim that Q = (), so that v < v in R™.
Suppose on the contrary Q # (). Since F' is continuous, in view of Theorem 1.2.9 and Remark 1.2.13

(see [14]), and observing that u, v are C’llo’?, we can use the structure condition (SC) to have
Py (D*w) + b|Dw| — dw® > 0 (2.22)

in Q. Using the Maximum Principle of Theorem 2.4.1 (M2), we should have w < 0 in 2, a contra-
diction which proves our claim. Interchanging the role of u and v, we also get v < u in R", and we

are done. O

To consider a dependence on z, we need to control the oscillations in the z-variable , and this

also requires a uniform bound of the local LP-norms of f.

Theorem 2.5.2. Let F € C(R™ x R x R" x 8") satisfy the structure condition (SC). Suppose
also that for all R > 0 there exist a constant Kr > 0 and a function wg : Ry — Ry such that
li t) =0 and
Jim wr(t) =0 an

[F(y, 8,4, N) = F(z,5,¢,N)| < Kg|[N|[ly — 2| + wr((1 + la))ly — =[) (2.23)
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as x,y € R", s € (—R,R) and (¢, N) e R" x §™. If p > po, f € C(R™) and
[fllare == sup 1 flLe (B (z)) < +00, (2.24)
TER™

then equation (2.20) has a unique C-viscosity solution.

Proof. By assumption f € L} (R™) and || f||a» < 400, then Proposition 2.2.1 implies that u is
bounded. In fact, if o € R™ and we consider balls centered at xg, choosing » — 0% and R = 1 in
(2.12), we get

lu(zo)| < 242Cy + C(n, p, A, A, D) || || e (2.25)
which is finite and independent of xg, by (2.24). Thus, if u and v are solutions of the equation
F = f, by (SC) and (2.23) we can use Proposition 2.1 of [23] and thus the difference w = u —v
satisfies a maximal equation

Py p(D*w) + ¢| Dw| — sw? >0 (2.26)

in Q ={z € R" | u > v} for some positive constant ¢ depending on n, p, A, A, b and d. Therefore

we can conclude as in the proof of Theorem 2.5.1 . O

Using the WP regularity results of Caffarelli [7]-[8] (see also [26]) the entire solutions of (2.20)
belong to VV@’?(R”), so they are strong solutions. As a consequence the structure conditions can be

used “pointwise” to obtain a maximal equation for the difference of two solutions.

We will assume that for every R > 0 there exists cg > 0 such that

Pya(M—N)—=blp—q| —cglr—s| < F(z,r,p, M) = F(x,5,¢, N) < Py ,(M —N)+blp—q|+crlr—s|
(2.27)
forx e R" r,s € (—R,R), p,q € R", M, N € §". We put

(SC) := (2.27) — (2.6) — (2.5)

Definition 2.5.1. We say that F' has CY'-estimates at xo (with constant C) if for all wy €
CY%OBy,(z0)) there exists a solution w € C?(By,(x0)) N CO(By,(z0)) of the Dirichlet problem

F(20,0,0,D?w) =0 in Byy(zo)
w=wy on 0By (xg)

such that

|’chL1(§T0/2(%)) < CTO_QHwOHL‘X’(BBTO(xO))

for some rg > 0.

Finally, let
F(z,0,0,X)—-F 0,0, X
ﬁF(waxO) = sup ’ (33, ) )HXH (1'07 ) )’ . (228)




CHAPTER 2. ENTIRE SOLUTIONS 40

Theorem 2.5.3. Let F € C(R™ x R x R™ x 8™) satisfying the structure condition (SC) such that
the CY1-estimates holds true for each x € R™ with some ro > 0. If f € C(R™) and

1/n
sup (J[ IBF(x,y)I”dy> <0, (2.29)
re(0,ro) By (x)

for every x € R, with 6 = 0(n,p,\,A,ro), then equation (2.20) has a unique LP-strong solution
u € VV]2’p(]R"), provided that p > py.

ocC

Proof. In view of [8, Theorem 7.1] and [26, Theorem 1] solutions of F' = f are in T/Vlif(R”) and
hence they are strong solutions. If u, v are such solutions, the difference is a solution a.e. of (2.22)

in {u > v}, from which we conclude again using the Maximum Principle of Theorem 2.4.1 (M2). O

2.5.2 [P-Viscosity case

By virtue of the results of Winter [56, Theorem 4.2] (see also [53]), the argument of Theorem 2.5.3
can be generalized to the case of F' merely measurable in the variable z provided F is convex in the

matrix variable. The proof of this result is similar to the previous one, so we omit it.

Theorem 2.5.4. Let F(x,-,-,-) be a measurable function satisfying a.e. (SC). Assume F(-,-,-, M)

convez and f € LY (R™). If
1/n
sup <][ |BF (2, y)[" dy) <0,
re(0,ro) B (x)

loc
for every x € R™, with 6 = 0(n,p, X\, A, 1), then equation (2.20) has a unique LP-strong solution
u € W2’p(R”), provided that p > pg.

loc

By our assumptions, the LP-strong solution of Theorem 2.5.4 will be also the unique LP-viscosity

solution. Theorem 2.5.4 can be used for instance in the case of Bellman type equations
sup {Lou — fa(2)} =0
where L, is a semilinear second order operator
Lou := aj;(x) Diju + b7 () Diu + c1(z)u + o) |u|¢ T
with bounded measurable coefficients such that

A< sup (afi(2)6,6) <A, ()b (2)[V2 < b (@) <0, eaa) <=5 <0
|€1<1
for a.e. = € R” and every «, provided the aj; are uniformly continuous in R™ with continuity
(R™).

Some cases of Isaacs type equations can be treated with Theorem 2.5.4, as for instance, see [5],

. - P
modulus independent of a and 1gf fa € L,

the minimum
min {inf (Lou — fa()), sup (Lpu — fg(x))} =0

between concave and convex operators, which are realized as infimum and supremum, respectively,

of two families of semilinear operators, indexed by a and 3, with the above conditions.
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2.6 Non existence

With arguments similar to those of previous Sections we can prove the non existence of entire

solutions for homogeneous equations with exponential decaying in u, namely
F(z,Du,D*u) —e* =0 in R™ (2.30)
We assume, as usually, ' € F) A p-

Lemma 2.6.1. The function ® € C*(Bg)

®(z) = log A=4R* (bR + A(n + 1)), (2.31)

(R? — |z[2)*”
is a supersolution of the mazimal equation
Pia(D*®) +b|D®[—e®* =0 in Bg.

Proof. Set r = |z|, then

R? 4 r? n—1 4 db r _ A
(R2 _7,,2) RZ —1"2 R2 _,r.2 (RQ —7’2)2

gM(4R2(bR+A(n+1))—A) =0

Py A (D?*®(x)) + b| DP(z)| — 2@ _ A (4

for A asin (2.31) O
Reasoning as in Lemma 2.2.3 we obtain the following

Lemma 2.6.2. Let u € USC(BR) be a C-viscosity subsolution of (2.30) in Bg. For everyr < R

supu < log —— . 2.32
B, (R2 — r2)? (2:32)
Proposition 2.6.1. The equation (2.30) has no entire C-viscosity subsolution.
Proof. If a such subsolution u exists, for any x € R, putting r = |z|, we obtain
A
u(r) <log ————=5 VR>0
(R2 =7?)
because of (2.32). Letting R — +oo we get the contradiction u = —oo. O

Remark 2.6.1. Following [49] we can bound the radius R of Bg in which a subsolution u of (2.30),

bounded from above, exists. In fact, by comparison, u(0) < log % and

1
A \1
R§<eu(0)) .



Chapter 3
Blow-up solutions

This chapter is devoted to the existence and the uniqueness of solutions of fully nonlinear second
order elliptic equations

F(x,u, Du, D*u) = f(x) (3.1)
in a domain 2, subject to the boundary condition

u(z) — 400 as dist(z,00) — 0. (3.2)

Solutions of (3.1)-(3.2) are called blow-up or large solutions. These problems have been intensively
studied by many authors in connection with several areas of Mathematics and Physics, as confor-
mal and Riemannian geometry, Probability theory, Marked process (superdiffusion). We refer to
[24]-[25]-[41]-[47]-[48]-[49] and the bibliography therein for a nice history of the problem.

Using a purely analytical method Marcus and Véron [47] showed the uniqueness of positive large
solutions for the equation Au = u¢, d > 1, in domains with a very general boundary condition, called
“local graph property ” (see after for the definition). Not having information about the regularity of
the boundary 012, the key point is to prove that for any two solutions uy, ug the ratio uy /us — 1 as
dist(z, 9Q2) — 0.

A different approach, based on an iteration technique due to Safonov, is considered in [25] for clas-
sical and strong solutions of semilinear equations Lu = u? (or Lu = €*) in domains satisfying the
“uniform exterior ball condition”. There L is a linear second order elliptic operator.

Regarding the existence we present in Section 3.1 a result based on interior estimates of Chapter 2,
which provide the local uniform convergence of approximating solutions.

In the following Sections we propose to extend the uniqueness results of Marcus and Véron [47]-[48]
for the more general problems (3.1)-(3.2), than the Laplacian, in the larger class of C-viscosity

solutions. Our conclusions works for F' independent of .

We will assume the structure condition (SC) of previous Chapter, namely F' € Fy 5, with the

superlinear monotonicity assumption
F(z,r,p, M) — F(x,s,p,M) < —6(r —s)? ifr>s, (3.3)
where d > 1 and § > 0, for all (z,p, M) € Q@ x R" x S".

42
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3.1 Existence result

Theorem 3.1.1. Let Q C R" be a domain satisfying an uniform exterior cone condition and suppose
that at least one of the assumption blocks on F and f of Theorems 2.5.1-2.5.2-2.5.83 holds true in
Q. Then the boundary blow-up problem

lim u(x) = +o0 (3-4)

{ F(z,u, Du, D*>u) = f(z) in Q
z—00
has a C-viscosity solution for every f € C(Q).

Proof. For any k € N, let uy be a solution of the Dirichlet problem (see Theorem 2.3.2)

F(x,ug, Dug, D*u;) = f(x) in Q
up, =k on 0.

The sequence (uy)ren is nondecreasing, otherwise w = ug — ug11 would be a solution of

Py a(D*w) +b|Dw| — 6w >0 in QN {w > 0}
w <0 ond(Q2n{w > 0}).

and, in view of the Maximum Principle of Theorem 2.4.1, we get the contradiction w < 0. By
using Proposition 2.2.1 and arguing as in Theorem 2.3.1 we deduce that (uy)ren is bounded and

equicontinuous on compact sets of 2. Thus (uy)ren converges we to a C-viscosity solution u of
F(z,u, Du, D*u) = f(z) in Q.
Being (ug)g is nondecreasing, for y € 92 we have

liminfu(x) > lim ug(x) =k
T—Yy T—Yy

for any k£ € N, whence the assertion follows. O

Remark 3.1.1. The existence of blow-up solutions fails to hold if the domain is not sufficiently

regular. In fact assuming F' = F(M) uniformly elliptic operator such that

A (n—1A+A
1< — -1 —_—Y
_/\<n and d>(n—1))\—A’

Labutin [44] showed that the origin is a removable singularity for the equation
F(D%*u) — |u|*tu =0,

that is every viscosity solution in the punctured ball Br\ {0} can be continued to a viscosity solution

in Bp.

Remark 3.1.2. Theorem 3.1.1 remains valid in the LP-viscosity framework, see [29, Theorem 1.6].
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3.2 Uniqueness results

As mentioned above, the results concerning the uniqueness of large solutions we present, work for

operators z-independent. So we refer in the sequel to the equations
F(u, Du, D*u) = f(x) inQ. (3.5)
We start proving two lemmas.

Lemma 3.2.1. Let F' be an operator satisfying (SC) and T € [0,1]. If u is a supersolution of (3.5)
and w > 0 is a solution of Py \(D*w) + b|Dw| — 70w® = 0 then the function w+ w is in turn a

supersolution of (3.5).

Proof. By regularity results for convex operators (see [5, Corollary 1.3] and [8, Sections 6.2, 8.1])
we have w € C?7, with 0 < v < 1, so w is a classical solution.
Let ¢ be a test function touching u + w at x from below. Then ¢ — w touches u at x from below

and
F(p(x), Dp(x), D*p(x)) < PY\ (D*w(x)) + bl Dw ()|

)
+ F(p(x), D(p — w)(z), D*(p — w)(x))
< Py (D*w(x)) + b| Dw(x)| — §(w(x))
+ F(p(x) — w(x), D(p — w)(x), D*(p — w)(x))
< f(a).
L]

As in the previous Chapters py € (%,n) is the exponent for which (GMP) holds true (see (1.57)).
It will be useful later the following Generalized Comparison Principle (GCP), which is deduced by

the uniform estimate of Lemma 2.2.3.

Lemma 3.2.2. Let Q be a domain of R™ and F be an operator satisfying (SC). Suppose that
u and v are continuous solutions, respectively, of F > f and F < g in viscosity sense, where

f.geC(Q)NLP

loc

(R™) for some p > py. Then for any y € Q and any ball Br centered at y we have

(u—v)*(y) < limsup (u—v)*(z) + Co ) O =) T, (36)

(1 + bR
r—0QNBR

R2

where Cy = Cop(n, A, d,d) and C = Cy(n,p, \, A,bR) are positive constants.
Here, if QN Br = ), one reads limsup,_, 5o (u — v)*(z) = 0.

Proof. Since F' is independent of x, by means of the Jensen’s approximations, we may use the
structure conditions (SC) just as for smooth functions (Theorem 1.2.9 and Remark 1.2.13, see also

[14]), to deduce that w = (u — v)™ is a viscosity subsolution of

Py A(D*w) + b|Dw| — dw* = —(f(x) — g(z))” in Q.
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From this, reasoning as in Lemma 2.2.3 and using GMP (1.57), for any ball B, centered at y of
radius r < R we get

2

1\ 71
) R(1+DR)z _
sup w < limsup w(z) + Co <(RQ_TQ)> + Cill(f = 9)" llzr(@nBR); (3.7)
ONB, 2—dQNBR
from which (3.6) follows, letting r — 0. O

Remark 3.2.1. If f = g, letting R — o0, from Lemma 3.2.2 we obtain the Comparison Principle
(CP):

(u—v)*(y) < lim sup(u - v)* (). (3.8)

Note also that €2 is possibly unbounded in Lemma 3.2.2. Nonetheless no assumption is made on the

growth of u and v at infinity.

Definition 3.2.1. (Marcus-Véron [47]-[48]) A domain (2 satisfies the local graph property at P € 0$)
if there exist a neighborhood Qp and a function 1 = 1 € C(R"~!) such that

QprNQ={z€Qp:y, <)}

in a coordinate system y = (', y,,) obtained by rotation from x = (2/, x,,).

Remark 3.2.2. We may assume that Qp is a spherical cylinder

Qp={z eR", /| <p, |yn| <0} (3.9)

centered at P, of radius p > 0 and finite height 20 > 0, as well as |[¢(y')| < o in Qp so that

QpnQ={zeR", || <p, —0 <y, <(y)}. (3.10)

Here 2 = Ry + x(P) for an orthogonal matrix R (i.e. R~1 = RT). As in [47], the class of domains
satisfying the local graph property at every P € 9€) will be denoted by Cl;.

Let us consider a C-viscosity solution wp = w € C(Qp) of the boundary blow-up problem

(3.11)

P;CA(DZUJ) + 7y Dw| —dw®* =0 in Qp
w(zr) — +oo as dist(z,0Qp) — 0

provided by Theorem 3.1.1 ([29, Theorem 1.6]). Actually, by [5, Corollary 1.3], w € C*7(Qp) for
v € (0,1).
The main tool to show the uniqueness will be the comparison principle (3.6).

Proposition 3.2.1. Let Q2 be a domain of R"™ satisfying the local graph property at xp € 92, and
Qp the cylinder of Remark 3.2.2. Assume that F : RxR" xS8" — R satisfies the structure conditions
(SC). If there exists a viscosity subsolution u € C(Qp N ) of (3.5) such that

u(z) — 400 locally uniformly as x —T'1 = Qp NOQ, (3.12)
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then problem

F(v,Dv,D%*) = f(z) in QpNQ (3.13)
v(x) — 400 locally uniformly as © — I'y (3.14)
v=0 onTe=0QpNQ, (3.15)

has a viscosity solution v € C(Qp N Q) for every f € C(Q) N LY (R"™), p > po.

Remark 3.2.3. Following [47], by condition (3.14) we mean v(z) — oo as dist(x, A) — 0 for
every A € I'1 in the relative topology.

Proof. Following [47], with the notations of (3.9) consider an approximation from below of
O=QpNN= {xER” Y| < p,—0 < yn <¢(y/)},

where * = Ry + x(P) and R~! = RT, assuming ¢/ > 0 as we may, using a monotone increasing
sequence of smooth positive functions ; — 1 as j — +o0.

Correspondingly, let

0= {zeR": |y <p, —0 <yn <¥;(¥)}
TPyj={zeR": |y <p,yn =¥}

Dyj = {x eR":|y| =p, —0 <yn <h;(y)}
{zeR" |y <p yn = —0}

-

Let also I'y; = F’Qj U F’Q’j where

Thy={z €Tt [y|=p, ¥;(t) =3 < <)}
Iy ={zely: [yI=p, —0 <y <;(y) -3

U {zely: Y| <p yn=—0}

By [19, Theorem 4.1] we can find a continuous viscosity solution of the Dirichlet problem

F(v;(w), Doja(a), D2oy(a) = f(@) n o,
Uj,k(JI) =k in Plj
vie(®) = Jj (yn —P;(y) + %) k on I,
vjk(z) = 0 on F’Q’j.

Here we are using the same boundary conditions of [47, Theorem 2.2]. Then by construction for
any fixed j € N the sequence (vj)ren is increasing, with respect to k € N, on 00; and so, by the
comparison principle, is also increasing in ©;. On the other side, from Proposition 2.2.1 we have

uniform boundedness in compact sets K of ©;, say

sup |vj < C
K
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for a positive constant C' = C'(n, A\, A, p, d, K). Moreover by (SC)

F(Uj,kv% N) < ,P;EA(N) + b!q\ + F(Uj,k,0,0)
< PLACN) + bla] + max |F(1,0,0)]

F(vjk: ¢, N) = Py A(N) = blg| + F(vj,0,0)

> PyaV) = blg| - max |F(t,0,0)].

By using Holder estimates (see [8]-[52]), Ascoli-Arzeld theorem and stability results for viscosity
solutions, we deduce that

Vieo = lim v,
doo = B Y

is a solution of (3.13) in ©;.

Next consider the sequence (vj0)jen. Since vji1p < vj; on 00, we have vj41,00 < Vjoo 00 00
so that, again by the comparison principle, the sequence (vjq)jen is monotone decreasing in O
and, by reasoning as before to show that v; ., are solutions, in turn converges locally uniformly to
a solution v of (3.13) in ©.

It is easy to check that v = 0 on I'y, which is regular enough in order that the boundary condition

is satisfied with continuity, see [20]. In order to prove (3.14), let us observe that for all £ € N

Vj,00 > Vjk = k on Flj .

Since u is bounded on 90, then u < vj o on I'y;, as well as u < w on I'y;, by (3.11). Moreover from
Lemma (1.2.3) the function vj o +w is a supersolution of (3.13) in ©; and hence by the comparison
principle
u < Voo +w in O;.
Passing to the limit as j — oo we obtain
u<v+w (3.16)
in ©, from which condition (3.14) follows. O

Using the above Lemma, we can bound the difference between solutions which blow up on the upper

boundary T';.

Corollary 3.2.1. Suppose that the assumptions of Proposition 3.2.1 are satisfied for positive func-
tionsu =wu; € C(QpNN),i=1,2. Let Qp € Qp be a spherical cylinder centered at P. Then there

exists a positive constant C' such that
lug —ur1| < C in QpNQ. (3.17)

Proof. In view of (3.16) we have u; < v+w in QpNQ, for i = 1,2, where, up to a rotation, we may
suppose the axis of the cylinder Qp parallel to z,, see (3.10). Since w is bounded in Q%, we get
then

uw <v+C in QpNQ (3.18)
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with €' = supg: w. On the other side, consider vp(2', xy) = v(a',x, — h) for sufficiently small
h > 0: vy is continuous in Q}IS N and vy, = 0 on F’QL. Here Q’]D and ", i = 1,2, result from the

7

corresponding sets Qp and I'; moved up by h along the axis of Qp. Then
vp <u; on A(QLNQ) (3.19)
Since F' is independent of x, the function vy, satisfies the equation
F(vp(x), Dvp(x), D*vp(2)) = fu(z) in QpNQ. (3.20)

where fh($,7 xn) = f(xly Lpn — h)
Therefore, fixing y € Qp N €2, choosing A > 0 small enough in order that y € Q?D N and applying
Lemma 3.2.2 in Q}IS N, for any R > 0 we get

1+0R

1

d—1

) )  mw o)+ Co () "+ G ) g
r— pNQ)NBR

1
1+bR\d1 _
< Co( . ) O — ) r@nsn.

Letting h — 0T, we have

1
(v —ui)"(y) < Co (1;sz) o
and as R — oo, since y € Qp N is arbitrary,
v<w; in QpNILL (3.21)
From (3.18) and (3.21) the result follows. O

Now we are in position to prove the following uniqueness Theorem.

Theorem 3.2.1. Let Q) be a domain of class Cyy., F' be an operator satisfying the structure conditions
(SC) and f € C(Q)N L} (R™). In addition, we suppose that

lim inf (F(s, 0, N) — o(k)F <Z %, ]ID) <0 (3.22)

k—1t

uniformly with respect to (s,q, N) € Ry x R x 8", where 1 < ¢(k) — 1 as k — 1%. Then problem

(3.1)-(3.2) has at most one non-negative solution.

Proof. Let u1,us be non-negative blow-up solutions of F(u, Du, D?u) = f(z) in Q. Let ¢ > 0 and
setting ke = 1+ ¢, uie = (1 + €)uy. Using (3.22), we have

F(uie, Duie, D*use) < @(ke) F(u1, Duy, D*ur) + o(1) = @(ke) f(x) + o(1) (3.23)

in the viscosity sense, where o(1) — 0 as e — 07.
Take, for every P € 0€, a spherical cylinder Q% centered at P of radius p* and height 20*, as in
Corollary 3.2.1. By (3.17) we have constructed an open covering {Q%}pecan of 02 such that

C C
1- L <™ 1422 3 @uno. (3.24)
(3] Ul (3]
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Since u; — 400 as dist(x,9Q) — 0, then
uz(x) < (1+¢e)ui(z) = we(x), (3.25)

in Np, an open neighborhood of Q% N oS.

Collecting all N} we obtain a neighborhood N. of 02 where (3.25) holds true.

We claim that (3.25) holds in € for & small enough.

By contradiction, suppose €. := {ug > u1.} # () for infinitely many e — 0*.Using (3.23)-(3.25) and
recalling that F'(ug, Dug, Dug) > f, we have by (3.6)

(uz —u1) " (y) < Co (1 ;§R> - + C1 ((e(ke) = DI T lze@nBr(y) + (1)) (3.26)

for all y € Q and R > 0. Thus, letting ¢ — 07 and then R — oo, we get us < up in , which
contradicts Q. # () and proves the claim.
Hence ug < (1 + ¢)uy in Q definitively as ¢ — 07 and taking the limit we have ug < wuy in Q.

Interchanging u; and ug we finish the proof. O
Remark 3.2.4. Condition (3.22) on F is satisfied with ¢(k) = k“ in the case of operators
F(SaQa N) = Fl(qu) - |S|d_1‘9

such that F} is positively homogeneous of degree o € (0,d]. In fact, when s > 0 and k > 1

N q N 5@ s q N
F(s,, N)=Fy(¢, N)—s? =koF, (L 22) _gd <oy (L 20) —pol —pep (24 1)
(87Q7 ) 1(Q7 ) S 1 <k7 k‘) S = 1(1{;) k?> kd <k‘7k3’ k>

Remark 3.2.5. As one can see in Remark 3.2.1, f < 0 is a sufficient condition to have non-negative

solutions.

Remark 3.2.6. By Theorem 3.2.1 and Remark 3.2.4 we have uniqueness of non-negative blow-up

solutions for the maximal equation
Py A(D?u) + 0| Dul — |ul* u = f(z)
and more generally for Bellman and Isaacs type equations like

Sgp i%f{Trace(Ao‘ﬁ(a;)DQu) + (b (), Du)} — |u* u = f(x),

with A%%(z) € 8™ such that A\I < A*3(x) < AT and [b*5(z)| <b € Ry.

3.3 A generalization

In this Section, following [48], a more general class of uniformly elliptic operators F € Fy p,
obtained adding a “positive semilinearity ”

F(s,q,N) = Fi(q,N) +c|s|*"'s — [s|]"" s, (3.27)

is considered. Here Fy € Fy a4 is positively homogeneous of degree § € [, d], a € (0,d) and ¢ > 0.

In the next Lemma we state a comparison principle for (3.27).
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Lemma 3.3.1. Let Q be a bounded domain of R™ and let F' be an uniform elliptic operator as in
(8.27). Suppose that u and v are continuous subsolutions and supersolutions, respectively, of F' = f
in viscosity sense, where f € C(Q) and f <0. If u,v € C1(Q) and v > 0 in Q, then

limsup(u—v) <0 = u<v inQ. (3.28)
x—00

Proof. By contradiction, suppose Qt = {z € Q|u(z) > v(z)} # . Setting u = eV and v =", by

straightforward computation, we obtain, in viscosity sense,

F1(DU, D*U + DU @ DU) + cel@ AV _ o[d=0)U > =BU g () (3.29)

and
FL(DV,D*V + DV @ DV) 4 cel@ PV — e d=BV < =8V r(z), (3.30)

where we have used the positive homogeneity of F}.
Let w = U—V. Subtracting (3.30) from (3.29), as we may in viscosity setting since F} is independent
of = (see [14] and Theorem 1.2.9), we have

PiA(D*w + (DU @ Dw + Dw ® DV)) + b|Dw|
> C(e(a—ﬂ)U _ 6(Oé—ﬁ)V) + (e(d—ﬁ)U _ 6(d—ﬂ)V) + (e—ﬁU _ e‘ﬁv)f(:c).

Using the fact that ¢ > 0, a < 8 and f < 0 we obtain
Py (D*w) + b(z)|Dw| >0 in QF,

where b(x) = A(|DU (z)| + | DV (z)]) + b.

Now, w is positive in QT and limsup,_, 5o+ w < 0, so its positive maximum M would be achieved
in Q7. Then by the strong maximum principle w = M in QF, which contradicts the boundary
condition. Therefore U < V and consequently u < v in 2. ]

Theorem 3.3.1. Let Q be a bounded domain of R™ of class Cyr. Let F' be an uniformly elliptic
operator of the form (3.27). If f € C(Q), f <0, then problem

F(u, Du, D?*u) = f(x) in Q
u(z) — 400 as dist(z,9Q) — 0

(3.31)

has at most one positive solution.

Proof. Consider two positive solutions wuj, us of problem (3.31). By standard results on viscosity
solutions, see [8] and [53], u1, us have Holder first derivatives.

By the local graph property and the boundary blow-up condition, for every P € 0} we can find
a spherical cylinder Qp as (3.9) such that (3.10) holds true and u; > (QC)ﬁ in@QpNQ,i=1,2.
Then

Fi(Duj, D*u;) — =ud > f(z) in Qpno. (3.32)
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Since the operator Fy(q, N) — [s|91s associated to (3.32) satisfies the structure conditions (SC),
we conclude as in Corollary 3.2.1 that for Q} € Qp there exists C such that (3.17) holds true.
Following the proof of Theorem 3.2.1, for any € > 0, we find a neighborhood N of 02 where (3.25)
holds true. As there, we set Q. = {z € Q, us > (1 + €)us = ui-} and infer that Q. = (. By
contradiction, suppose €. # (). Setting k. = 1 + ¢, using the positive homogeneity of F| and the
fact that f <0, from Fy(Duy, D?uy) + cu§ — uf < f we have

F1<Du1€7D2u16) + Cutlla - u(lia < kaﬁf(x) < f(.f)

so that, being Fy(Dus, D*ug) + cu§ — ug > f, Lemma 3.3.1 yields us < uy. in ., against Q. # (.
From this us < (1 + ¢)uy and, letting ¢ — 07, us < uq in Q. Interchanging u; and us, we also have

u1 < uo, as claimed. O

Remark 3.3.1. Note that if ¢ < 0 the operator F' satisfies the superlinear monotonicity assumption

(3.3). Moreover if 3 = « the uniqueness of blow-up solutions is provided by Theorem 3.2.1.
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Extended maximum principle and

removable singularities

Let Q C R™ be a bounded domain. In view of the Maximum Principle we know that a subsolution
of the uniformly elliptic equation F(D?u) = 0 is non positive in {2 assuming u < 0 on the boundary
0f). More generally

limsupu(z) <0=u<0 in Q. (4.1)
z—00

A natural question arises from (4.1): can we weaken the boundary condition, by requiring © < 0 on a
“relevant” part of 0f2, in order that the Maximum Principle continues to holds? Setting 02 = PUFE,
we propose to give conditions on E which ensure the validity of the following FEzxtended Mazximum
Principle, EMP for short:

uw € USC(Q), F(D?u)>0 in Q, u bounded above, limsupu(z) <0=>u<0 in Q.  (4.2)

J,‘—)P

If F is a Borel set for which EMP holds we say that E is a F-exceptional set on 90, while if EMP
holds true for any I’ € F) o then E is an F) p-exceptional set.
In the sequel we will consider the pairs (A, A) such that

of=a" <n, 2) = %(n —-1)—1>0. (4.3)
Finite sets are simple examples of F y-exceptional sets. Indeed let E = {x1,..., 2y} C 09, Q C Br
2

and consider the so called fundamental solution of the maximal Pucci operator 77; A ([44]-]3]), ie.

log (R|z|™!) ifa*=0

U(x) = .
|z| if o* > 0.

(4.4)

By a standard calculation we have

Pra <D2 (iU(x - Jﬁz))) < iP;A (D*U(z —2;)) =0 in R"™E. (4.5)

i=1 =1

52
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If w € USC(R) is a subsolution, bounded above, of F(D?u) = 0 satisfying the boundary condition

limsup u(x) <0, (4.6)

z—P

for any & > 0 we put v(z) = u(zx) —e (3.2, U(x — x;)). Then

Py (D%(:U)) >0 in €, limsupv(z) <O0. (4.7)
’ z—00
By the Maximum Principle (4.1) v(z) < 0in Q, that is u(z) < e > ", U(x — x;) and letting e — 0
we conclude u(x) < 0 in .

We notice that the above argument continues to work assuming
F(M) <Py, (M) VM eS", (4.8)

instead of F' € F) 5, and
ut(z) =o(loglz —z;| ™) ifa* =0

. (4.9)
ut(z) =o(Jz— x| ™) if a* >0

asx — x; for i = 1,...,m instead of the boundedness of wu.

Looking at the Laplace operator, it is well know that a set E is A-exceptional if, and only if, its
capacity Cp—2(E), in dimension n > 3, and logarithmic capacity Clog(£), in dimension 2, vanish
(see [37]-]46]). We report the definitions of capacity in Section 4.1.

The sets of null capacity play the role of null sets in various questions of Potential Theory, a role
somewhat analogous to the sets of zero measure in the Integration Theory, even if it is worth to
remark that capacity is not a measure because it fails to be additive on disjoint sets.

In the Section 4.2 we propose to show sufficient conditions about EMP in the nonlinear viscosity
setting, first dealing with the pure second order case F(D?u) = 0 (Subsection 4.2.1) and then for

the more general case including the gradient variable (Subsection 4.2.2).

An interesting application of EMP concerns the problem of remowvable singularities. Let E be
a Borel subset of the domain 2 of R", we say that F is a F-removable set in Q if every bounded
viscosity solution u € C(') of the equation F(Du, D?*u) = f(z) in Q' = Q\E can be extended to
a viscosity solution @ € C(2) of the same equation in the whole Q. If the same holds for every
F € Fyap then E if F) p p-removable.
It is plain that a set E having non empty interior cannot be removable: otherwise considering a
solution of F' = 0 in By\B; (where B; and Bj are balls satisfying Bo D E D i? D Bj) with u =0 on
0B and u # 0 in Bo\ B it should be @ = 0 in Bs.
As before, using EMP, it easy to check that points are F a j-removable sets. More generally we will
show in Section 4.3 that F) A -exceptional sets are removable ones.
In order to characterize the Fy p-removable sets, D.Labutin [45] propose a different definition of
capacity, establishing the equivalence of the removability with the vanishing of his capacity and

so generalizing the results concerning with the Laplace operator. On the contrary we will use the
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classical Riesz capacity showing that it provide a sufficient condition for the removability problem.
Although this approach does not provide a complete characterization of the removable sets, nonethe-
less it looks advantageous if we ask to what extent the lower order terms influence the removable

sets with respect to the main term of a fully nonlinear second order operator.

In Section 4.4 we deal with a class of pure second order degenerate elliptic operators considered

by R.Harvey and B.Lawson [31]-[32]-[33]-[34]-[35]-[36] and by L.Caffarelli, Y.Y.Li, L.Nirenberg [10]-
[11]:

P, (D*u) = M (D*u) + -+ + M\p(D?w) (4.10)

where A\ (M) < -+ < A\, (M) are the eigenvalues of the nxn real symmetric matrix M. R.Harvey and
B.Lawson formulate a geometric approach to nonlinear ellipticity, which is realized as a monotonicity
condition on the set F = {M € S | F(M) > 0} with respect to a convex cone P:

F-PCF. (4.11)

In this perspective degenerate and uniform ellipticity correspond to P = {M < 0} and P = {M €
S"| 73;: A(M) < 0}, respectively. We discuss how the results of [32] are more general for removable
singularities of pure second order elliptic operators and at the same time check our method indicating
an alternative proof. Moreover we extend the results about Maximum Principle and exceptional

sets to this class of degenerate elliptic equations.

4.1 Riesz potential and capacity

We recall some definitions and results from Potential Theory, referring to [37]-[46] as main source.
The function

Ky(z)=|z|7%, 0<a<n, (4.12)
is called Riesz kernel, it is continuous for z # 0 and lower semicontinuous in R”.
For any compact set E C R™ we denote by M™(FE) the set of nonnegative Borel measure on E and
by M{ (E) the subset of M*(E) consisting of unit measure (i.e. u(E) = 1). The a-Riesz potential
of p € M (E) is defined as

Vew) = [ Kale =) dnto) (4.13)

Since K, (z) is superharmonic in R™ for a < n — 2, it follows that V&'(z) is superharmonic too.
Moreover in R™\ E' it is harmonic if & = n — 2 and subharmonic when o > n — 2.

Next we consider the nonnegative energy integral

L= [[ Koo~ y)dua)duty (4.14)
ExXE
and the a-equilibrium value Vo (E) of E

Vo(E)= inf  Ia(n). (4.15)
peM (E)

Since K4 (x —y) > (diam(F))™%, then 0 < V,(E) < +oo.
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Definition 4.1.1. The a-capacity of the compact E is the nonnegative number
Cal(E) = (Va(E)) ™. (4.16)

We deduce that Co(E) = 0 if, and only if, I,(x) = +oo for any p € M{(E) and Co(E) > 0
when there exists a unit measure for which the energy integral is finite.
The infimum in (4.15) is attained for a suitable minimizing measure u € M (E), called a-equilibrium

measure. The corresponding a-Riesz potential is the a-conductor potential of E.

Definition 4.1.2. For E C R™ (not necessarily compact) the a-inner capacity is defined as

C(E)= sup Cu(K) (4.17)
KCE
K compact

and the a-outer capacity as

Cu(E) = inf Cn(A). (4.18)

Inner and outer capacity are monotone increasing set functions and C (E) < Co(E). When the
equality holds we say that E is capacitable, its common value is denoted by C,(FE). Borel sets are
capacitable [46, Theorem 2.8].

Definition 4.1.3. A set E is of type F, if it is representable in the form E = U Ey, where Ey, are

keN
closed sets.

An F, set is capacitable and
Co(E)=0< Cu(Er) =0 VkeN. (4.19)

To consider the case @ = 0 we can repeat the above construction starting from the logarithmic
kernel Ko(z) = In(d/|x|) to define the energy integral Iy(u), for a compact subset E C By = By4(0).
In this case we set

Vo(E) = inf Io(p) and Co(E)=e 0 (4.20)
peM; (E)

as the 0-equilibrium (log-equilibrium) value and the 0-capacity (logarithmic capacity) of F, respec-
tively.

As before we also define the 0-equilibrium (log-equilibrium) measure and the corresponding 0-
conductor (logarithmic) potential for E.

Furthermore, again as above, we also define by approximation the O-capacity and the 0-capacitability
for any E € By. In doing this, we notice that for our purposes all d are equivalent, since it is easy
to check that a different choice of d > 0 such that E € B, changes the value of Cy(E) only by a

positive multiplicative constant.

It is worth to notice that for a = n — 2 the above definition agrees with the classical definition of
capacity. In this case we omit o = n—2 when referring to potential, minimizing measure, equilibrium

value and capacity.
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4.2 Extended Maximum Principle

4.2.1 Case F(D?u) =0

It is well known that, if F is a compact set in R” with C(FE) = 0, there exists a superharmonic
function v in R™ such that v(z) = +oo0 for x € E and 0 < v(z) < 400 outside E ([37, Theorems
5.11-5.32]). Our aim is to generalize this result to fully nonlinear uniformly elliptic operators.

We start showing that the a-potential of a measure p € MT(E) is a supersolution of the maximal
Pucci equation P;CA(DQU) =0in CE =R"\E.

Lemma 4.2.1. Let 0 < a < o, E be a compact subset of R*, yu € M7 (E) and
Vi) = [ Kale—y)duty)
the a-potential of . Then P:{A(DQVC@(x)) <0 forx € CE=R"\E.

Proof. Indeed V' € C*°(CFE) and for z € CE it turns out that

Py (D*VE(z)) = sup Trace (A D2/ Ky(z —vy) d,u(y)>
’ M <A<AI E

= sup / Trace (A D2Ka (CE — y)) d,u(y)
E

MN<A<SAI
< / sup Trace ((A D?’K,(z — y)) duly) = / PIA(D2KQ($ — 1)) du(y)
E M<A<AI E
and A( )
alAla® — ) .
. , _7|x—y|a+2 ifa>0
PA,A(D Ko(z—y)) = Aa*
 e— fa=0
lz —yl
from which the result follows. O

Theorem 4.2.1. Suppose that a* = 2(n—1)—1> 0. Let E be a Borel set of R such that Cos(E) =
0. If E is compact, there exists a supersolution v of the maximal Pucci equation P;CA(DQU) =0 such
that

v(x) =400 in E, wv(r)<+oco outside E.

If E is Fy, for any xg € E there exists a supersolution v of the mazximal Pucci equation such that
v(z) =400 in E, v(xg) < +o0.

Such supersolutions can be chosen non-negative in R™ in o > 0 and non-negative on an arbitrary

bounded set of R™ if a* = 0 (logarithmic capacity).

Proof. Firstly suppose E to be a compact set of a*-capacity zero. From [46, Theorem 3.1] and the
argument thereafter we find a positive measure u € MT(E) such that for the a*-potential of p,

which is lower semicontinuous, we have V. (z) = +o00 on E and V!.(x) < +o0 outside E. From
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Lemma 4.2.1 above we have Py, (D?V!. (z)) < 0, and we can choose v(z) = V. (z) in this case.

Now suppose F = U FE), where E} are compact sets. For each k € N the above construction

keN
provides a supersolution vg(z) of the maximal Pucci equation such that vg(z) = +o0o0 on Ej and

vg(7) < 400 outside Ey. Let vg(zo) = ¢! in order that

v(z) = Z ¢
k=1

is finite at * = z¢. Then v(x) is the limit of an increasing sequence of supersolutions of the maximal

5 V()

s

Pucci equation, from Theorem 1.2.8 (see also [1, Lemma 2.1]) we deduce the result. O

Remark 4.2.1. Let E be a F,-set of a*-capacity zero. In view of the maximality of 73; A> DY
Theorem 4.2.1 for all 29 ¢ E we find a non-negative function on bounded sets v € LSC(R"™) such
that

F(D%*») <0 in R", v(z)=+oo in E, v(zxy) < +oo

for all '€ Fya.
Now we are in position to answer to the question posed at the beginning of this Chapter.

Theorem 4.2.2. [Extended Maximum Principle] Let  C R" be a bounded domain and 0§} =
PUE with E an Fy-set. If Cox(E) =0 then E is an Fy p-exceptional set on OS).

Proof. Let u € USC(2) be a subsolution, bounded above, of the equation F(D?u) = 0 in Q

satisfying the boundary condition limsupu(z) < 0. Here F' € F) 5. In view of the maximality of
r—P

Pucci operators in the class F) o, u is a subsolution of P;rA(D2u) = 01in €. Let € be a positive
number and fix zop € Q. The function w(z) = u(z) — ev(x), where v(x) is the supersolution of

P;\r A(D?v) = 0 provided by Theorem 4.2.1, is upper semicontinuous in { and
P (D*w) > Py (D) — ePy\ (D*v) > 0
in the viscosity sense. From the boundedness of u and the non-negativity of v we deduce that

limsupw(z) <0
z—02
and so, by Maximum Principle,
u(xg) < ev(xg).

Letting ¢ — 0% we conclude that u(zg) < 0 and since zo € (2 is arbitrary the proof is complete. [J

4.2.2 Case F(Du, D*u) =0

The key point in the proof of Theorem 4.2.2 is the possibility to construct a supersolution of a
maximal equation which is finite in Q\F and blows up on E. This was done using Riesz Potential.
Now we want to show in which way this results can be extended to the class of second order operators

with non zero first order terms. We start with the following
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Lemma 4.2.2. Suppose that o* = %(n —1)—1>0. For every 0 < o < a* and b > 0 there exists

d > 0 such that, if E is a compact subset of Bs(T) for T € E, then
PYA(D*VE () + b DVE(2)| <0
for all x € Bs(Z) NCE.

Proof. Suppose that E C Bs(Z) for T € E and § > 0 to be chosen. Following the calculations of
Lemma 4.2.1, for x € CE we have

PYAD?VE () + b DV ()] < /EPIA(DzKa(fU —y)) + b|DEo(z — y)| du(y)

A . dply) .

/ b (—Aoz* + |z — y|> d,u(y)2 ifa=0
E b |z -yl

so that, choosing

A
5—%((1 —a)>0 (4.21)
we get
PYA(D?VE () +b|DVE(2)| <0
for x € Bs(T)\E, as we wanted to show. O

In order to prove a generalization of Theorem 4.2.1 to the class F) z; we need the following

result concerning the extension of supersolution.

Lemma 4.2.3. Let V be a viscosity supersolution of the equation F(DV, D?>V) = f(x) in the annulus
Aspip = Bip(y)\Bsp(y), s < 1 < t, for F € F\pp, where f(x) is a continuous function in As, g,
with R > tp. We suppose that V is continuous in Zsp,tp. There exists a continuous function Vg
such that

{ F(DVg,D?*Vg) < f(x) in Aspr (4.22)

Ve=V in Aspp

in the viscosity sense.

Proof. We may suppose, up to a translation, that y = 0 and , eventually changing V with V + ¢ for

a suitable constant ¢, that V' > 0. Let uw € C(A4,;,) be the solution of the Dirichlet problem

F(Du, D*u) = f(z) in Ay,
=V on |z| =p
0

g &

on |x| =tp

By the comparison principle v < V in A,;,. Hence from [8, Proposition 2.8] we deduce that the
function V' (z) is an extension of the continuous supersolution u(z) from A,;, on Asp .

Next, we set |z| = r and
w(x) = (PP — P,
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Setting M = max {u(x) =V (z), |z| = p} and N = max {f~ (z), |z| < R}, we choose

7 = max ’ @ﬁtl) — eﬁp

and 3 a positive number such that
AP+ b3+ N<O0.
By direct calculation, since F' € F) ap, we have

F(Dw, D*w) < P, (D*w) + b|Dw| < e” (=A% + bB)
< =M+ b8 < —N < f(w),

so that w(x) is a supersolution in Br\{0}. Moreover, w(z) > M > u(z) on |z| = p and w(x) =
0 = u(x) on |z| = tp, so that by the comparison principle we also have w > u in A,;,. From this
it follows that w(x) is an extension of the continuous supersolution u(z) from A,;, on A, r. We
conclude that B
V(z) in A,
Vr(z) =4 wu(z) in A,y (4.23)
w(z) on th,R

is a possible choice for the required extension. O

Although Lemma 4.2.3 is sufficient to our aim, for the sake of completeness we show that the

supersolution V' can be extended to a supersolution in R™\ B, (y).

Lemma 4.2.4. Let V as in the Lemma 4.2.5. Assuming f(z) to be continuous in R™\Bs,(y),
then there exists a continuous viscosity supersolution of F(Dv,D?v) = f(x) in R™\B,(y) such that

v=Vin A,
Proof. We may assume y = 0. Let R > 2tp so that Br O By,. Set
2
v=Vgr in Asp% , (4.24)

where Vg is the function (4.23) satisfying (4.22). The function Vg, restricted to the set A, r, has
2

an extension Vg, in view of Lemma 4.2.3, from Asp r to Agpor. We put
2
v="Vop in Asp,%R, (4.25)

noting that (4.24)-(4.25) are well defined being Vg = Vor in A, r. Iterating the argument above,
2

for any n € N we define
v = Vv(n—}-l)R in Asp’(nJr%)R, (426)

where V(,;1)g is the extension from Asp (n—Lyp toO Asp (ny1)r Of the function Vg restricted to
) 2 ’

Asp n-1)m- =
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Theorem 4.2.3. Let E C R™ be a Borel subset of the ball Br such that Co(E) = 0 for some
non-negative o < o = %(n — 1) — 1. If E is compact, for all b > 0 there exists a non negative

viscosity supersolution v of the mazimal equation Py ,(D?*v) + b|Dv| = 0 in Bg such that
v(z) =400 in E, wv(x) <400 outside E.

If E is a Fy-set, for every xg € BR\E there exists a non negative viscosity supersolution v of the

mazimal equation Py \(D*v) 4+ b|Dv| = 0 in B such that
v(z) =400 in E, v(xg) < +o0.

Proof. Firstly, suppose E to be a compact subset of Bs/y(¥) for some 7 € E. Here ¢ is the positive
number of Lemma 4.2.2. Consider R > 0 such that Bg(Z) 2 Bg and § < R. Reasoning as in
Theorem 4.2.1, since C,(E) = 0, there exists u € M7 (E) such that V£ (z) = +00 on E and V4'(r) <
400 outside E. Next, using Lemma 4.2.3 with p = %(5, s = % and t = %, we construct an extension
of the supersolution V4'(z) in Bj/5(T) to a supersolution v(x) of equation P/J\CA (D%v) +b|Dv| =0 in
Bx(7) and therefore in Br. We complete the proof in this case adding a suitable constant to get
non negativity in Bpg.

Suppose now that E is the union of a finite number N compact subsets FE; C Bs /Q(fi) for some
T; € E;, from the previous case we can construct a non negative supersolution v; in Br such that
vi(x) = 400 on E; and v;(x) < 400 outside E;. Thus by additivity the function v = Zf\; v; is a
non negative supersolution of the equation P)t A(D?v) +b|Dv| = 0 in Bp and yields the result for
an arbitrary compact set E.

Finally, in the case that E is a countable union of closed sets, we conclude proceeding along the

same lines of Theorem 4.2.1 . O

Remark 4.2.2. If F is compact, using Lemma 4.2.4 it is possible to construct a supersolution of
Py (D%v) 4 b|Dv| = 0 in R™ such that

v(x) =400 in E, wv(z)<-+oo outside E, wv(zx)>0 in Bg.

Theorem 4.2.4. [Extended Maximum Principle 2] Let Q C R” be a bounded domain and
0Q = PUE with E an Fy-set. If there exists a € [0,a*) such that Co(E) = 0 then E is an
Fap-exceptional set on ON2.

Proof. Let F' € Fyp. Suppose that u is a subsolution of the equation F(Du, D?u) = 0 in ©,

bounded above, such that limsup u(z) < 0. Then u is a solution of the maximal equation
z—P

Pia(D*u) +b[Dul >0 in Q.

Let ¢ be a positive number and z¢ € Q. Consider w(z) = u(z)—ecv(z), where v(z) is the supersolution
of the maximal equation Py , (D?v) + b|Dv| = 0 provided by Theorem 4.2.3 . Then w(z) is upper

semicontinuous and by viscosity tools we have

P A(D*w) +b|Dw| > Py (D*u) + b|Du| — & (P, (D*v) + b| Dul) > 0.
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As in Theorem 4.2.2 it follows limsup w(z) < 0 and u(zg) < ev(zg) form which we conclude letting
z—00N
e—0". O

Arguing as in the proofs of Theorems 4.2.2-4.2.4 and considering the function w(x) = u(z)+ev(x)

in place of w(z) = u(x) — ev(x) we also deduce the following extended minimum principle.

Theorem 4.2.5. [Extended Minimum Principle| Let Q, P, E and F be as in Theorems 4.2.2-
4.2.4. Let also uw € LSC(Q2) be a bounded below function satisfying in the viscosity sense
A) F(D?*u) <0 in Q and Co«(E) =0
or
B) F(Du, D?u) <0 in Q and Co(E) = 0 for some a € [0,a*).
Then
liminfu(z) >0=u>0 in Q.

r—P

The above EMPs allow us to extend the comparison principle in bounded domains.

Theorem 4.2.6. Let Q € R™ be a bounded domain and 02 = P U E with E an F,-set. Suppose
fec),letu € USC(Q) and v € LSC(Q) be respectively bounded above and below viscosity
solution of
A) F(D?v) < f(z) < F(D?u) in Q and Cy+(E) =0
or
B) F(Dv, D*v) < f(x) < F(Du, D*u) in Q and Co(E) = 0 for some a € [0, a*).
Then
limsup(u(z) —v(z)) <0=u<v in .

r—P

Proof. In view of Theorem 1.2.9, the difference w = v —v € USC(Q) is a viscosity subsolution,
bounded above, of
Py (D*w) +b|Dw| =0 in Q

(b =0 in the case A)) satisfying the boundary condition

limsup w(z) < 0.

x—P

The conclusion follows from Theorems 4.2.2-4.2.4. O

4.3 Removable singularities

We discuss the application of the previous results to the problem of removable singularities. Remem-
ber that, as stated in the introduction of the Chapter, a set £ € € is said to be F j p-removable if
for every F' € Fy ap and for any bounded viscosity solution u of F(Du, D*u) = f(z) in Q\E there
exists a solution w of the equation in €2 such that @ = u in Q\FE.

The main tool we use to construct extensions of solutions are EMPs and the existence results for

the Dirichlet problem in bounded domains with smooth boundaries.



CHAPTER 4. EXTENDED MAXIMUM PRINCIPLE AND REMOVABLE SINGULARITIES 62

Proposition 4.3.1. Let 2 € R" be a bounded domain. Suppose that E € § is a Fy-set and
O = Q\E. If E is a Fyap-exceptional set on O, then each bounded solution w € C(Q') of the
equation F(Du, D*u) = f(z) in ', where F € Fanp and f € C(Q), can be extended to a solution
u € C(Q) of the same equation in €.

Proof. Let Qo be a bounded domain with sufficiently regular boundary (the uniform exterior cone
condition is enough) such that E € Qy € 2, then solve the Dirichlet problem

F(Dv, D*v) = f(x) in Qg
v=1u on 0€.

Setting w = u — v, by Theorem 1.2.9 then we get

Pia(D*w) +b|Dw| >0 in Qo\E
w=0 on 0.

By assumptions, w is bounded above. Therefore EMP implies u < v in Qy\E. Reversing the role of

u and v we also get v < u, so that © = v and the function

v(z) ifxeFE

) = u(z) ifx e Q\E

yields the desired extension of u to €. O
From Theorems 4.2.2-4.2.4 and Proposition 4.3.1 we deduce at once the following

Theorem 4.3.1. Let Q, ', E and f as in Proposition 4.5.1.

A) If u is a bounded viscosity solution of F(D?*u) = f(z) in Q' and Co+(E) = 0 then E is Fya-
removable in ).

B) If u is a bounded viscosity solution of F(Du,D*u) = f(z) in @ and C,(E) = 0, for some
a € [0,a%), then E is Fx ap-removable in .

4.4 A class of degenerate elliptic equations

Let p < n be a positive integer, and G(p,n) be the Grassmanian of p-dimensional subspaces of R™.
Following Harvey-Lawson [32] and Caffarelli-Li-Nirenberg [10]-[11] we define

P, (M) = Weiél(fp,n) Tracew (Z) = M (M) + -+ - + \p(M),

where Tracey (M) is the trace of the quadratic form M restricted to W and A\;(M), i = 1,...,n,

are the eigenvalues of M in nondecreasing order. By duality we can define

Pr(M)= sup Tracew (M) = Xypp1(M)+ -+ Ay(M).
WeG(p,n)
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Next, we denote by F, the set of degenerate elliptic operators F' : S — R such that F'(0) = 0 and
F(N)>0, Py (M)<0 = PS(N-M)>0. (4.27)

Suppose now 0 < a < p — 2. The same calculations of Lemma 4.2.1 show that

-2
2 SIS a0
=
Py (D°Kale—y)=q 5= .
_\:U—y\Q ifa=0

and therefore, if E is a compact set of R" and p € MT(E), the a-potentials of u are smooth
solutions of
Pr(D*Vi(z)) <0 in R™E. (4.28)

As before, we may assume V4'(z) positive in any ball of R™, large as we want, and we may also take
1 such that
VH(x) =400 on E, VI(zr)<+oo elsewhere. (4.29)

«

Theorem 4.4.1. [Maximum Principle] Let © be a bounded domain of R” and u € USC(Q2) such
that P (D?*u) > 0 in © in the viscosity sense. If u < 0 on 99 then u < 0 in Q.

Proof. We assume that Q@ C (=R, R)" for some R > 0. Suppose by contradiction that u(0) =

maxgu = k > 0 and consider the function

17”L
T+e B l1-=) e ||,
line)

such that h(0) = k and h(z) > ke~ for z € Q. Eventually moving up the graph of h(z), we find a
point T € Q where the graph of h(z) touches above the graph of u(x), i.e.

h(z) =k

uw(®) = h(Z), u(z) < h(x)in Q.

Since u < 0 < h on 092, then T € Q and h(z) is a test function for the viscosity subsolution u(z) at

7. This leads to the following contradiction:

0 < Anpr1(D*h(E)) + - + Aa(D?h(T)) < —ke 2R Y,

3

which concludes the proof. O

Now we can prove the following EMP for a pure second order elliptic operators satisfying the

above elliptic condition (4.27).

Theorem 4.4.2. Suppose p > 2. Let Q be a bounded domain of R™ and E C 002 be a Fy-set. If
Cp—2(E) =0, then E is Fp,-exceptional on 0S.
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Proof. The proof follows the same lines of Theorem 4.2.2, using the structure condition F,, instead
of Fy.a with the potential v = V&(x) constructed above (4.29) with o = p — 2. Since P;(Dzv) <0,
assuming F(D?u) > 0, we have by (4.27)

2
73; (D*w) >0
for w = u — ev, and the maximum principle of the previous lemma completes the proof. ]

Using existence results, see for instance [31, Theorem 6.2], and arguing as in Proposition 4.3.1-
Theorem 4.3.1 we obtain an alternative proof of the removability of the sets with (p — 2)-capacity
zero for the class Fp, as already established in [32, Theorem 10.5]. This result is more general with
respect to Theorem 4.3.1 A) because of the inclusion Fy » C F,. In other words the sets of null
(p — 2)-capacity are removable for a class larger than the uniformly elliptic one. To prove this we

need the following

Lemma 4.4.1. If o* = p — 2, or equivalently p = %(n —1)+1, then
Pl A(M) < max {AP;(M), ZAP;(M)}

for any M € S™.
Proof. If
then

Suppose that

Ifn—p+1<k<n-—1then

PEAG) = AL (M) 4+ Ay (M) + A1 (M) -+ + Au(M)
+ A1 (M) + -+ Ay (M)

<\ (kn—p + 1) (An—pt1(M) + -+ Xe(M)) + AXe41 (M) + -+ + An(M))

T ntop
‘Ak_pr An—pr1(M) + -+ 4+ A (M) + AApg1 (M) + -+ + A (M)
n—1

<A

— Onpta (M) + -+ M (M) + A1 (M) + -+ + A (M) = AP (M)
If1<k=mn-—pthen

PIA) = MM (M) + -+ Anp(M) + AQn—p1 (M) + -+ An(M)) < AP (M)
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If1<k<n-—p-—1then

PiA(M) = AOLM) + -+ M(M)) + A1 (M) + - + A (M)
<At (M) + -+ Ay (M) + A (s (M) + -+ Ao (M)

<A <”Zk + 1> Anps1 (M) + -+ A (M)

”_kP;(M) < A%P;(Y).

p

=A

It
0<A(M) < - < A(M)

then
PYAM) =AM (M) + -+ + A\ (M))
SAMM) + - 4+ A (M) + A Mppra (M) + -+ A (M)
—A <";p + 1) Anps1 (M) + -+ + A (M) = A%P;(M).

O]

Now we are in position to prove the inclusion Fyp C Fp. Let F' € Fyp. If F(N) > 0 and
P,(M) < 0, by previous lemma Py, (M) < 0 and

max(AP} (N — M), %AP;(N ~ M) > Py (N — M)

> F(N — M) > F(N) =Py (M) >0,

as we wanted to show.
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